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Abstract

An independent transversal in a multipartite graph is an independent set that intersects each part
in exactly one vertex. We show that for every even integer r ≥ 2, there exist cr > 0 and n0 such that
every r-partite graph with parts of size n ≥ n0 and maximum degree at most rn/(2r − 2)− t, where
t = o(n), contains at least crtn

r−1 independent transversals. This is best possible up to the value of
cr. Our result confirms a conjecture of Haxell and Szabó from 2006 and partially answers a question
raised by Erdős in 1972 and studied by Bollobás, Erdős and Szemerédi in 1975.

We also show that, given any integer s ≥ 2 and even integer r ≥ 2, there exist cr,s > 0 and n0

such that every r-partite graph with parts of size n ≥ n0 and maximum degree at most rn/(2r −
2)− cr,sn

1−1/s contains an independent set with exactly s vertices in each part. This is best possible
up to the value of cr,s if a widely believed conjecture for the Zarankiewicz number holds. Our result
partially answers a question raised by Di Braccio and Illingworth recently.

1 Introduction

Let G be an r-partite graph with parts V1, · · · , Vr. An independent transversal (IT) of G is an independent
set containing exactly one vertex from each Vi. Independent transversals have found applications on
SAT, linear arboricity, hypergraph matchings, list coloring, and many others (see, for example, [13] and
references therein). It is NP-complete to decide whether an r-partite graph has an IT, and therefore
natural to seek sufficient conditions for the existence of an IT.

Denote by Gr(n) the class of all r-partite graphs with parts of size n. Let ∆r(n) be the largest integer
C such that every graph G ∈ Gr(n) with maximum degree less than C has an independent transversal.
The study of ∆r(n) can be traced back in 1972, when Erdős [8, Problem 2] asked for the complementary
function δr(n) = (r − 1)n−∆r(n), which is the smallest integer c such that every graph G ∈ Gr(n) with

minimum degree greater than c contains a complete graph on r vertices.1 Let ∆r = limn→∞
∆r(n)

n (it is
easy to see the limit exists, see [2]). In 1975, Bollobás, Erdős and Szemerédi [2] showed 2

r ≤ ∆r ≤ 1
2 +

1
r−2

and conjectured limr→∞ ∆r = 1
2 . This was confirmed by Haxell [16] in 2001. After the work of Graver(cf.

[2]) on r = 3 and Jin [18] on r = 4, 5, the value of ∆r(n) was completely determined by Szabó and Tardos
[24] (for even r) and Haxell and Szabó [17] (for odd r).

Theorem 1.1 ([17, 24]). For all integers n ≥ 1 and r ≥ 2,

∆r(n) =

{
⌈ r−1
2(r−2)n⌉ if r is odd

⌈ r
2(r−1)n⌉ if r is even.

Erdős [8, Problem 2, Page 353] wrote: Several further problems can be raised. First of all, how many
complete subgraphs of r vertices must G contain? This is perhaps not quite simple even for r = 3. Here
G refers to any graph G ∈ Gr(n) with ∆(G) < ∆r(n). Formally, given positive integers n, r, t, denote by
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1Erdős initially conjectured that δr(n) = (r − 2)n but Seymour found counterexamples for r ≥ 4, see [2].
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fr(n, t) the largest integer f such that every graph G ∈ Gr(n) with maximum degree at most ∆r(n) − t
has at least f independent transversals. It is easy to see that f2(n, t) = tn for all t ≤ n = ∆2(n).

2

Bollobás, Erdős and Szemerédi [2] answered Erdős’ question for r = 3 by showing f3(n, 1) = 4 for
all n ≥ 4. Furthermore, they proved that t3 ≤ f3(n, t) ≤ 4t3 for all t ≤ n

5 . Later Jin [19] showed
that 1

324n
3 ≤ f4(n, 1) ≤ 8

9 (n + 1)3 for n ≥ 9. Bollobás, Erdős and Szemerédi [2] also gave the following
supersaturation result for all r when t is a linear function of n.

Theorem 1.2 ([2]). Given r ≥ 2 and ε > 0, there exist δ > 0 and integer n0 such that fr(n, εn) ≥ δnr

for all n ≥ n0.

The authors of [2] further wrote: We do not obtain interesting results for fr(n, t) when t = o(n) for
r ≥ 4 though we believe they exist. Possibly motivated by Jin’s result [19] on f4(n, 1), Haxell and Szabó
[17] conjectured that fr(n, 1) = Θ(nr−1) for all even r (see Section 6 for their comments on odd r).

In this paper we prove that fr(n, t) = Θ(tnr−1) for all t ≥ 1 when r is even thus confirming the
conjecture of Haxell and Szabó and partially answering the question of Erdős. Since Theorem 1.2 covers
the case when t = Ω(n), we assume t = o(n) in the following theorem.

Theorem 1.3. For any even integer r ≥ 4, there exist constants λ and n0 such that for any n ≥ n0 and
1 ≤ t ≤ λn, we have

1

4
((t− 1)(2r − 2) + 1)

(
rn

2r − 2

)r−1

≤ fr(n, t) ≤ r2t

(
rn

2r − 2

)r−1

.

We can replace 1
4 by 1

2 − o(1) in the lower bound and reduce r2 in the upper bound by more
careful calculations but choose the current form for simplicity. Nevertheless, Theorem 1.3 shows that

1
4

(
rn

2r−2

)r−1

≤ fr(n, 1) ≤ r2
(

rn
2r−2

)r−1

for n ≥ n0. In particular, f4(n, 1) ≥ 2
27n

3, better than the bound

in [19].

Bollobás, Erdős and Szemerédi [2] also studied the minimum degree in a tripartite graph G ∈ G3(n)
that guarantees a copy of K3(2) (complete tripartite graph with 2 vertices in each part). They conjectured
that δ(G) ≥ n+Cn1/2 (some C > 0) suffices. Here the first term is δ3(n) = 2n−∆3(n) = n and the second
term n1/2 is necessary; indeed, there are many constructions of G with δ(G) = n+ Ω(n1/2) and without
K3(2), see [1, 4, 6]. After two recent works [1, 4], this problem was settled very recently by Di Braccio
and Illingworth [6], who showed that every G ∈ G3(n) with δ(G) ≥ n+Cn1−1/s contains a copy of K3(s).
They also showed that n1−1/s is best possible by assuming a well-known conjecture z(n; s) = Ω(n2−1/s),
where Zarankiewicz number z(n; s) is the largest number of edges in a bipartite graph G ∈ G2(n) that
does not contain a copy of Ks,s (complete bipartite graph with s vertices in each part).

Di Braccio and Illingworth [6, Problem 6.2] asked the corresponding problem on r-partite graphs for
r ≥ 4. Dai, Liu, and Zhang [5] showed that δ(G) ≥ (r−1− 1

2s2 )n suffices for a copy of Kr(s) in G ∈ Gr(n).
In this paper we give an asymptotically tight answer to this problem for all even r. To be consistent with
Theorem 1.3, we state the problem in the complementary form. Given an r-partite graph, an s-blowup of
independent transversal, denoted by IT (s), is an independent set containing exactly s vertices from each
part.

Theorem 1.4. For any even integer r ≥ 2 and integer s ≥ 2, there exist constants Cr,s and n0 such that
every graph G ∈ Gr(n) with n ≥ n0 and maximum degree ∆(G) ≤ r

2r−2n−Cr,sn
1−1/s contains an IT (s).

We will show that Theorem 1.4 is best possible in Section 2, provided that z(n; s) = Ω(n2−1/s), which
is known for s = 2, 3 [3, 10].

Both proofs of Theorems 1.3 and 1.4 reply on the Graph Removal Lemma and structure theorems
of Haxell and Szabó [17] on graphs without an independent transversal. Indeed, to prove Theorem 1.3,

2Every bipartite graph G ∈ G2(n) with ∆(G) ≤ n − t contains at least tn ITs (nonadjacent crossing pairs) while an
(n− t)-regular graph G ∈ G2(n) has exactly tn ITs.

2



we first apply the Removal Lemma and the results of [17] to show that every graph G ∈ Gr(n) without
many independent transversals is not far from the union G′ of r − 1 vertex-disjoint complete bipartite
graphs. A key property of G′ is that, given any Vi of G, every set of 2r − 2 representatives (one vertex
from each partition set of G′ with respect to the r− 1 complete bipartite graphs that form G′) contains a
partial independent transversal of size r − 1 that avoids Vi. We then use the maximum degree condition
of G to find a vertex not adjacent to these 2r − 2 representatives and thus obtain a full independent
transversal of G. The number of independent transversals can be easily calculated by using the number of
the 2r−2 representatives and the number of the vertices added at last. The proof of Theorem 1.4 is more
complicated because, for example, there may not be s ≥ 2 vertices from the same Vi that are not adjacent
to the 2r− 2 representatives in G. Indeed, to prove Theorem 1.4, we consider the set V0 = V (G) \ V (G′).
If there are many vertices of V0 that have many non-neighbors of G in each partition set of G′, then we
use double counting arguments to obtain an IT (s). Otherwise, most vertices in V0 are adjacent to most
vertices in some (unique) partition set of G′, and we add these vertices of V0 to G′ accordingly. By the
maximum degree of G, one of the resulting r − 1 bipartite graphs must have many non-edges of G, thus
containing a copy of Ks,s in the complement of G. We then extend the vertices in this Ks,s to an IT (s)
of G by using the structure of G′.

Let us mention some other results on the existence of independent transversals. Loh and Sudakov
[22] proved that every r-partite graph G with parts V1, . . . , Vr of size n ≥ (1 + o(1))D, ∆(G) ≤ D,
and maxi ̸=j ∆(G[Vi, Vj ]) = o(D) contains an independent transversal. Recently, Glock and Sudakov
[12] and independently Kang and Kelly [20] strengthened the result of [22] by replacing ∆(G) ≤ D by
b(G) := maxi

∑
v∈Vi

d(v)/n ≤ D. All these results were obtained by the semi-random method. Using
a counting argument, Wanless and Wood [25] showed that every G ∈ Gr(n) with b(G) ≤ n/4 contains
at least (n/2)r independent transversals (the existence of an independent transversal was noted in [20]).
Groenland, Kaiser, Treffers and Wales [14] gave a construction with b(G) = (1+o(1))n/4 and without any
independent transversal. Haxell and Wdowinski [15] showed that ∆(G) ≤ αn and b(G) ≤ βn guarantees
an independent transversal if and only if α ≤ 1/2 or β ≤ 1/4 or β ≤ 2α(1− α).

1.1 Notation

Let G = (V,E) be a graph and let A,B be two disjoint subsets of V . We write v(G) = |V | and e(G) = |E|.
We denote by G[A] the induced subgraph of G on A, and by G[A,B] the induced bipartite subgraph of
G between A and B. For x ∈ V (G), we let NG(x) be the neighborhood of x in G, and NG(x,A) :=
NG(x) ∩ A. The degree of x is dG(x) = |NG(x)| and the degree of x in A is dG(x,A) = |NG(x,A)|. We
let dG(x,A) := |A \ (NG(x) ∪ {x})| be the number of nonneighbors of x in A. Given an edge set E0, we
let dE0

(x) := |{e ∈ E0 : e ∋ x}|.
We also write NG(A) := ∪x∈ANG(x). We use eG(A,B) to denote the number of edges between A and

B in G, and use eG(A,B) to denote the number of nonadjacent pairs between A and B in G (including
pairs of vertices from the same part of G when G is multipartite). We omit the subscript in these notation
if the underlying graph is clear from the context.

Let G = (V,E) and G′ = (V ′, E′) be two graphs. We define G \G′ := (V \ V ′, E \E′) and G ∩G′ :=
(V ∩ V ′, E ∩E′). We write G = ∅ when E = ∅. For E0 ⊆ E, we use G−E0 to denote the graph obtained
by removing the edges of E0 from G. We denote by G the complement graph of G whose edge set consists
of all nonadjacent pairs of V under G.

Let Kr denote the complete graph on r vertices and Kr(s) denote the complete r-partite graph with s
vertices in each part. We often writeK2(s) asKs,s. Given disjoint sets V1, · · · , Vr, we letK(V1, V2, · · · , Vr)
be the complete r-partite graph with parts V1, · · · , Vr.

Let [n] = {1, . . . , n} for n ∈ N. We often use uv to abbreviate {u, v}. We write a ≪ b if there exists
an increasing positive function f such that a ≤ f(b). We will omit floors and ceilings when these are not
crucial.
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1.2 Organization of the paper

In Section 2 we give a construction that proves the upper bound in Theorem 1.3 and the tightness
of Theorem 1.4. In Section 3 we introduce necessary tools including the concept of induced matching
configuration introduced by Haxell and Szabó [17]. We prove Theorem 1.3 (lower bound) in Section 4 and
Theorem 1.4 in Section 5, and give concluding remarks in the last section.

2 Constructions

In this section, we construct extremal graphs for Theorems 1.3 and 1.4, and prove the upper bound in
Theorem 1.3.

First let us recall the construction of Szabó and Tardos [24, Construction 3.3] that gives the (tight)
upper bound of ∆r(n) for any even r.

Construction 2.1 ([24]). Suppose r, n, t are positive integers such that r is even and r − 1 divides n.
Let A1, B1, · · · , Ar−1, Br−1 be disjoint sets of rn

2r−2 and let G1 be the union of complete bipartite graphs

K(Ai, Bi) for i = 1, . . . , r − 1. Thus, G1 is rn
2r−2 -regular. We partition V (G1) =

⋃r−1
i=1 Ai ∪Bi into parts

V1, . . . , Vn of size n as follows. For i = 1, · · · , r/2− 1, let Vi be the union of Ai and a subset B′
i+1 ⊆ Bi+1

of size |B′
i+1| = n− |Ai|, and let Vr/2 = B1 ∪ (∪r/2

i=2B
′′
i ) where B′′

i = Bi \B′
i. For i = r/2 + 1, · · · , r − 1,

let Vi be the union of Bi and a subset A′
i−1 ⊆ Ai−1 of size |A′

i−1| = n− |Bi|, and let Vr = Ar−1 ∪r−2
i=r/2 A

′′
i

where A′′
i = Ai \A′

i.

It is easy to see that G1 given by Construction 2.1 contains no independent transversal. Indeed, since
G1[Ai, Bi] for all i is complete, an independent transversal T must avoid Ar/2 or Br/2. Without loss of
generality, assume T ∩Br/2 = ∅. Then the structure of G forces T ∩Ai ̸= ∅ for all i < r/2. It follows that
T ∩Bi = ∅ for all i ≤ r/2 and consequently, T ∩ Vr/2 = ∅ implying that T is not a transversal.

To obtain a graph G ∈ Gr(n) with ∆(G) = rn
2r−2 − t, one can remove a t-regular spanning subgraph

from G1 (such subgraph exists because G1 is the union of balanced complete bipartite graphs). Since
every independent transversal must contain one removed edge, the number of independent transversals is
at most ( trn2 )nr−2 = r

2 tn
r−1 (a more careful case analysis can give a better bound). Below we present

a different construction by altering the size of Ai, Bi and removing some edges from G1[A1, B1] and
G1[Ar, Br]. This construction allows us to prove the tightness of Theorem 1.4.

Construction 2.2. Suppose r, n, t are positive integers and r ≥ 2 is even. Let D = ⌈ rn
2r−2⌉. Given

a balanced bipartite graph H with parts of size D + (r−2)t
2 , we construct a graph G2 = G2(t,H) with

V (G) =
⋃r−1

i=1 Ai ∪ Bi =
⋃r

i=1 Vi as follows. Let A1, B1, Ar−1, Br−1 be sets of size D + (r−2)t
2 . Let

Ar/2, Br/2 be sets of size rn
2 −(r−2)D−2t and let Ai, Bi, i ∈ {2, · · · , r

2−1, r
2+1, · · · , r−2}, be sets of size

D− t. For i = 1, · · · , r/2−1, let Vi be the union of Ai and a subset B′
i+1 ⊆ Bi+1 of size |B′

i+1| = n−|Ai|,
and let Vr/2 = B1∪(∪r/2

i=2B
′′
i ) where B′′

i = Bi \B′
i. For i = r/2+1, · · · , r−1, let Vi be the union of Bi and

a subset A′
i−1 ⊆ Ai−1 of size |A′

i−1| = n− |Bi|, and let Vr = Ar−1 ∪r−2
i=r/2 A

′′
i where A′′

i = Ai \A′
i. We let

G2[Ai, Bi] be complete for 2 ≤ i ≤ r − 2 and let G2[A1, B1] ∼= G2[Ar−1, Br−1] ∼= K
D+

(r−2)t
2 ,D+

(r−2)t
2

−H

be the bipartite complement of H. (See Figure 1.)

When r = 2, we have B1 = V1 and A1 = V2 with |A1| = |B1| = D = n, and G2 = K(A1, B1) \H is
the bipartite complement of H.

When r ≥ 4, it is clear that ∆(G2) = ⌈ rn
2r−2⌉ − t. Let us verify that |Vi| = n for i ∈ [r]. This is clear
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for i ̸= r
2 , r. We know |Vr/2| = |Vr| by symmetry. Since

r∑
i=1

|Vi| = |V (G)| =
r−1∑
i=1

(|Ai|+ |Bi|)

= 4

(
D +

(r − 2)t

2

)
+ 2(r − 4)(D − t) + 2

(rn
2

− (r − 2)D − 2t
)
= rn,

it follows that |Vr/2| = |Vr| = n.

V1 V2

V3

V4 V5

V6

A1 A5

B1 B5

⌈ 3n
5 ⌉+ 2t ⌈ 3n

5 ⌉ − t ⌈ 3n
5 ⌉+ 2t3n− 4⌈ 3n

5 ⌉ − 2t ⌈ 3n
5 ⌉ − t

H H

Figure 1: Case r = 6.

The following proposition proves the upper bound in Theorem 1.3.

Proposition 2.3. Suppose r, n, t are positive integers and r ≥ 4 is even. Let G2 be the graph as

in Construction 2.2 while H is a rt
2 -regular bipartite graph with parts of size ⌈ rn

2r−2⌉ + (r−2)t
2 . Then

∆(G) = ⌈ rn
2r−2⌉ − t, and the number of independent transversals in G is at most r2t( rn

2r−2 )
r−1 if t ≤

n
r−1

(√
r

r−1 − 1
)
.

Proof. Let D = ⌈ rn
2r−2⌉. By Construction 2.2, the vertices of A1 ∪ B1 ∪ Ar−1 ∪ Br−1 has degree D +

(r−2)t
2 − rt

2 = D− t while the other vertices of G has degree D− t or rn
2 − (r− 2)D− 2t ≤ D− 2t. Hence

∆(G) ≤ D − t = ⌈ rn
2r−2⌉ − t.

Let T = {v1, · · · , vr} be an independent transversal of G, where vi ∈ Vi, i ∈ [r]. Since G[Ar/2, Br/2] is
complete, at least one of its two parts omits T . Below we assume T ∩Br/2 = ∅ and count the number of
choices of v1, · · · , vr in this case.

Since Vr/2−1 = Ar/2−1 ∪B′
r/2, it follows that vr/2−1 ∈ Ar/2−1. Since G[Ar/2−1, Br/2−1] is complete, it

follows that T ∩ Br/2−1 = ∅, and consequently, vr/2−2 ∈ Ar/2−2 (recall that Vr/2−2 = Ar/2−2 ∪ B′
r/2−1).

Repeating this argument, we derive that vi ∈ Ai for i = 1, · · · , r/2−1. This implies that T ∩(∪r/2
i=2Bi) = ∅,

and consequently, vr/2 ∈ B1 (recall that Vr/2 = B1∪(∪r/2
i=2B

′′
i )). Since v1 ∈ A1, vr/2 ∈ B1 are non-adjacent,

once v1 is fixed, there are at most rt
2 choices for vr/2 because H is rt

2 -regular. Together there are at most∏r/2−1
i=1 |Ai| · rt

2 choices of v1, · · · , vr/2.
Let q be the smallest i ≥ r/2 such that A′

i ∩ T = ∅ (q = r − 1 if no such i exists). By definition, we
have A′

i ∩ T ̸= ∅ for r/2 ≤ i ≤ q − 1. Since A′
q ∩ T = ∅, the arguments in the previous paragraph show

that T ∩ Bj ̸= ∅ for j ≥ q + 1. Together we have at most (
∏q−1

i=r/2 |A′
i|) · (

∏r−1
j=q+1 |Bi|) · |Vr| choices of

vr/2+1, · · · , vr (we do not have a control on the location of vr).
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Putting these together, the number M of choices of v1, · · · , vr satisfies

M ≤
r/2−1∏
i=1

|Ai|
rt

2
·

r−1∑
q=r/2

 q−1∏
i=r/2

|A′
i|

 r−1∏
i=q+1

|Bi|

 |Vr|

≤rt

2

(
D +

(r − 2)t

2

)
(D − t)

r/2−2 r

2
(D − t)

r/2−2

(
D +

(r − 2)t

2

)
n

=
r2

4
tn

(
D +

(r − 2)t

2

)2

(D − t)
r−4

.

Note that D − t = ⌈ rn
2r−2⌉ − t ≤ rn

2r−2 + 1− t ≤ rn
2r−2 , and thus(

D +
(r − 2)t

2

)2

≤
(

rn

2r − 2
+

rt

2

)2

≤
(

rn

2r − 2

)2
r

r − 1

as t ≤ n
r−1

(√
r

r−1 − 1
)
. Consequently,

M ≤ r2

4
tn

(
rn

2r − 2

)r−2 (
r

r − 1

)
=

r2

2
t

(
rn

2r − 2

)r−1

.

Since the same bound holds when T ∩Ar/2 = ∅, the total number of independent transversals in G is
at most r2t( rn

2r−2 )
r−1.

The following proposition shows that Theorem 1.4 is best possible up to the value of Cr,s, provided
that z(m; s) = Ω(m2−1/s). Since a Ks,s-free graph G ∈ G2(m) with e(G) = Ω(m2−1/s) may have vertices
of small degree, we first show how to convert G to a Ks,s-free graph with large minimum degree.

Proposition 2.4. Suppose r ≥ 2, s ≥ 2 are integers and r is even. If there are positive constants c, C
such that cm2−1/s ≤ z(m; s) ≤ Cm2−1/s for all sufficiently large m, then the following holds.

(1) For sufficiently large N , there exists a Ks,s-free bipartite graph H with parts of size N and minimum

degree δ(H) ≥ c
8 (

c
2C )

1
s−1N1−1/s.

(2) Suppose α = c
8r (

c
2C )

1
s−1 , t = ⌊αn1−1/s⌋, and n is sufficiently large. Let H be a Ks,s-free bipartite

graph with parts of size N = ⌈ rn
2r−2⌉ +

r−2
2 t given by Part (1). Then the graph G2 = G2(t,H) given

by Construction 2.2 has maximum degree ∆(G) ≤ ⌈ rn
2r−2⌉ − t and contains no s-blowup of independent

transversal.

Proof. (1) Let γ = ( c
2C )

s
s−1 and m = N/γ. Let G be a Ks,s-free bipartite graph with parts of size m

and with at least cm2−1/s edges. By a well-known fact, G contains a subgraph G′ with minimum degree
δ(G′) ≥ d(G)/2 ≥ c

2m
1−1/s, where d(G) is the average degree of G. Trivially G′ is a Ks,s-free bipartite

graph. Let A,B be two parts of G′. Take a copy G′′ of G′ and suppose that the corresponding parts are
A′, B′. Let G̃ be a disjoint union of G′ and G′′ with parts A ∪ B′ and A′ ∪ B. Then G̃ is a balanced
Ks,s-free bipartite graph. Let l be size of parts of G̃. Then e(G̃) ≤ z(l; s) ≤ Cl2−1/s because G̃ is Ks,s-free.

On the other hand, e(G̃) ≥ δ(G̃) · l. Thus we have δ(G̃) ≤ Cl1−1/s. Since δ(G̃) = δ(G′) ≥ c
2m

1−1/s, it
follows that l ≥ γm, and l ≥ N . Additionally, we have l ≤ 2m = 2N/γ.

Let p = N/l, and thus, γ/2 ≤ p ≤ 1. It is well-known that by the probabilistic method, we can obtain
a balanced bipartite subgraph H of G̃ with parts of size N = pl, and minimum degree

δ(H) ≥ δ(G̃)
p

2
≥ c

2
m1−1/s · γ/2

2
=

c

8

(
N

γ

)1−1/s

γ =
c

8

( c

2C

) 1
s−1

N1−1/s.

(2) By the definitions of α and t, the graph H has minimum degree

δ(H) ≥ c

8

( c

2C

) 1
s−1

N1−1/s ≥ c

8

( c

2C

) 1
s−1

(n
2

)1−1/s

=
rαn1−1/s

21−1/s
≥ rt

2
.
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Let D = ⌈ rn
2r−2⌉. By Construction 2.2, the vertices of A1 ∪ B1 ∪ Ar−1 ∪ Br−1 has degree at most

D + (r−2)t
2 − rt

2 = D − t while the other vertices of G has degree at most D − t. Thus, ∆(G) ≤ D − t.
Suppose G contains an s-blowup T of independent transversal. Then |T ∩ Vi| = s for i ∈ [r]. Since

G[Ar/2, Br/2] is complete, we have T ∩Ar/2 = ∅ or T ∩Br/2 = ∅. Without loss of generality, assume that
T ∩Br/2 = ∅. Then T ∩Vr/2−1 ⊆ Ar/2−1 as Vr/2−1 = Ar/2−1∪B′

r/2. Since G[Ar/2−1, Br/2−1] is complete,

it follows that T ∩ Br/2−1 = ∅, and consequently, T ∩ Vr/2−2 ⊆ Ar/2−2 as Vr/2−2 = Ar/2−2 ∪ B′
r/2−1.

Continuing these arguments, we conclude that T ∩ Bi = ∅ and T ∩ Vi−1 ⊆ Ai−1 for i = 2, · · · , r/2.
Consequently, T ∩ Vr/2 ⊆ B1 as Vr/2 = B1 ∪ (∪r/2

i=2B
′′
i ). Then T1 := T ∩ V1 and T2 := T ∩ Vr/2 are two

s-element sets in A1 and B1, respectively, with no edge in G[T1, T2]. Thus, H[T1, T2] is complete, which
contradicts H being Ks,s-free.

3 Preliminaries

One of our main tools is the Graph Removal Lemma [9, 11, 23].

Lemma 3.1 (Graph Removal Lemma). For integer l ≥ 2 and constant µ > 0 there exist ζ = ζ(l, µ) > 0
and n0 = n0(l, µ) so that the following holds. Suppose F is a graph on l vertices and G is a graph on
n ≥ n0 vertices. If G contains at most ζnl copies of F , then one can delete µn2 edges of G to make it
F -free.

We will use several results in [17] that describe the structures of r-partite graphs without independent
transversals. Note that these results apply to all r ≥ 2 (even or odd).

Let G be a graph with parts V1, · · · , Vr with r ≥ 2. A set of vertices I is called an induced matching
configuration (IMC), if G[I] is a perfect matching and it becomes a tree if contracting the vertices of I∩Vi

into one vertex vi for all i ∈ [r]. For any q ∈ [r], we say T ⊆ V (G) is an Vq-avoiding partial independent
transversal (PIT) if T is an independent set of size r − 1 and |T ∩ Vj | = 1 for all j ̸= q.

Figure 2: An IMC in a 7-partite graph and the corresponding tree.

Lemma 3.2 ([17, Lemma 2.1]). Let G be an r-partite graph with vertex partition V1 ∪ · · · ∪ Vr, and let
I = {vi, wi : i ∈ [r− 1]} be an IMC in G, where vi and wi are adjacent. For any index q ∈ [r], there is an
Vq-avoiding PIT T = {sj : j ∈ [r − 1]} in G such that sj = vj or sj = wj for every j ∈ [r − 1].

Given an IMC I in G, define Av = Av(I) := {y ∈ V (G) : N(y) ∩ I = {v}} for each v ∈ I.

Lemma 3.3 ([17, Lemma 3.3]). Let G ∈ Gr(n) be a graph containing no IT and I = {ai, bi : i ∈ [r − 1]}
be an IMC in G, where ai and bi are adjacent. Suppose vertices vi ∈ Aai , wi ∈ Abi , i ∈ [r − 1] are
independent in G− E, where E = {viwi : i ∈ [r − 1]}. Then {vi, wi : i ∈ [r − 1]} is an IMC in G.
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We call a graph G ∈ Gr(n) is critical if it contains no independent transversal but G − e contains
independent transversal for every edge e ∈ E(G).

Lemma 3.4 ([17, Lemma 3.6]). If a graph G ∈ Gr(n) with ∆(G) < (r − 1)n/(2r − 4) is critical and
e ∈ E(G), then e lies in an IMC in G.

We will apply [17, Lemma 3.7] by replacing its assumption “r ≥ 7 and ∆ < r−1
2r−4n” as follows.

Lemma 3.5. If G ∈ Gr(n) is a critical graph with ∆(G) ≤ r
2r−2n+ εn where ε ≤ 1

12r , then
(1) G is the union of r − 1 vertex-disjoint complete bipartite graphs between Ai and Bi, i ∈ [r − 1];
(2) I = {vi, wi : i ∈ [r − 1]} is an IMC in G for any vertices vi ∈ Ai, wi ∈ Bi where i ∈ [r − 1].

Proof. (1) The proof of [17, Lemma 3.7] relies on the contradiction

r − 1

2r − 4
n > ∆(G) ≥ 2r

4r − 5
n >

3r

6r − 7
n

when r ≥ 7. Our assumption “∆(G) ≤ r
2r−2n+ εn with ε ≤ 1

12r” gives a contradiction as well.
(2) We know that G is the union of r − 1 vertex-disjoint complete bipartite graphs between Ai and

Bi, i ∈ [r − 1]. Fix an edge e ∈ G. Since G is critical, by Lemma 3.4, the edge e lies in an IMC
I ′ = {ai, bi : i ∈ [r − 1]}, where ai and bi are adjacent. Since G[I ′] is a matching of size r − 1, for
each i ∈ [r − 1], there is exactly one ji ∈ [r − 1] such that aji and bji are in different parts of G[Ai, Bi].
After relabeling a1, b1, . . . , ar−1, br−1 if necessary, we can assume ai ∈ Ai and bi ∈ Bi for all i ∈ [r − 1].
Recall that Av = {y ∈ V (G) : N(y) ∩ I ′ = {v}} for v ∈ I ′. We thus have Ai = Abi and Bi = Aai . Let
vi ∈ Ai, wi ∈ Bi for i ∈ [r−1] and I = {vi, wi : i ∈ [r−1]}. Then I is an independent set in G−E, where
E = {viwi : i ∈ [r − 1]}. Then, by Lemma 3.3, I is an IMC in G.

4 Proof of Theorem 1.3 (lower bound)

In this section we prove the lower bound in Theorem 1.3. Our proof indeed works for any r ≥ 2 and any
graph G ∈ Gr(n) with ∆(G) ≤ rn

2r−2 − t.
Our proof starts with the following lemma, which shows that, if a graph G ∈ Gr(n) with ∆(G) ≤ rn

2r−2
does not contain many independent transversals, then it is not far from the union of r− 1 vertex-disjoint
complete bipartite graphs with parts of size about rn

2r−2 . We prove this lemma by applying the Graph
Removal Lemma (Lemma 3.1) and the structure of critical graphs (Lemma 3.5).

Lemma 4.1. Given r ≥ 2 and 0 < ε ≤ 1/6, there exists ζ = ζ(r, ε) > 0 so that the following holds
for sufficiently large n and all 1 ≤ t ≤ rn/(2r − 2). Let G ∈ Gr(n) have parts V1, · · · , Vr and satisfy
∆(G) ≤ rn/(2r − 2). If G contains at most ζ(rn)r independent transversals, then there is an r-partite
graph G′ = (V ′, E′) with parts V ′

1 ⊆ V1, . . . , V
′
r ⊆ Vr and the following properties.

1. |V ′
1 | = · · · = |V ′

r | ≥ n − (εn)/r, and G′ is a critical graph with ∆(G′) ≤ ∆(G) + εn. Furthermore,
∆(G′ \G) ≤ (εn)/r and ∆(G[V ′] \G′) ≤ (εn)/r.

2. G′ is a union of r − 1 vertex-disjoint complete bipartite graphs on Ai ∪Bi, i ∈ [r − 1] with

rn

2r − 2
− εn ≤ |Ai|, |Bi| ≤

rn

2r − 2
+ εn. (1)

Proof. We first prove Part 1 but hold the proof of ∆(G[V ′]\G′) ≤ (εn)/r until the end because it requires
Part 2.

Let µ = ε2/(16r6) and let ζ be ζ(r, µ) from Lemma 3.1. Let G̃ = K(V1, V2, · · · , Vr) \ G. Since G
contains at most ζ(rn)r independent transversals, graph G̃ contains at most ζ(rn)r copies of Kr. By
Lemma 3.1, we can delete a set E1 ⊆ E(G̃) of at most µ(rn)2 edges from G̃ to make it Kr-free. In other
words, the graph G1 := (V,E ∪ E1) is IT-free.
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Let U0 = {v ∈ V : dE1
(v) ≥ εn

4r2 }. Since |E1| ≤ µ(rn)2, it follows that

|U0| ≤ 2
µ(rn)2

εn/(4r2)
=

ε2

16r6
8r4n

ε
=

εn

2r2
.

Now we choose a set U1 ⊇ U0 such that |U1 ∩ V1| = · · · = |U1 ∩ Vr| ≤ εn/(2r2). Let V ′ = V (G) \ U1 and
V ′
i = Vi \ U1 for i ∈ [r]. Then n′ := |V ′

i | ≥ n− εn/(2r2). Let G2 = G1[V
′]. Then G2 ∈ Gr(n

′) is IT-free
with maximum degree

∆(G2) ≤ ∆(G) +
εn

4r2
≤ rn

2r − 2
+

εn

4r2
.

Next we delete edges (one by one) from G2 if necessary and obtain a spanning subgraph G′ of G2 that is
critical. Then G′ ∈ Gr(n

′) is an r-partite graph with parts V ′
1 . . . , V

′
r and ∆(G′) ≤ ∆(G2) ≤ ( r

2r−2+
ε

4r2 )n.
Since V (G′) = V ′ ⊆ V (G) \ U0, by the definition of U0, we have

∆(G′ \G) ≤ ∆(G2 \G[V ′]) ≤ εn

4r2
. (2)

This proves Part 1 except for ∆(G[V ′] \ G′) ≤ εn/r. In order to bound ∆(G[V ′] \ G′), we need the
structure of G′ given in Part 2 and thus work on Part 2 now.

Note that ε
r2 ≤ 1

12r because ε ≤ 1/6 and r ≥ 2. Together with n′ ≥ n− εn/(2r2), this gives

∆(G′) ≤
(

r

2r − 2
+

ε

4r2

)
n ≤

(
r

2r − 2
+

1

12r

)(
1− ε

2r2

)
n ≤

(
r

2r − 2
+

1

12r

)
n′.

By Lemma 3.5, G′ is a union of r − 1 vertex-disjoint complete bipartite graphs on Ai ∪ Bi, i ∈ [r − 1].
Note that

max
i∈[r−1]

{|Ai|, |Bi|} = ∆(G′) ≤
(

r

2r − 2
+

ε

4r2

)
n.

Since v(G′) = rn′ ≥ r(n− εn
2r2 ), by (2), we have

δ(G′ ∩G) ≥ δ(G′)−∆(G′ \G) ≥ min
i∈[r−1]

{|Ai|, |Bi|} −
εn

4r2

≥ rn′ − (2r − 3) max
i∈[r−1]

{|Ai|, |Bi|} −
εn

4r2

≥ r
(
n− εn

2r2

)
− (2r − 3)

(
rn

2r − 2
+

εn

4r2

)
− εn

4r2

=
rn

2r − 2
− εn

2r
− (2r − 2)

εn

4r2
≥ rn

2r − 2
− εn

r
.

We thus derive the desired bound

∆(G[V ′] \G′) ≤ ∆(G)− δ(G′ ∩G) ≤ rn

2r − 2
−
(

rn

2r − 2
− εn

r

)
=

εn

r
.

Proof of Theorem 1.3 (lower bound). Let r ≥ 2, 0 < ε ≪ 1, ζ = ζ(r, ε) from Lemma 4.1, and λ =
min{ζ, 1

20r}. Let 1 ≤ t ≤ λn. Let G ∈ Gr(n) with maximum degree ∆(G) ≤ ⌈ rn
2r−2⌉ − t. Since

ζ(rn)r ≥ rt

2

(
rn

2r − 2

)r−1

≥ 1

4
((t− 1)(2r − 2) + 1)

(
rn

2r − 2

)r−1

,

we may assume that G contains at most ζ(rn)r independent transversals (otherwise we are done). By
Lemma 4.1, there is an r-partite graph G′ with two properties stated in the lemma.
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Let Ẽ = E(G[V ′]\G′)∪E(G′ \G) consists of all edges of G between Ai∪Bi and Aj ∪Bj for all i ̸= j ∈
[r − 1] and all non-edges of G between Ai and Bi for all i ∈ [r − 1]. By Lemma 4.1, every vertex v ∈ V ′

satisfies dẼ(v) ≤ ∆(G[V ′] \G′) + ∆(G′ \G) ≤ 2εn/r, and thus |Ẽ| ≤ 1
2 |V

′|(2εn/r) ≤ (rn)(εn/r) = εn2.
For i ∈ [r−1], by (1), we can find subsets A′

i ⊆ Ai and B′
i ⊆ Bi of size m := rn

2r−2 −εn. By Lemma 3.5,

I :=
{
{v1, w1, . . . , vr−1, wr−1} : vi ∈ A′

i, wi ∈ B′
i for i ∈ [r − 1]

}
consists of m2r−2 IMCs in G′, in which vi and wi are adjacent. Let I ′ ⊆ I consist of all IMCs of
I that induce no edge of Ẽ, in other words, every I ∈ I ′ satisfies G[I] = G′[I]. Since every edge of
G[A′

i ∪B′
i, A

′
j ∪B′

j ] for i ̸= j and every edge of G′[A′
i, B

′
i] \G for i ∈ [r− 1] is contained in exactly m2r−4

IMCs of I, we have

|I ′| ≥ |I| − |Ẽ|m2r−4 ≥ m2r−2 − εn2m2r−4 ≥ 3

4
m2r−2. (3)

Arbitrarily take I = {vi, wi : i ∈ [r − 1]} ∈ I ′. Since G[I] = G′[I] is a matching, we have

|NG(I) ∪ I| = |NG(I)| ≤ ∆(G)|I| ≤
(⌈ rn

2r − 2

⌉
− t

)
(2r − 2)

≤
(
rn+ 2r − 3

2r − 2
− t

)
(2r − 2) ≤ rn+ (2r − 3)− t(2r − 2).

Consequently, UI := V (G) \ (NG(I) ∪ I) has at least t(2r − 2) − (2r − 3) = (t − 1)(2r − 2) + 1 vertices.
Arbitrarily take a vertex v ∈ UI and suppose v ∈ Vq for some q ∈ [r]. Since I = {vi, wi : i ∈ [r − 1]} is
an IMC in G′, by Lemma 3.2, there is an Vq-avoiding PIT Tq = {sj ∈ {vj , wj} : j ∈ [r − 1]} in G′. As
G[I] = G′[I], Tq is also an Vq-avoiding PIT in G. Then T = Tq ∪ {v} is an IT of G. This process creates
a triple (I, v, T ). Let N be the family of such triples and let T be the collection of (distinct) ITs in these
triples. On one hand, by (3), we have

|N | =
∑
I∈I′

∑
v∈UI

1 ≥ 3

4
m2r−2 ((t− 1)(2r − 2) + 1) . (4)

On the other hand, given T ∈ T , we count the number of triples (I, v, T ) ∈ N as follows. By the process
of producing T , we know that |T ∩V ′| ≥ r− 1. If |T ∩V ′| = r− 1, then v must be the vertex in T \V ′. If
|T ∩ V ′| = r, then there exists a unique i ∈ [r − 1] such that |T ∩ (A′

i ∪B′
i)| = 2. Thus v can be either of

the two vertices in T ∩ (A′
i ∪B′

i). In either case we have at most two choices for v. Once v is determined,
there are at most mr−1 choices to extend T \{v} to an IMC in I ′. Therefore, |N | ≤ |T |·2 ·mr−1. Together
with (4), this gives the desired bound

|T | ≥ |N |
2mr−1

≥
3
4m

2r−2 ((t− 1)(2r − 2) + 1)

2mr−1

=
3

8
((t− 1)(2r − 2) + 1)mr−1 ≥ 1

4
((t− 1)(2r − 2) + 1)

(
rn

2r − 2

)r−1

,

where the last inequality holds because mr−1 = ( rn
2r−2 − εn)r−1 ≥ 2

3 (
rn

2r−2 )
r−1.

5 Proof of Theorem 1.4

In the proof, we will use a classical result of Erdős [7] on the Turán number of Kr
r (s), the complete r-partite

r-uniform hypergraph with s vertices in each part.

Lemma 5.1 ([7]). Given integers r, s ≥ 2, let n be sufficiently large. Then every r-uniform hypergraph

on n vertices with at least nr−s1−r

edges contains a copy of Kr
r (s).
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In the proof of Lemma 5.1, Erdős applied the following result, which was derived from double counting
and also appeared in [2, Lemma 2.4].

Lemma 5.2 ([2, 7]). Let n, k, q be natural numbers and 2q
k ≤ α ≤ 1. If A1, · · · , Ak are subsets of [n] such

that 1
k

∑k
i=1 |Ai| ≥ αn, then we can find distinct Ai1 , · · · , Aiq such that |

⋂q
j=1 Aij | ≥ (α2 )

qn.

Recall that z(n; s) is the maximum number of edges in the graph G ∈ G2(n) which contains no Ks,s.
Kővári, Sós and Turán [21] gave the following upper bound for z(n; s) (note that Lemma 5.2 implies a
slightly weaker bound).

Lemma 5.3 ([21]). z(n; s) ≤ (s− 1)1/sn2−1/s + sn.

We are ready to prove Theorem 1.4.

Proof of Theorem 1.4. Let Cr,s = 4r2s1/s, t = Cr,sn
1−1/s, and let n be sufficiently large. Suppose

G ∈ Gr(n) has parts V1, . . . , Vr and satisfies ∆(G) ≤ r
2r−2n− t.

If r = 2, then the bipartite complement G̃ = K(V1, V2) \ G of G satisfies δ(G̃) ≥ t, and hence,
e(G̃) ≥ tn. Since t = 4r2s1/sn1−1/s, we have tn > (s − 1)1/sn2−1/s + sn ≥ z(n; s) by Lemma 5.3. Thus,
G̃ contains a copy of Ks,s, which corresponds to an IT (s) in G.

We assume r ≥ 3 for the rest of the proof, where r can be even or odd. If G contains at least (rn)r−s1−r

copies of IT, then we construct an r-uniform hypergraph H on V (G) whose hyperedges are all the ITs in

G. Then |E(H)| ≥ (rn)r−s1−r

. By Lemma 5.1, H contains a copy of Kr
r (s), which corresponds an IT (s)

in G.
We thus assume that G contains less than (rn)r−s1−r

ITs. Let ε ≪ 1, and ζ = ζ(r, ε) from Lemma 4.1.

Since n is sufficiently large, we have (rn)r−s1−r

< ζ(rn)r. By Lemma 4.1, there is an r-partite graph G′

with two properties stated in the lemma. In particular, G′ = (V ′, E′) consists of r − 1 vertex-disjoint
complete bipartite graphs G′[Ai, Bi], i ∈ [r − 1] with ∆(G[V ′] \G′) ≤ εn/r.

In our proof, we use the following claim.

Claim 5.4. If there are sets A′
i ⊆ Ai and B′

i ⊆ Bi with min{|A′
i|, |B′

i|} ≥ 2(i− 1)sεn/r+ s for i ∈ [r− 1],
then we can find s-element subsets A′′

i ⊆ A′
i, B

′′
i ⊆ B′

i, i ∈ [r − 1], such that for all i ̸= j ∈ [r − 1],
G[A′′

i ∪B′′
i , A

′′
j ∪B′′

j ] = ∅.

Proof. We pick A′′
1 , B

′′
1 , . . . , A

′′
r−1, B

′′
r−1 greedily as follows. Since |A′

1|, |B′
1| ≥ s, we pick two arbitrary

subsets A′′
1 , B

′′
1 of size s. Suppose we have chosen A′′

1 , B
′′
1 , . . . , A

′′
i , B

′′
i for some i < r − 1. Note that

any edge of G between Ai ∪ Bi and Aj ∪ Bj , i ̸= j, is in G[V ′] \ G′. Since ∆(G[V ′] \ G′) ≤ εn/r and
A1, B1, . . . , Ar−1, Br−1 ⊆ V ′, we have∣∣(A′

i+1 ∪B′
i+1) ∩NG (A′′

1 ∪B′′
1 ∪ · · · ∪A′′

i ∪B′′
i )
∣∣ ≤ (2si)εn/r.

Since |A′
i+1|, |B′

i+1| ≥ (2is)εn/r + s, we can pick two s-element subsets A′′
i+1, B

′′
i+1 such that G[A′′

j ∪
B′′

j , A
′′
i+1 ∪B′′

i+1] = ∅ for j ≤ i, as desired.

Let V0 = V (G) \ V ′ and α = 1/(4s). Define

V ′
0 = {v ∈ V0 : dG(v,Ai), dG(v,Bi) ≥ αn for every i ∈ [r − 1]}

as the set of vertices v ∈ V0 with at least αn non-neighbors of G in all Ai and Bi (including the vertices
in the same part of G as v).
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Case 1: |V ′
0 | ≥ ( 2

α
)2r−2rs.

We find the desired IT (s) in three steps. Below we describe and justify each step.

Step 1. Find subsets S0 ⊆ V ′
0 ∩Vq of size s for some q ∈ [r], A′

i ⊆ Ai and B′
i ⊆ Bi of size |A′

i|, |B′
i| ≥ α′n

such that G[S0, A
′
i] = G[S0, B

′
i] = ∅ for all i ≥ 1, where α′ = (α2 )

(2/α)2r−3s.

Indeed, by averaging, |V ′
0 ∩ Vq| ≥ ( 2

α )
2r−2s for some q ∈ [r]. Let V 0

0 be a subset of V ′
0 ∩ Vq of size

k := ( 2
α )

2r−2s. By the definition of V ′
0 , every vertex in V 0

0 has at least αn non-neighbors (of G) in Ai and
Bi for all i ∈ [r−1]. Applying Lemma 5.2 with q = α

2 k, we find a subset V 1
0 ⊆ V 0

0 with |V 1
0 | = α

2 k such that

the vertices in V 1
0 have at least (α2 )

|V 1
0 |n = α′n common non-neighbors in A1. Applying Lemma 5.2 again,

we find a subset V 2
0 ⊆ V 1

0 with |V 2
0 | = α

2 |V
1
0 | = (α2 )

2k such that vertices in V 2
0 have at least (α2 )

|V 2
0 |n ≥ α′n

common non-neighbors in B1 . Repeating this process, we obtain sets S0 = V 2r−2
0 ⊆ · · · ⊆ V 1

0 ⊆ V 0
0 such

that |S0| = |V 2r−2
0 | = (α2 )

2r−2k = s and the vertices in S0 have at least α′n common non-neighbors in Ai

and Bi for all i ∈ [r− 1]. Denote these non-neighbors by A′
i and B′

i respectively. We have |A′
i|, |B′

i| ≥ α′n
and G[S0, A

′
i] = G[S0, B

′
i] = ∅.

Step 2. Find s-element subsets A′′
i ⊆ A′

i and B′′
i ⊆ B′

i, i ≥ 1 such that for all i ̸= j ∈ [r − 1],
G[A′′

i ∪B′′
i , A

′′
j ∪B′′

j ] = ∅, and for all i ∈ [r], A′′
i ⊆ Vai

, B′′
i ⊆ Vbi for some ai, bi ∈ [r].

Indeed, since |A′
i|, |B′

i| ≥ α′n ≥ 2(i − 1)sεn + rs for i ∈ [r − 1], by averaging, we can find subsets
Ãi ⊆ A′

i ∩ Vai , B̃i ⊆ B′
i ∩ Vbi for some ai, bi ∈ [r] with |Ãi|, |B̃i| ≥ 2(i− 1)sεn/r + s. Then, by Claim 5.4,

there are s-element sets A′′
i ⊆ Ãi, B

′′
i ⊆ B̃i, i ∈ [r − 1] such that G[A′′

i ∪ B′′
i , A

′′
j ∪ B′′

j ] = ∅ for all i ̸= j.
Note that A′′

i ⊆ Vai
, B′′

i ⊆ Vbi for i ∈ [r − 1].

Step 3. Choose Si = A′′
i or Si = B′′

i for i ≥ 1 such that S0, S1, . . . , Sr−1 form an IT (s).

Indeed, we take a set I = {vi ∈ A′′
i , wi ∈ B′′

i : i ∈ [r − 1]}. By Lemma 3.5, I is an IMC in G′,
in which vi and wi are adjacent for i ∈ [r − 1]. Then, by Lemma 3.2, I contains an Vq-avoiding PIT
T = {si : i ∈ [r − 1]} in G′, where si = vi or si = wi for i ∈ [r − 1]. Let Si = A′′

i if si = vi and Si = B′′
i

if si = wi for i ∈ [r − 1]. For i ̸= j ∈ [r − 1], since G[A′′
i ∪ B′′

i , A
′′
j ∪ B′′

j ] = ∅ from Step 2, it follows
that G[Si, Sj ] = ∅. Together with G[A′′

i , S0] = G[B′′
i , S0] = ∅ and S0 ⊆ Vq from Step 1, we conclude that

S0, S1, · · · , Sr−1 form an IT (s) in G.

This completes the proof of Case 1.

In the rest of the proof, we assume |V ′
0 | < (2/α)2r−2rs. In particular, |V ′

0 | < t = Cr,sn
1−1/s. For

i ∈ [r − 1], let

Ui = {v ∈ V0 : dG(v,Ai) < αn}, and Wi = {v ∈ V0 : dG(v,Bi) < αn}.

Note that all Ui and Wi are disjoint because, say, v ∈ U1 ∩W1 implies that

dG(v) ≥ dG(v,A1) + dG(v,B1) ≥
(
|A1| − dG(v,A1)

)
+

(
|B1| − dG(v,B1)

)
≥ 2

(
rn

2r − 2
− εn− αn

)
> ∆(G) by (1),

a contradiction. Thus, U1,W1, . . . , Ur−1,Wr−1 is a partition of V0 \ V ′
0 .

Without loss of generality, by averaging, assume |B1 ∪ U1| ≥ rn−|V ′
0 |

2r−2 ≥ rn−t
2r−2 . Since ∆(G) ≤ rn

2r−2 − t,

each vertex x ∈ A1 has at least 2r−3
2r−2 t non-neighbors of G in B1 ∪ U1. Thus,

eG(A1, B1 ∪ U1) ≥
2r − 3

2r − 2
t · |A1| ≥

2r − 3

2r − 2
t ·

(
r

2r − 2
− ε

)
n ≥ tn

2
.

It follows that eG(A1, B1) ≥ tn/4 or eG(A1, U1) ≥ tn/4. We proceed in these two cases.
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Case 2: eG(A1, B1) ≥ tn/4.

We find the desired IT (s) in three steps that are similar to Case 1.

Step 1 Find subsets A′
1 ⊆ A1 and B′

1 ⊆ B1 of size |A′
1| = |B′

1| = s such that G[A′
1, B

′
1] = ∅ and A′

1 ∈ Va1 ,
B′

1 ⊆ Vb1 for some a1 ̸= b1 ∈ [r].

Indeed, by averaging, there are a1, b1 ∈ [r] such that eG(A1 ∩ Va1
, B1 ∩ Vb1) ≥ tn/(4r2). Note that

a1 ̸= b1 because G′[A1∩Va1 , B1∩Vb1 ] ̸= ∅. Recall that |A1|, |B1| ≤ rn
2r−2 +εn by (1). Let m := rn

2r−2 +εn.

Since t = 4r2s1/sn1−1/s and n is sufficiently large, we have

eG(A1 ∩ Va1
, B1 ∩ Vb1) ≥ tn/(4r2) = s1/sn2−1/s > (s− 1)1/sm2−1/s + sm ≥ z(m; s)

by Lemma 5.3. Thus, there are s-element subsets A′
1 ⊆ A1 ∩ Va1 and B′

1 ⊆ B1 ∩ Vb1 such that G[A′
1, B

′
1]

is complete, which implies that G[A′
1, B

′
1] = ∅.

Step 2 Find s-element subsets A′
i ⊆ Ai and B′

i ⊆ Bi, i ≥ 2 such that for all i ̸= j ∈ [r − 1], G[A′
i ∪

B′
i, A

′
j ∪B′

j ] = ∅, and for all i ≥ 2, A′
i ⊆ Vai , B

′
i ⊆ Vbi for some ai, bi ∈ [r].

The proof of this step is the same as the one in Case 1: for i ≥ 2, by averaging, we find subsets
Ãi ⊆ Ai ∩ Vai , B̃i ⊆ Bi ∩ Vbi for some ai, bi ∈ [r] with |Ãi|, |B̃i| ≥ 2(i− 1)sεn/r + s. Then, by Claim 5.4,
we find s-element sets A′

i ⊆ Ãi, B
′
i ⊆ B̃i for i ≥ 2 (note that A′

1 and B′
1 were chosen in Step 1) such that

G[A′
i ∪B′

i, A
′
j ∪B′

j ] = ∅ for all i ̸= j ∈ [r − 1].

Step 3 Choose Si = A′
i or Si = B′

i for i ≥ 2 such that A′
1, B

′
1, S2, . . . , Sr−1 form an IT (s).

Indeed, we take a set I = {vi ∈ A′
i, wi ∈ B′

i : i ∈ [r − 1]}. By Lemma 3.5, I is an IMC in G′,
in which vi and wi are adjacent for i ∈ [r − 1]. Then, by Lemma 3.2, there is an Va1-avoiding PIT
T = {si : i ∈ [r − 1]} in G′ with si = vi or si = wi for i ∈ [r − 1]. Since v1 ∈ A′

1 ⊆ Va1
, we must have

s1 = w1. Let Si = A′
i if si = vi and Si = B′

i if si = wi for i ∈ [r− 1]. In particular, S1 = B′
1. Since for all

i ̸= j, G[A′
i ∪ B′

i, A
′
j ∪ B′

j ] = G[A′
1, B

′
1] = ∅ and A′

1 ⊆ Va1
, we have A′

1, B
′
1, S2, · · · , Sr−1 form an IT (s).

This completes the proof of Case 2.

Case 3: eG(A1, U1) ≥ tn/4.

We find the desired IT (s) in three steps, where Steps 2 and 3 are the same as in Case 1.

Step 1. Find subsets A′
1 ⊆ A1 and S0 ⊆ U1 of size |A′

1| = |S0| = s such that G[A′
1, S0] = ∅ and A′

1 ⊆ Va1
,

S0 ⊆ Vq for some a1, q ∈ [r].

Indeed, by averaging, there are a1, q ∈ [r] such that eG(A1 ∩ Va1
, U1 ∩ Vq) ≥ tn/(4r2). Note that it is

possible to have a1 = q. Recall that |A1| ≤ ( r
2r−2 + ε)n and |U1| ≤ |V0| ≤ εn by Lemma 4.1. As shown

in Case 2 Step 1, there are s-element subsets A′
1 ⊆ A1 ∩ Va1

and S0 ⊆ U1 ∩ Vq such that G[A′
1, S0] is

complete, which implies that G[A′
1, S0] = ∅.

Let A′
i = Ai \ NG(S0), i ≥ 2 and B′

i = Bi \ NG(S0), i ≥ 1. Then G[A′
i, S0] = G[B′

i, S0] = ∅ for all
i ∈ [r − 1]. The definition of U1 implies that every v ∈ U1 has at least |A1| − αn neighbors in A1 under
G. Since ∆(G) ≤ r

2r−2n− t, the vertex v ∈ U1 has at most

r

2r − 2
n− t− (|A1| − αn) ≤ r

2r − 2
n−

(
r

2r − 2
n− εn− αn

)
≤ (ε+ α)n

neighbors in V \A1 under G. Therefore, |A′
i|, 2 ≤ i ≤ r − 1 and |B′

i|, i ∈ [r − 1] are at least

min
i∈[r−1]

{|Ai|, |Bi|} − s · (ε+ α)n ≥
(

r

2r − 2

)
n− εn− s ·

(
ε+

1

4s

)
n ≥ n

4
.

We omit Steps 2 and 3 because they are the same as in Case 1. This completes Case 3 and the proof
of Theorem 1.4.
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6 Concluding Remarks

In this paper we study fr(n, t), the minimum number of independent transversals in r-partite graphs with
parts of size n and maximum degree at most ∆r(n) − t. When r is even and t = o(n), our Theorem 1.3
provides lower and upper bounds that differ by a factor of 4r2 when t = 1 and a factor of O(r) when
t ≥ 2.

When r is odd, Theorem 1.1 says that ∆r(n) = ⌈ r−1
2r−4n⌉. Since r

2r−2 < r−1
2r−4 , it is more difficult to

obtain an analogous result for odd r. In fact, Haxell and Szabó [17] commented that both fr(n, 1) =
O(nr−2) and fr(n, 1) = Θ(1) were possible for odd r. Recall that it was shown [2] that f3(n, 1) = 4 for
n ≥ 4.

Since 1
2 < r

2r−2 < r−1
2r−4 , Theorems 1.1 and 1.2 together imply the following corollary. Recall that a

classical result of Haxell [16] says that for any r, n ∈ N, every G ∈ Gr(n) with ∆(G) ≤ n/2 contains an
independent transversal.

Corollary 6.1. For any r ≥ 2, there exist cr and n0 such that every graph G ∈ Gr(n) with n ≥ n0 and
∆(G) ≤ n/2 contains at least crn

r independent transversals.

The aforementioned result of Wanless and Wood [25] has the following corollary.

Corollary 6.2 ([25, Corollary 10]). Let r, n ∈ N. If G ∈ Gr(n) has maximum degree ∆(G) ≤ n/4, then
G contains at least (n/2)r independent transversals.

Note that the degree condition in Corollary 6.2 is stronger than the one in Corollary 6.1 while Corol-
lary 6.2 allows r and n to be arbitrary (for example, when n is fixed and r → ∞). It is natural to ask
whether ∆(G) ≤ n/4 in Corollary 6.2 can be replaced by ∆(G) ≤ n/2.

We also obtain an asymptotically tight bound for the maximum degree of r-partite graphs containing
no blowup of an independent transversal (the tightness assumes the widely believed lower bound for the
Zarankiewicz number). In light of the aforementioned result [6] for r = 3, we believe that an analogous
result holds for all odd r.

Conjecture 6.3. For any odd number r ≥ 5 and integer s ≥ 2, there exist C > 0 and n0 ∈ N such that
every graph G ∈ Gr(n) with n ≥ n0 and ∆(G) ≤ r−1

2r−4n− Cn1−1/s contains an IT (s).

By adding an isolated part of n vertices to Construction 2.2, the proof of Proposition 2.4 shows that
the degree condition in Conjecture 6.3 cannot be weakened.
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