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1. Introduction

Let H be a graph on h vertices, and let G be a graph on n vertices. Packing (or tiling) problems in extremal graph theory are
investigations of conditions under which G must contain many vertex disjoint copies of H (as subgraphs), where minimum
degree conditions are studied the most. An H-matching of G is a subgraph of G which consists of vertex-disjoint copies of H.
A perfect H-matching, or H-factor, of G is an H-matching consisting of |n/h| copies of H. Let K}, denote the complete graph
on k vertices. The celebrated theorem of Hajnal and Szemerédi [5] says that every n-vertex graph G with §(G) > (k — 1)n/k
contains a Ky-factor (see [10] for another proof).

Using the Regularity Lemma of Szemerédi [23], researchers have generalized this theorem for packing arbitrary H [1,13,
22,14]. Results and methods for packing problems can be found in the survey of Kithn and Osthus [15].

In this paper we consider multipartite packing, which restricts G to be a k-partite graph for k > 2. A k-partite graph
is called balanced if its partition sets have the same size. Given a k-partite graph G, it is natural to consider the minimum
partite degree §*(G), the minimum degree from a vertex in one partition set to any other partition set. When k = 2, §*(G)
is simply §(G). In most of the rest of this paper, the minimum degree condition stands for the minimum partite degree for
short.

Let §x(n) denote the family of balanced k-partite graphs with n vertices in each of its partition sets. It is easy to see
(e.g. using the Konig-Hall Theorem) that every bipartite graph G € ,(n) with §*(G) > n/2 contains a 1-factor. Fischer [4]
conjectured that if G € §,(n) satisfies

50 = = 1n, (1)

then G contains a Kj-factor and proved the existence of an almost K-factor for k = 3, 4. Magyar and Martin [18] noticed
that the condition (1) is not sufficient for odd k and instead proved the following theorem for k = 3. (They actually showed
that when n is divisible by 3, there is only one graph in §3(n), denoted by I'5(n/3), that satisfies (1) but fails to contain a
K5-factor, and adding any new edge to I'3(n/3) results in a K3-factor.)
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Theorem 1 ([18]). There exists an integer ng such thatif n > ng and G € 4$3(n) satisfies §*(G) > 2n/3 + 1, then G contains a
Ks-factor.

On the other hand, Martin and Szemerédi [19] proved that the original conjecture holds for k = 4.

Theorem 2 ([19]). There exists an integer ng such that if n > ng and G € §4(n) satisfies §*(G) > 3n/4, then G contains a
K4-factor.

Recently Keevash and Mycroft [8] and independently Lo and Markstrém [17] proved that Fischer’s conjecture is
asymptotically true, namely, §*(G) > "‘Tln—l—o(n) guarantees a Ki-factor for all k > 3. Very recently, Keevash and Mycroft [9]
improved this to an exact result.

In this paper we give a new proof of Theorems 1 and 2 by the absorbing method. Our approach is similar to that of [ 17] (in
contrast, a geometric approach was employed in [8]). However, in order to prove exact results by the absorbing lemma, one
needs only assume §*(G) > (1 — 1/k)n, instead of §*(G) > (1 — 1/k + «)n for some o > 0 as in [17]. In fact, our absorbing
lemma uses an even weaker assumption 6*(G) > (1 — 1/k — «)n and has a more complicated absorbing structure.

The absorbing method, initiated by Rodl, Ruciriski, and Szemerédi [21], has been shown to be effective handling extremal
problems in graphs and hypergraphs. One example is the re-proof of Posa’s conjecture by Levitt, Sarkozy, and Szemerédi [ 16],
while the original proof of Komlés, Sarkozy, and Szemerédi [11] used the Regularity Lemma. Our paper is another example
of replacing the regularity method with the absorbing method. Compared with the threshold ng in Theorems 1 and 2 derived
from the Regularity Lemma, the value of our ng is much smaller.

Before presenting our proof, let us first recall the approach used in [18,19]. Given a k-partite graph G € §(n) with
parts Vq, ..., Vi, the authors said that G is A-extremal if each V; contains a subset A; of size |n/k| such that the density
d(Aj,A) < Aforalli # j. Using standard but involved graph theoretic arguments, they solved the extremal case for
k = 3,418, Theorem 3.1], [19, Theorem 2.1].

Theorem 3. Let k = 3, 4. There exists A and ng such that the following holds. Let n > ng and G € §(n) be a k-partite graph
satisfying 6*(G) > (2/3)n + 1 when k = 3 and (1) when k = 4. If G is A-extremal, then G contains a Kj-factor.

To handle the non-extremal case, they proved the following lemma ([18, Lemma 2.2] and [19, Lemma 2.2]).

Lemma 4 (Almost Covering Lemma). Let k = 3, 4. Given A > 0, there exists « > 0 such that for every graph G € §,(n) with
8*(G) = (1 — 1/k)n — an either G contains an almost Kj-factor that leaves at most C = C(k) vertices uncovered or G is
A-extremal.

To improve the almost Kj-factor obtained from Lemma 4, they used the Regularity Lemma and Blow-up Lemma [12].
Here is where we need our absorbing lemma whose proof is given in Section 2. Our lemma actually gives a more detailed
structure than what is needed for the extremal case when G does not satisfy the absorbing property.

We need some definitions. Given positive integers k and r, let ®y,, denote the graph with vertices a;j, i = 1,...,k,j =
1,...,r, and g; is adjacent to ayy if and only if i # i’ and j # j'. In addition, given a positive integer t, the graph ., (t)
denotes the blow-up of ®, obtained by replacing vertices a;; with sets A; of size t, and edges a;ayy with complete bipartite
graphs between A;; and Ayy. Givene, A > 0and t > 1(not necessarily an integer), we say that a k-partite graph G is (e, A)-
approximate to Oy (t) if each of its partition sets V; can be partitioned into U;=1 Vjj such that [|V;| — t| < et foralli, jand
d(Vy, Vyj) < A wheneveri # 7!

Lemma 5 (Absorbing Lemma). Given k > 3 and A > O, there exists « = «a(k, A) > 0 and an integer n; > 0 such that the
following holds. Let n > ny and G € §(n) be a k-partite graph on V1 U - - - U V} such that §*(G) > (1 — 1/k)n — an. Then one
of the following cases holds.

(1) G contains a Ki-matching M of size [M| < 2(k — 1)a*~2n in G such that forevery W C V\ V(M) with W N V| = ... =
W N Vi| < a®~5n/4, there exists a Ky-matching covering exactly the vertices in V(M) U W.

(2) We may remove some edges from G so that the resulting graph G’ satisfies §*(G') > (1 — 1/k)n — an and is (A/6, A/2)-
approximate to Oy (7).

The Kj-matching M in Lemma 5 has the so-called absorbing property: it can absorb any balanced set with a much smaller
size.

Proof of Theorems 1and 2. Let k = 3, 4. Let « < A, where A is given by Theorem 3 and « satisfies both Lemmas 4 and
5. Suppose that n is sufficiently large. Let G € G, (n) be a k-partite graph satisfying §*(G) > (2/3)n + 1 when k = 3 and
(1) when k = 4. By Lemma 5, either G contains a subgraph which is (A/6, A/2)-approximate to Oy (%) or G contains an

1 Here we follow the definition of (€, A)-approximation in [18,19]. It seems natural to require that d(Vy;, Vyy) > 1 — A wheneveri # i’ and j # j’ as
well. However, this follows from d(Vj;, Vyj) < A (i # i') when §*(G) > (1 — 1/r)rt.
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absorbing Ki-matching M. In the former case, fori = 1, ..., k, we add or remove at most % vertices from V;; to obtain a
set A; C V; of size [n/k]. Fori # i’, we have

An

e(Ai, Ar) < e(Vir, Vi) + a(|Ai| + Ar])

IA

IA

A|V W |+2AnLnJ
o i 6k Lk

2(+2) Gy e ]
= a3 (3],

which implies that d(A;, Ay) < A.Thus Gis A-extremal. By Theorem 3, G contains a Ki-factor. In the latter case, G contains a
Ki-matching M is of size |[M| < 2(k—1)a*~2nsuch thatforevery W C V\V (M) with [WNV;| = --- = |[WNV,| < a®®n/4,
there exists a Ky-matching on V(M) UW. Let G’ = G\ V(M) be the induced subgraph of Gon V(G) \ V(M),and n’ = |V(G)|.
Clearly G’ is balanced. As @ < 1, we have

IA

o~/ * 1 4k—2 1 /
8*(G) = 8(G) — M| = 1—7 n—2k—-1a n> 1_E_Ot n.
k

By Lemma 4, G’ contains a Ki-matching M’ such that |V(G') \ V(M)| < C.Let W = V(G') \ V(M’). Clearly [W N V;| = - --
= |W N V. Since C/k < «®~%n/4 for sufficiently large n, by the absorbing property of M, there is a Ki-matching M” on
V(M) U W. This gives the desired K -factor M’ UM” of G. O

Remarks. e Since our Lemma 5 works for all k > 3, it has the potential of proving a general multipartite Hajnal-Szemerédi
theorem. To do it, one only needs to prove Theorem 3 and Lemma 4 for k > 5.

e Since our Lemma 5 gives a detailed structure of G when G does not have desired absorbing K -matching, it has the
potential of simplifying the proof of the extremal case. Indeed, if one can refine Lemma 4 such that it concludes that
G either contains an almost Ky-factor or it is approximate to Oy (%) and other extremal graphs, then in Theorem 3 we
may assume that G is actually approximate to these extremal graphs.

e Using the Regularity Lemma, researchers have obtained results on packing arbitrary graphs in k-partite graphs, see
[24,7,3,2] for k = 2 and [20] for k = 3. With the help of the recent result of Keevash-Mycroft [8] and Lo-Markstrém [17],
it seems not very difficult to extend these results to the k > 4 case (though exact results may be much harder). However,
it seems difficult to replace the regularity method by the absorbing method for these problems.

2. Proof of the absorbing lemma
In this section we prove the Absorbing Lemma (Lemma 5). We first introduce the concepts of reachability.

Definition 6. In a graph G, a vertex x is reachable from another vertex y by a set S € V(G) if both G[x U S] and G[y U S]
contain Kj-factors. In this case, we say S connects x and y.

The following lemma plays a key role in constructing absorbing structures. We postpone its proof to the end of the section.

Lemma 7 (Reachability Lemma). Given k > 3 and A > 0, there exists @ = a(k, A) > 0 and an integer n, > 0 such that the
following holds. Let n > n, and G € $(n) be a k-partite graph on V1 U - - - U V} such that §*(G) > (1 — 1/k)n — an. Then one
of the following cases holds.

(1) Forany xand y in Vi, i € [k], x is reachable from y by either at least o>n*~"(k — 1)-sets or at least o:>n®*~1(2k — 1)-sets in
G.

(2) We may remove some edges from G so that the resulting graph G’ satisfies §*(G') > (1 — 1/k)n — anand is (A/6, A/2)-
approximate to O (7).

With the aid of Lemma 7, the proof of Lemma 5 becomes standard counting and probabilistic arguments, as shown in [6].

Proof of Lemma 5. We assume that G does not satisfy the second property stated in the lemma.

Given a crossing k-tuple T = (vq, ..., vy), withv; € V;,fori =1, ..., k, we call a set A an absorbing set for T if both G[A]
and G[AUT] contain Kj-factors. Let .£(T) denote the family of all 2k(k — 1)-sets that absorb T (the reason why our absorbing
sets are of size 2k(k — 1) can be seen from the proof of Claim 8 below).

Claim 8. For every crossing k-tuple T, we have | L£(T)| > a*3n2k¢=1D,
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Proof. Fix a crossing k-tuple T. First we try to find a copy of K; containing v; and avoiding v, ..., vg. By the minimum
degree condition, there are at least

k

k
H(n—l—(i—l)(%—f—a)n)zn<n—(i—1)%—((k—1)an+1))

i=2 i=2

such copies of K. When n > 3k? and 5 > 3k%, we have (k — 1)an + 1 < n/(3k) and thus the number above is at least

k n n n k—1
H(n—(i—l)f—f>2(*) , whenk > 3.
o k 3k k

Fix such a copy of Ki on {vq, Uy, us, ..., ux}. Consider u; and v,. By Lemma 7 and the assumption that G does not satisfy
the second property of the lemma, we can find at least o.>n*~1(k — 1)-sets or a>n?*~1(2k — 1)-sets to connect u, and v;.
If Sis a (k — 1)-set that connects u, and v,, then S U K also connects u, and v, for any k-set K such that G[K] = K and
K NS = (. There are at least

k
1 n /n\k-1
n—2 n—-1—-@(—-1|-4+a]n 27(7)
( )11:! ( ( ) (k ) ) 2 \k
copies of K in G avoiding us, v, and S. If there are at least o:>n*~1(k — 1)-sets that connect u, and v,, then at least

n /n\k-1 1
oIk (7) > 2o 421
2 \k 2k—1
k—1

(2k — 1)-sets connect u, and v, because a (2k — 1)-set can be counted at most (ik:f) times. Since 2a* < &3, we can assume
that there are always at least 2a*n?*~1(2k — 1)-sets connecting u, and v,. We inductively choose disjoint (2k — 1)-sets that

connects v; and u; fori = 2, ..., k. For each i, we mustavoid T, u,, ..., u, and i — 2 previously selected (2k — 1)-sets. Hence
there are at least 2a:*n®*~1 — 2k — 1)(i — 1)n*~2 > a*n®~1 choices of such (2k — 1)-sets for each i > 2. Putting all these
together, and using the assumption that « is sufficiently small, we have

£(T)| > (E)RJ . (a4n2k—1)k—1 - a4k—3n2k(k—l)' O
— \k
Every setS € £(T) is balanced because G[S] contains a Ki-factor and thus [SNV;| = --- = |SN V| = 2(k— 1). Note that

k
there are (Z(kn—1)> balanced 2k(k — 1)-sets in G. Let ¥ be the random family of 2k(k — 1)-sets obtained by selecting each

balanced 2k(k — 1)-set from V (G) independently with probability p := a*~3n'=2**=1_Then by Chernoff's bound, since n
is sufficiently large, with probability 1 — o(1), the family ¥ satisfies the following properties:

k
|| <2E(F]) <2p <2(kn_ 1)> < ¥, (2)

8k—6

1 1
|L(T)YNF| > 5IE(|DC(T) NF|) > Ep|¢,C(T)| > ¢ for every crossing k-tuple T. (3)

Let Y be the number of intersecting pairs of members of #. Since each fixed balanced 2k(k — 1)-set intersects at most

k—1
2k(k — 1) (2”("__1;_1) (2(k"_])) other balanced 2k(k — 1)-sets in G,

e <2 (" Yok ("] no
) =p (2(k—1)> ik = )<2k—3) (2(k—1)>

8k—6

1
S
8

IA

By Markov’s bound, with probability at least % Y < «®°n/4.Therefore, we can find a family F satisfying (2), (3) and having

at most &®~%n/4 intersecting pairs. Remove one set from each of the intersecting pairs and the sets that have no Kj-factor
from &, we get a subfamily ¥’ consisting of pairwise disjoint absorbing 2k(k — 1)-sets which satisfies | F'| < |F| < «*2n

and for all crossing T,
e n
LT NF| = - >
2 4 4
Since F’ consists of disjoint absorbing sets and each absorbing set is covered by a Ki,-matching, V (") is covered by some
Ki-matching M. Since |F'| < a*~2n, we have |M| < 2k(k — Da*2n/k = 2(k — 1)a*~2n. Now consider a balanced set

a8k76 a8k76

n




J. Han, Y. Zhao / Discrete Mathematics 313 (2013) 1119-1129 1123

W C V(G)\V(F’)suchthat [WNV;| = --- = |WNVi| <« %n/4. Arbitrarily partition W into at most «%~%n/4 crossing
k-tuples. We absorb each of the k-tuples with a different 2k(k — 1)-set from £(T) N F'. As a result, V(F') U W is covered
by a Ki-matching, as desired. O

The rest of the paper is devoted to proving Lemma 7. First we prove a useful lemma. A weaker version of it appears in
[19, Proposition 1.4] with a brief proof sketch.

Lemma9. Let k > 2 be aninteger,t > 1and ¢ < 1. Let H be a k-partite graphon V;U- - - UV, such that |V;| > (k—1)(1—e)t
for all i and each vertex is nonadjacent to at most (1 4 €)t vertices in each of the other color classes. Then either H contains at

least €2t* copies of Ky, or H is (16k%€ /2% | 16k*e/?*)-approximate to Ok k—1) (D).

Proof. First we derive an upper bound for |V;|, i € [k]. Suppose for example, that |Vi| > (k — 1)(1 + €)t + €t. Then if we
greedily construct copies of K; while choosing the last vertex from Vj, by the minimum degree condition and € < 1, there
are at least

Vil - (V2| = (A 4+ €)t) -+ - (Viea| — (k= 2)(T + €)t) - ([Vi| — (k — (1 + €)t)

> k=11 —et-(k—2—ke)t---(1— 2k —3)e)t - et

1 1 1\ . €.
>(k—=1—=)(k=2—=)-(1—=)eth> =t
2 2 2 2

copies of K in H, so we are done. We thus assume that for all i,
Vil < (k=1 4+ e)t +et < (k—1)(1 4+ 2e)t. (4)
Now we proceed by induction on k. The base case is k = 2. If H has at least €2t edges, then we are done. Otherwise
e(H) < €%t?. Using the lower bound for |V;|, we obtain that
€’t? €2

d\Vq,Vy) < < <€
P T (1 —e)?

Hence H is (2€, €)-approximate to @, (t). When k = 2, 16k*¢ /2> = 256¢, so we are done.

Now assume that k > 3 and the conclusion holds for k — 1. Let H be a k-partite graph satisfying the assumptions and
assume that H contains less than €2t* copies of K;.

For simplicity, write N;(v) = N(v) NV; for any vertex v. Let V] C V; be the vertices which are in at least € copies of
Ky in H, and let \71 = V7 \ V]. Note that |V]| < et otherwise we get at least €%t* copies of K in H. Fix vy € \71. For2 <i<k,
by the minimum degree condition and k > 3,

tk—]

INi(vo)| = (k— 1)(1 — )t — (1 +€)t = (k—2) (1 -2

f 26) t>(k—2)(1—3e)t.

On the other hand, following the same arguments as we used for (4), we derive that
INi(vo)| < (k —2)(1 + 2et). (5)

The minimum degree condition implies that a vertex in N(vy) misses at most (1 + €)t vertices in each N;(vg). We
now apply induction with k — 1, t and 3¢ on H[N(vo)]. Because of the definition of V], we conclude that N(vo) is (¢', €')-
approximate to ®_1yx k-2)(t), where

€ = 16(k — 1)*(3e)V/2 .

This means that we can partition N;(vp) into Aj; U - - - Ajk—2) for 2 < i < k such that

V2<i<k 1<j<k—2, (1—-€Nt<|Ajl<(1+€)H and (6)

V2<i<i <k 1<j<k-—2, d(Ay Ay <¢€. (7)
Furthermore, let Ajk—1) := V; \ N(vp) fori = 2, ..., k. By (5) and the minimum degree condition, we get that

(1= Bk —=5)e)t < |Ajg—| < (1 +e)t, (8)
fori=2,...,k

Let Afj = V; \ A; denote the complement of A;. Let e(A, B) = |A||B| — e(A, B) denote the number of non-edges between

two disjoint sets A and B, and d(A, B) = &(A, B)/(|A||B|) = 1 — d(A, B). Given two disjoint sets A and B (with density close
toone) and « > 0, we call a vertex a € A is a-typical to B if degg(a) > (1 — ) |B|.
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Claim10. Let2 <i#i <k, 1<j#j<k-—1.
(1) d(A,'j,Ai/j/) >1- 3¢’ and d(Aij,A;:/j) >1-— 3€’.
(2) All but at most /3¢’ vertices in A are ~/3¢€’-typical to Ayy; at most /3¢’ vertices in A are +/3€’-typical to Af,j.

Proof. (1). Since Ai“,j = Uj, 4 Ayj, the second assertion d(Ay;, Ai“,j) > 1 — 3¢’ immediately follows from the first assertion
d(Aj, Ary) = 1 — 3€’. Thus it suffices to show that d(A;;, Ayy) > 1 — 3€’, or equivalently that c_l(A,-j, Ary) < 3€’.
Assumej > 2.By (7), we have e(A;, Ayj) < €'|Ajl|Ayj]. So e(Ay, Arj) = (1—€')|A;||Ay;]. By the minimum degree condition
and (6),
e(Ay, Ay < [(1+e)t — (1 —€)lAy11Ay
< [(A+ et — (1-€)(A —€eNtAyl
< (€ + 2€")t|A;,

which implies that (A, Ayy) < (€ + 2€)t|Aj| foranyj # jand 1 <j < k — 1. By (6) and (8), we have |Ayy| > (1 — €')t.
Hence

! < (e +2¢€") t < 3¢’
|Avy | — Q—ent =7

d(Ay, Arp) < (€ +2€')

where the last inequality holds because € < € K1
(2) Given two disjoint sets A and B, if d(A, B) < « for some « > 0, then at most /«a|A| vertices a € A satisfy degz(a) <
(1 — ﬁ) |B|. Hence Part (2) immediately follows from Part (1). O

We need a lower bound for the number of copies of K} in a dense k-partite graph.

Proposition 11. Let G be a k-partite graph with vertex class V1, . . ., Vi. Suppose for every two vertex classes, the pairwise density
d(V;, V) > 1 — o forsomea < (k+ 1)~%, then there are at least % [ 1; Vil copies of K in G.

Proof. Given two disjoint sets V; and V;, ifdv;, V;) < a forsome o > 0, then at most i/« |V;| vertices v € V; satisfy degvj (v)
< (1 — ﬁ) |V;|. Thus, by choosing typical vertices greedily and the assumption o < (k + 1)~%, there are at least

(1—J&)|vl|(1—2ﬁ)|vz|~-(1—kﬁ)|vk|>(1—<1+~-+k>\/&)]f[|v,~|>%H|vi|

copiesof Ky inG. O

Let €” = 2k+/€’. Now we want to study the structure of V;.
Claim 12. Givenv € V; and 2 < i < k, there exists j € [k — 1], such that INa; (v)| < €"t.

Proof. Suppose instead, that there exist v € V; and some 2 < iy < k, such that |NAin(v)| > ¢"t forallj € [k — 1]. By the

minimum degree condition, for each 2 < i < k, there is at most one j € [k — 1] such that [Na; (V)| < t/3. Therefore we can
greedily choose k — 2 distinct j; for i # iy, such that |NA,.].I_ (v)| = t/3. Let ji, be the (unique) unused index. Note that

Al _ A+t . |Aigii, | _ 4 2

Vi#io, = , an — ” < ”"
N, @) = /3 N, 1~ €t e

So for any i # i’, by Claim 10 and the definition of €¢”, we have

d(Ns. (), Na, (v)) < _ 3Malldn, | _ o 4 2 _ 6 9)
A T T Ny )1 INgy, )] ek

Since € <« €’ « 1, by Proposition 11, there are at least

1 > 1 ” t 2 € k—1 k—1
EHNAUI_(U)_E'E t g mt > €t

copies of Kx_1 in N(v), contradicting the assumption v € \71. O
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Note that if degy, (v) < €"t, at least |A;| — €t vertices of A are not in N(v). By the minimum degree condition, (6) and
(8), it follows that

AGAN@)| < (1 +e)t — (A4l —€'t) < (1+ et — (1 — €Nt + €'t <2t (10)
Fix a vertex v € V;. Given 2 < i < k, let ¢; denote the (unique) index such that |NAMI, (v)| < €t (the existence of ¢; follows
from Claim 12).
Claim 13. We have £y = {3 = -+ = {,.

Proof. Otherwise, say ¢, # ¢3, then we setj, = {5 and for 3 < i < k, greedily choose distinct ji, jx_1, - . . , j3 € [k— 1]\ {€3}
such that j; # ¢; (this is possible as j; is chosen at last). Let us bound the number of copies of K;_1 in U:;z NAiji (v). By (10),
we get [Ny, (v)] = |Ay;] —2¢"t > t/2foralli.Asin (9), for any i # i, we derive that c_i(NAiji (v), Nay, (v)) = 3€”-4-4 = 48¢”.

. . k— . . -
Since €” < 1, by Proposition 11, we get at least 3 (%) "> et*~1 copies of K;_; in N(v), a contradiction. O

We define Ayj := {v € Vi INay,; (V)| < "t} forj € [k — 1]. By Claims 12 and 13, this yields a partition of V; = U]’-:fAlj
such that

€"t|Aq _ 't
lAyllAg] — (1 — €Dt
By (6), (8) and (10), as (3k — 5)e¢ < €, we have

d(Aqj, Ay) <

< (1+2€)e” fori>2andj> 1. (11)

|Aqj|2€”t - 2¢t
[AyllAy| — (1 — €Nt

"

d(Ayj, Ay) < <3¢” fori>2andj+#j. (12)
We claim |Aqj| < (14 e)t + (1 + 2€’)€”|Ayj] for all j. Otherwise, by the minimum degree condition, we have degAU(v) >

(14 2€")€"|Aqj] for all v € Ay, and consequently d(Aqj, Aj) > (1 + 2€’)e”, contradicting (11). We thus conclude that

1+e€

Ayl < —————
1— (14 2€)e”

t < (14 2e"t. (13)

Since |V;| < €t, we have | U}‘;f Ayl = [Vi\ V{| = V4] — et. Using (13), we now obtain a lower bound for |Ay;|,j € [k — 1]:

Ayl = (k— 1)(1 — e)t — (k — 2)(1 4 2€")t — et > (1 — 2ke")t. (14)

It remains to show that for 2 < i # i < k, d(Ajk—1, Ar@—1) is small. Write N(vy - - - vp) = ﬂlsism N (vy).

Claim 14. d(Aik—1y, Ark—1)) < 6€” for 2 <i, i’ <k.

Proof. Suppose to the contrary, that say d(Ak—1)k—1), Akk—1)) > 6€”. We first select k — 2 sets A; with 1 <i < k — 2 and
1 <j < k — 2 such that no two of them are on the same row or column - there are (k — 2)! choices. Fix one of them, say
A11,A0, ..., A(kfz)(kfz). We construct copies of Ki_» inAj1 UAp U---U A(k72)(k72) as follows. Pick arbitrary vy € Aqq. For

2 <i<k—2,weselect v; € Ny, (vq - - - vi—1) such that v; is \/?—typical to Ak—1)(k—1), Akk—1) and all Aj;, i < j < k — 2. By
Claim 10 and (10), there are at least (1 — (k — 2)+/3€')|Aii| — 2¢"t > t/2 choices for each v;. After selecting v, . .., vy, We
select adjacent vertices vg—1 € Ag—1)k-1) and vy € Agxk—1y such that vg_q, vy € N(v1 - - - vg—3). For j € {k — 1, k}, we know
that N (v;) misses at most 2¢”t vertices in Aj(—1), and at most (k— 3)@|Aj(k,1) | vertices of Aj—1y arenotin N(vy - - - vg—p).
Since d(Ak—1)1, A1) > 6€” and €” = 2k+/€’, there are at least

6€” |Ag—1)k—1) | 1Akk—1)] — 2€"t (Ag=1yk=1)| F [Arge—1y 1) — 2(k — 3)v/3€"|Ax—1) (1) | |Ak(k—1) |
> (66” —4e” — 4k — 3)\/67) [A g1y k=1) 1 Ak(k—1) |
= 12«/Z|A(k—1)(k—1)||Ak(k—1)| > 6+/€'t?

. . . . k— .
such pairs vg_1, vi. Together with the choices of vy, ..., vk_,, we obtain at least (k — 2)! ( )< 2 6/ €'t? > etk copies of K,

a contradiction. 0O

t
2

In summary, by (6), (8), (13) and (14), we have (1 — 2ke”)t < |A;] < (1 + 2¢€”)t for all i and j. In order to make UJI;] Ayj
a partition of V;, we move the vertices of V] to Ayy. Since V]| < et, we still have ||A;| — t| < 2ke”t after moving these
vertices. On the other hand, by (7), (11), and Claim 14, we have d(A;;, Ayj) < 6€” < 2ke” for i # i’ and all j (we now have
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d(A11, Ain) < 2€”foralli > 2 because |A1;| becomes slightly larger). Therefore H is (2ke”, 2ke”)-approximate to Oy k—1)(t).
By the definitions of ¢” and €,

2ke” = 4k’Ne' = 4k \/ 16(k — 1)4(36) /2 < 16k !>

where the last inequality is equivalent to (4! ) 3127 < 1or 31/2’H < % which holds because 3 < 1+ Zk :

k—
(1+ m)z for k > 2.
This completes the proof of Lemma 9. O
We are ready to prove Lemma 7.

Proof of Lemma 7. First assume that G € §3(n) is minimal, namely, G satisfies the minimum partite degree condition but
removing any edge of G will destroy this condition. Note that this assumption is only needed by Claim 20.
Given0 < A < 1, let

k=1

_1 <7A ) (15)
2k \ 24k(k — 1)v/2k

Without loss of generality, assume that x,y € V; and y is not reachable by a>n*~'(k — 1)-sets or o>n?*~1(2k — 1)-sets
from x.
For 2 <i < k, define
An =Vin (N \NW)),  Ax=Vin(NW) \NX)),
Bi=Vin(Nx)NN®y)), A =Vi\ (Nx) UN®Y)).
LetB = Ui>2 B;. If there are at least o>n*~" copies of K;_; in B, then x is reachable from y by at least o>n*~" (k — 1)-sets.

We thus assume there are less than a>n*~! copies of K_; in B.
Clearly, fori > 2, Aj1, Aix, B; and Ay are pairwise disjoint. The following claim bounds the sizes of A, B; and A;g.

Claim 15. (1) (1 —K?a)% < |Aul, |Ail < (1 + ka) %,
(2) (k—2—2ke)} < |Bi| < (k—2+k(k—Da) 7,
(3) 1Aio] < (k+ Dan.

Proof. Forv € V,andi € [k], write N;(v) := N(v) NV;. By the minimum degree condition, we have |A;|, |Ai| < (1/k+a)n.
Since N;(x) = Aj; U B, it follows that

k—1 1
Bi| > —a|n—|-+4a)n (16)
k k

If some B;, say By, has at least ( + (k — 1)a) n vertices, then there are at least T, 1Bl — (i —2) (§ 4+ ) n copies of
Ki—1 in B. By (16) and |By| > ( =+ (k— 1)04) n, this is at least

k=1 :
on - l_[(k_l )n—(z—l)( +oz) on - (%—iw)n
i=2
1

k—i—3 )
an - ——= | n because 2k‘a < 1,

>
il k
1 n k—2
()
2 \k
> o?n* ! because 2k¥ %o < 1.

This is a contradiction.
We may thus assume that |B;| < (kaz + (k — 1)oz) nfor2 <i <k, asrequired for Part (2). As N;(x) = A;; U B;, it follows

that
|Ai1| k=1 n k_2+(k Da|n= ! ka | n
=Ty k Y R U

The same holds for |Aj| thus Part (1) follows. Finally

k—1 1
[Aio| = Vil — INi(X)| — |Ai| < n — (I— - oz) n-— (E - ka) n= (k+ an,
3

as required for Part (3). O
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Lett = n/k and € = 2ko. By the minimum degree condition, every vertex u € B is nonadjacent to at most (1 + ko )n/k
< (14 €)t vertices in other color classes of B. By Claim 15, |B;| > (k—2 — Zka)% = (k—2—¢€)t > (k—2)(1—¢)t.Thus G[B]
is a (k — 1)-partite graph that satisfies the assumptions of Lemma 9. We assumed that B contains less than a>n*~! < €2tk~1
copies of Ki_1, 50 by Lemma 9, Bis (o', &')-approximate to ©_1)x—2) (}), where
o = 16(k — 1)*(2ka)V?.

This means that we can partition B;, 2 < i < k, into Ap U - - Ajk—1) such that (1 —a/)% < |Ajl = (A+a)jfor2 <j<k-1
and

V2<i<i <k2<j<k-—1, dAj Ay <d. (17)

Together with Claim 15 Part (1), we obtain that (using ko < ')
n n
V2<iskls<js<k (-a) <Al <+a)r. (18)
k

Let Aj; = Vi \ A; denote the complement of A;. The following claim is an analog of Claim 10, and its proof is almost the
same — after we replace (1 + €)t with (1 + ka)n/k and €’ with @’ (and we use o < «’). We thus omit the proof.

Claim16. Let2 <i#i <k, 1<j#j <kand{j,j} # {1, k}.
(1) d(Aij,Ai/j/) > 1—3a’ and d(AU, Af,J) >1-3a.
(2) All but at most +/3a’ vertices in A are ~/3a’-typical to Ayy; at most ~/3a’ vertices in A;; are +/3a’-typical to AI.‘,j. O
Now let us study the structure of V;. Let " = 2k+/a’. Recall that N(xv) = N(x) N N(v). Let V] be the set of the vertices

v € V; such that there are at least an*~" copies of Ky_; in each of N(xv) and N (yx). We claim that [Vil < 2an. Otherwise,
since a (k — 1)-set intersects at most (k — 1)n*~2 other (k — 1)-sets, there are at least

2an - an* Y an* ! = (k — Dn*"?) > o3n?!

copies of (2k — 1)-sets connecting x and y, a contradiction.

LetV; =V, \V].The following claim is an analog of Claim 12 for Lemma 9 and can be proved similarly. The only difference
between their proofs is that here we find at least «n*~! copies of Ky_ in each of N(xv) and N(yv), which contradicts the
definition of V.

Claim 17. Givenv € V; and 2 < i < k, there exists j € [k] such that INa; (V)| <&t O

Fix an vertex v € \71. Claim 17 implies that for each 2 < i < k, there exists ¢; such that |NAm,. (v)| < «”t. Our next claim
is an analog of Claim 13 for Lemma 9 and can be proved similarly.

Claim 18. We have £y = {43 =---={,. O

We now define Ajj == {v € Vi |NA2j(v)| < o't} forj € [k]. By Claims 17 and 18, this yields a partition of Vi = Uj’.‘:l Aqj
such that
Ol//t|A]j| o't
<

< (142a)a” fori>2andj> 1. 0
Agliay = A —ane = (1200 >2andj > (19)

d(A]j, Ay) <
For v € Ay5, we have INa; ()| < o't for i > 2. By the minimum degree condition and (18),

A\ N()| < (% + a> n— (|Aj| — a"t) < 2a"t. (20)

By (18) and (20), we derive that

|A1j| <20t < 20t

d(Ayj, Ay) < <
P IAGlIAy] — (1 —a)t

< 3a” fori>2andj#j. (21)
We claim that |Ayj| < (14 a)t + (14 2a')a”|Ayj| for all j. Otherwise, by the minimum degree condition, we have deg,, (v)
> (1+ 2a')a”|Ay| for all v € Ay, and consequently d(Ayj, Aj) > (1 + 2a’)e”, contradicting (19). We thus conclude that

1+«

Ayl € ——————
1-—(1+20)x

t<(1+ Za”)lg. (22)
k
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Since |V]| < 2an, we have | U]k:1 Ayjl = |V1\ V| = |V1] — 2an. Using (22), we now obtain a lower bound for |Ay;], j € [k].

Ayl > n— (k— D1+ 2a”)% —2an>(1— Zka”)%. (23)

It remains to show that d(A;1, A1) and d(Ay, Ayk), 2 < i,i' < k, are small. First we show that if both densities are
reasonably large then there are too many reachable (2k — 1)-sets from x to y. The proof resembles the one of Claim 14.

Claim 19. For 2 < i # i’ <k, either d(A;1, A1) < 6a” or d(Ay, Arr) < 6a”.

Proof. Suppose instead, that say d(Ak—1)1, Ak1), d(Ag—1)k, Ak) > 6c”. Fix a vertex vy in Ayj, for some 2 < j < k — 1, say
v1 € Ajp. We construct two vertex disjoint copies of Ki_q in N(xv1) and N (yv,) as follows. We first select k — 3 sets A; with
2<i<k-—2and3 <j < k— 1such that no two of them are on the same row or column - there are (k — 3)! choices. Fix
one of them, say Ass, ..., Ag—2yk—1). For 2 <i < k—2, we selectv; € NAi(i+1)(U1 ---vi_1) thatis \/ﬂ—typical to Ajk—1y1, A
and Aj(j+1), i < j < k — 2.By Claim 16 and (20), there are at least

n
(1= (= 2)V307) Wien | = (ke + 0/ + )7 = o
such v;. After selecting v, ..., v, we select two adjacent vertices vi—1 € Ax—1)1 and vy € Ay such that ve_; and vy

are in N(v; - - - vg—2). For j = k — 1, k, we know that N(v;) misses at most (kx + o’ + «”)n/k vertices in Aj; and at most
(k — 3)~/3c’|Aj1| vertices of Aj; are not in N (v; - - - vx—). Since d(Ax—1)1, A1) > 6, there are at least

, , n n\2
6a" A 1Al — (ke + ' + @) (Ao + D) = 26— 3)v3a A lAa] = 69 ()

such pairs v,_1, vg. Hence N(xv;) contains at least
k-3 n\ 2 ny k-1
(=3t () oV (7) = () = van
k

copies of Ki_1. Let C be such a copy of Ki_1. Then we follow the same procedure and construct a copy of K;,_; on N(yvy) \ C.
After fixing k — 3 sets Aj with2 < i < k —2and 3 < j < k — 1 such that no two of them are on the same row or column,

there are still at least  such v for 2 < i < k — 2. Then, as d(Ai, Ark) > 6a”, there are at least 64/« ( ) choices of
Uk—1 € Ag—1)k and vy e Akk such that vy_; and vy are in N(vq - - - vx_3). This gives at least fnk T copies of Ky_1 in N(yvq).

Then, since there are at least |V;| — |A11] — |Aw| = an choices of vy, totally there are at least an (\/&n"”)2 = o?n*-1

reachable (2k — 1)-sets from x to y, a contradiction. O

Next we show that if any of d(A;1, Ay1) or d(Ai, Ar), 2 < i,7 < k, is sufficiently large, then we can remove edges from
G such that the resulting graph still satisfies the minimum degree condition, which contradicts the assumption that G is
minimal.

Claim 20. For 2 <i #* i" <k, d(An, A1), d(Aix, Ark) < 6k/a”.

Proof. Without loss of generality, assume that d(Ay, Asx) > 6ka/a”. By Claim 19, we have d(A,1, A3;) < 6¢”. Combining
this with (17), we have d(Ay;, Asj) < 6" forallj € [k — 1]. Now fixj € [k — 1]. The number of non-edges between A,; and
As;j satisfies e(Ayj, Asj) > (1 — 6a”)|A,j]|Asj|. By the minimum degree condition and (18),

_ n n
e(Ax, Azj) < (1+ kOl)E|A3j| — (1 —60a")|Ay]|A3] < 7o E|A3j|~

Using (18) again, we obtain that

//n| 3}|

— >1-— 8«
|A2k||A3j|

d(Ax, Azj) > 1

This implies that d(Ay, AS,) > 1 — 8a”. Similarly we derive that d(As;, AS,) > 1 —8a”.Fori =2, 3, defmeA as the set of
the vertices in Aj, that are /8« -typical to Af ke Thus |Aj, \A | < +/8a”|Aikl.

Let AT = {v € Al : degy, ,, (v) < VBaTIAY| } and A? = Al

T
i ik \Aik .Foru € A;, we have

deg(u) = deg(u) + deg(u) > (1 — V3a ) ¢+ VB A, = 1A
V3 A, A3k

Since |A3,| > degy,(x) and |A3,| is an integer, we conclude that degy, (1) > degy,(x) + 1. Similarly we can derive that
degy, (v) > degy, (x) + 1foreveryv € A3,< If there is an edge uv joining some u € A;i and some v € Agf( then we can delete
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this edge and the resulting graph still satisfies the minimum degree condition. Therefore we may assume that there is no
T T
edge between A} and A;.. Then

e(Ag, As) < e(Ag \ ASy, Asi) + e(Ag, Az \ AL) + (AT, AT) + e(AL,, ALL)

2+/80" |Agel|Ase] + [AghIN/8a”|AS| + |AShIN/Ba|AS, |
V8a” (2|AxAsi] + 1Axkl1AS] + 1Asil1AS])

V8a” (1Al V| + |AselVa])

3va” - 2k|Ax|As] by (18).

Therefore d(Ay, As) < 6kv/a”. O

1A IA IA

IA

In summary, by (18), (22) and (23), we have (1 — Zka”)% < |Ajl < 1+ 20//)% for all i and j. In order to make Ujl;l Ajj
a partition of V;, we move the vertices of V; to A;; and the vertices of A to A, for 2 < i < k. Since |V{| < 2an and

|Aio| < (k+ Dan, we have ||A;] — 7| < 2ka”} after moving these vertices. On the other hand, by (17), (19), and Claim 20,

we have d(Aj, Ayj) < 6kv/a” fori # i' and all j. (In fact, for i > 2, we now have d(Aq1, Aiy) < 2«” as we added at most
2an vertices to Ay;. For i’ > i > 2, we now have d(A3, Ap) < 2a” and d(Ap, Arz) < 2o’ as we moved at most (k + 1)an

vertices to Aj.) Therefore after deleting edges, G is (Zkoc”, 6k«/oc”) -approximate to ®y.(n/k). By (15), and the definitions
ofa” and &', Gis (A/6, A/2)-approximate to Oy (n/k). O
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