PARTIAL INDEPENDENT TRANSVERSALS IN MULTIPARTITE GRAPHS
PENNY HAXELL', ARPIT MITTAL?, AND YI ZHAO?

ABSTRACT. Given integers r > d > 0 and an r-partite graph, an independent (r —d)-transversal
or (r —d)-IT is an independent set of size r — d that intersects each part in at most one vertex.
We show that every r-partite graph with maximum degree A and parts of size n contains an
(r—d)-IT if n > 2A(1 — 7), provided ¢ = | 75| > 5755 This is tight when ¢ is even and
extends a classical result of Haxell in the d = 0 case. When ¢ = [g77] > GT&T;J
show that n > 2A(1 — q%l) guarantees an (r — d)-IT in any r-partite graph. This is also tight
and extends a result of Haxell and Szabé in the d = 0 case. In addition, we show that n > 5A/4
guarantees a 5-IT in any 6-partite graph and this bound is tight, answering a question of Lo,

Treglown and Zhao.

is odd, we

1. INTRODUCTION

Let G = (V, E) be a graph with partition V' = V; U--- U V,. An independent transversal of
G is an independent set with exactly one vertex in each V;. Given 0 < d < r, an independent
(r—d)-transversal or (r—d)-IT is an independent set with one vertex in each of r —d parts of G.
We sometimes call an (r — d)-IT with d > 0 a partial IT and an independent transversal a full
IT. Independent transversals have found applications in many areas, including combinatorics
(e.g. [T, 2 [7, 15 [I7]), groups and rings (e.g. [0, 8]) and combinatorial optimization (e.g. [3,9]).

The existence of full independent transversals under maximum degree conditions was first
studied by Bollobéas, Erdés, and Szemerédi [5] in 1975 in the complementary form. This problem
was extensively studied and eventually solved by Haxell [11], Haxell and Szabé [14], and Szabd
and Tardos [18], see (2).

Bollobés, Erdds, and Szemerédi also considered the existence of partial independent transver-
sals (again in the complementary form). They [0, Theorem 3.1] determined the maximum
number of edges in r-partite graphs with n vertices in each part and without a copy of K
(complete graph on ¢ vertices) for any ¢ < r. The corresponding problem under a minimum
degree condition was studied by Lo, Treglown, and Zhao [16].

Given integers n and 2 <t < r, let f(n,r,t) denote the largest minimum degree 6(G) among
all r-partite graphs G with parts of size n and without a copy of K;. A result of Bollobas,
Erdds, and Straus [4] implies that f(n,r,3) = |r/2|n for all » > 3 while [5, Theorem 3.1] implies
that f(n,r,t+1) = (r — r/t)n whenever t divides . The authors of [16] observed that Turdn’s
theorem implies that

(1) (T—E—Dngf(n,r,t—l—l)g(T—%)n.

The main result of [16] determined f(n,r,t+ 1) when ¢ divides 7 + 1, when r > (3t — 1)(¢ — 1),
and f(n,r,4) for all r # 7.

The smallest unknown case (with respect to r) is f(n,6,5). In this paper we resolve this
and many other cases of f(n,r,t+ 1) when t > r/2 by studying the complementary problem of
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finding partial independent transversals under maximum degree conditions. Instead of f(n,r,t),
we find it convenient to use another extremal function. For r, D, A € N, let n(r, D, A) be the
largest n € N such that there is an r-partite graph G with at least n vertices in each part,
maximum degree A, and without an (r — D 4 1)-IT.

The two functions f(n,r,t) and n(r, D, A) are closely related, as shown in Lemma Under
the n(r, D, A) notation, the results of [I1], 14} (18] are as follows: given integers r > 2 and A > 0,
we have

) LA LQA (1 — %)J , if r is even
® A=A (1= ) | s oda

Given an r-partite graph G, let G’ be obtained from G by adding d vertex-disjoint copies of K
with one vertex in each part. Then G has an (r —d)-IT if and only if G’ has a full IT. Using this
standard idea for proving “defect” versions, one can adapt the proof of n(r,1, A) < 2A(1—-1/r)
(e.g. in [I2] Section 2]) to obtain that

(3) n(r,d+1,A)§2A<1—d+1>.

r

Using multiple copies of [I8, Construction 3.3] of Szabé and Tardos, one can easily see that
is tight when r/(d + 1) is an even integer. This already improves and extends the first case

of .

Our first result improves substantially.

Theorem 1.1. Given integers r,d > 0, let q,k be integers such that r = q(d + 1) + k and
0 <k <d. If G is an r-partite graph with maximum degree at most A and with vertex classes

Vi,...,V, of size
4 1
\4 >max{2A <1— d+5> ,2A <1—)},
4r q

then G has an (r — d)-IT. In other words,
1 < (28 (1 959) (1))
r q

It is easy to see that the maximum in Theoremis always less than or equal to 2A (1 — #)
Thus, Theorem is an improvement of . Furthermore, together with the constructions in
Section 2, Theorem [1.1] gives the value of n(r,d + 1, A) whenever ¢ > 4k is even (note that the

1

maximum in Theorem |1.1]is equal to 2A(1—1/q) if and only if ¢ > 4k or equivalently ¢ > ﬁ)‘

Corollary 1.2. Given integers r,d > 0, let q,k be integers such that r = q(d + 1) + k and
0 <k <d. Ifqiseven and q > 4k, then n(r,d + 1,A) = PA (1 — %)J, and equivalently,

Fonrr=d) = (r = - [5225].

The d = 0 case of Corollary [1.2|says that n(r,1,A) = [2A(1 —1/r)| for all even r, recovering
the first case of given by [T [I§].

When ¢ = |

dL_HJ is odd, we have the following results.

Theorem 1.3. Let r,d,q > 0 be integers such that r = q(d 4+ 1). If ¢ > 3 is odd, then
4d +5 q
182 o (1= 45) a (11 )]

Theorem 1.4. Given integers r,d > 0, let q,k be integers such that r = q(d + 1) + k and
0<k<d. Ifq>3isodd, then

n(r,d+1,A) §max{2A (1— 6d6+7> J2A (1_1)}.
T

qg—1
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Together with constructions in Section 2, Theorem determines f(n,6,5), answering a
specific question asked in [16]. Previously, the best bounds were

2
gn < f(n,6,5) < g

where the lower bound was given by [16, Proposition 4.1] and the upper bound follows from .
Theorem or gives n(6,2,A) < %A, which implies f(n,6,5) < %n by Lemma

n,

Corollary 1.5. We have n(6,2,A) = |2A], and thus, f(n,6,5) = [Zn].
Let us compare the bounds in Theorems and Since 1 — q%l <1l-— q%l <1-1

q7
the bound in Theorem [1.3]is at most the one in Theorem When r = ¢(d+1)+k and g > 6k,

the bound in Theorem [[.4] is at most the one in Theorem [I.1] because

2 2 4 2
max 2—6d+7,2—7 <2—- - =max<2— d+5,2—7 .
3r q—1 q 2r q

Furthermore, when k£ =0 and ¢ > 6d + 7 > v/4d + 5, we have

max{2—6d+7,2— 2 }:2—2<2— 2q1:max{2—4d+5,2 24 }

3r qg—1 qg—1 q% — 2r 21

and thus, the bound in Theorem is smaller than the bound in Theorem

Together with the constructions in Section 2, Theoremdetermines the value of n(r,d+1, A)
whenever ¢ > 6d + 6k 4+ 7 (or equivalently g > %) is odd.

Corollary 1.6. Let r,d > 0 and q,k be integers such that r = q(d+ 1)+ k and 0 < k < d.
If q is odd and q > 6d + 6k + 7, then n(r,d + 1,A) = PA (1 — q_%)J, and equivalently,

fn,ryr—d)=(r—1)n— [(2(1(;_1)27)1—‘ )

When d = 0 (and thus £ = 0 and ¢ = r), Corollary 1.6 recovers the second case of (2)) derived
from the main result of [14], which assumes that r > 7 is odd.

Recall that f(n,r,t) was determined in [16] for » = Q(¢?). Corollaries and together
determine n(r,d + 1,A) and f(n,r,r — d) for r = Q(d?). Indeed, given integers d > 0 and
r > 12d? +20d + 7, we can write 7 = q(d+ 1) + k such that 0 < k < d and ¢q > 6d + 6k +7 > 4k.
Then, by Corollaries [I.2] and [1.6]

2A _1>J7 if ¢ is even
nird+LA) =0T, 1—211)J, if ¢ is odd.

1.1. Notation. Given a graph G, let V(G) and E(G) be the edge and vertex sets of G respec-
tively. For Z C E(G), we write V(Z) to be the set of vertices incident to Z. Given v € V(G)
and I C V(G), let N(v,I) ={z € I : {z,v} € E(G)} be the neighborhood of v in I. Suppose
G is r-partite with parts Vi,---,V,. Given I C V(QG), let S(I) ={V;: INV; # 0}. We also let
Gr be the multigraph obtained from the induced subgraph G[I] by contracting all the vertices
of V; NI into a single vertex denoted by V; (thus, V(Gr) = S(I)). For Y C [r] :=={1,2,...,r},
we let Gy be G[U;ey Vi].

1.2. Organization. We begin by considering constructions in Section [2| where we prove Propo-
sition [2.2] and Corollary [2.3] and derive Corollaries [I.2] and [[.6] We prove Theorem [I.1] in
Section |3| by generalizing the theory of Induced Matching Configurations (IMCs) introduced in
[14]. In Section 4] we prove similar structural results as in [14] and derive Theorems [1.3|and
We give concluding remarks in the last section.
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2. CONSTRUCTIONS AND PROOFS OF COROLLARIES

We first show how the two extremal functions f(n,r,t) and n(r,D,A) defined earlier are
related. To do so, it will be convenient to define another extremal function A(n,r,t) to be
the smallest A € N such that there is an r-partite graph with at least n vertices in each part,
maximum degree A, and without a ¢-1T.

Lemma 2.1. Suppose r,d,n, A are integers such thatr >2,0<d <r, andn,A>1. Letc>1
be a real number. Then the following are equivalent:
(i) n(r,d+1,A) = |[cA],
(ii) A(n,r,r —d) = [n/c],
(iii) f(n,r,r—d)=(r—1)n—[n/c].
Proof. We fix integers r,d with r > 2 and 0 < d < r throughout the proof. We first observe that
for n,A € N,

(4) n > |cA| if and only if A < [n/c].

Indeed, as n is an integer, n > |c¢A] implies n > [cA| +1 > cA, so A <n/c < [n/c]. On the
other hand, A < [n/c] gives A < [n/c] —1 <n/ec,s0n > cA > |cAl.

(i) = (ii): We assume that n(r,d + 1, A) = |cA|. Suppose n € N and G is r-partite such
that each class has exactly n vertices and A(G) = A < [n/c]. Then n > |cA] by (). Since
n(r,d+ 1,A) = |cA], it follows that G has an (r — d)-IT. Thus, A(n,r,r —d) > [n/c]. On
the other hand, the assumption that n(r,d + 1, A) = |cA| also implies that, for every A € N,
there exists an r-partite graph G with maximum degree A and at least |cA| vertices in each
part and without an (r — d)-IT. Now, given n € N, let A = [n/c] and G be an r-partite
graph with maximum degree A = [n/c] and at least |¢[n/c]|] vertices in each part, that has
no (r — d)-IT. Note that |c[n/c]] > n because c¢[n/c| > ¢(n/c) = n. The existence of G shows
that A(n,r,r —d) < [n/c].

(i) = (i): Assume that A(n,r,r —d) = [n/c]. Suppose A € N and G is an r-partite graph
with maximum degree A and parts of size n > |cA]. We know A < [n/c] from (). Since
A(n,r,r —d) = [n/c], it follows that G has an (r — d)-IT, establishing n(r,d + 1,A) < |cA].
On the other hand, the assumption A(n,r,r —d) = [n/c] implies that, for every n, there exists
an r-partite graph G with parts of size at least n, maximum degree A(G) = [n/c]|, with no
(r —d)-IT. Now, given A € N, let n = |¢A| and G be the r-partite graph with parts of size at
least n = |cA| and maximum degree [[cA]/c] and without an (r — d)-IT. Since ¢ > 1, we have

cA—1 [cA] cA
< < —
c c c
and consequently, [|cA|/c] = A. The existence of G shows that n(r,d + 1,A) > |[cA].
(ii) <= (iii): By considering the complements of graphs, we have
A(n,r,r—d) + f(n,r,r —d) = (r — 1)n.
Hence, A(n,r,r —d) = [n/c] if and only if f(n,r,r —d) = (r — 1)n — [n/c]. O

A-1<

= A,

Since our results in this paper assume d+1 < r/2, the assumption ¢ > 1 in Lemma always
holds. Indeed, given 7, A € N, let G be the union of [r/2| vertex-disjoint copies of K a and
an isolated set of A vertices if r is odd. Then A(G) = A and a maximum IT of G has size
[r/2] <r—(d+1)if d+1<r/2. This implies that n(r,d + 1,A) > A.

We now give several properties of n(r, D, A). It is clear that
(5) n(r',D,A) <n(r,D,A) <n(r,D’,A) if r>¢" and D> D"

By building new constructions from old ones, we derive the following proposition.

Proposition 2.2. The following holds for any positive integers m,r, D, j, 1.
(i) n(r, D —1,4) > n(r, D, &) + | ;|

r—1
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(ii) n(mr,mD,A) > n(r,D,A);
(it)) n(mr, (m =)D, A) > n(r, D, A) + | A5 | if m = ji;
(i) n(mr, (m—j = 1)D,A) > n(r, D, A) + | A5 | + | e | #m = it

Proof. We say that a graph is an (r, D)-construction if it has r classes and its maximum IT has
size at most r — D. Suppose G is an optimal (r, D)-construction with maximum degree A and r
classes of size n = n(r, D, A). We will construct a (1, D)-construction G’ with maximum degree
A and classes of size n, where 1’ = r for (i)} 7' = mr for[()}|(iv)} and D' = D—1,mD, (m—j)D,
and (m — j — 1)D for |(i){(iv)| respectively.

We first prove Let G’ be the union of G with KT(L%J) (a at most A-regular r-partite
graph) such that each part of G’ has size

I O N

An IT of G’ has at most one vertex from KT(L%J) and thus at most » — D +1 vertices in total.
Thus G’ is an (r, D — 1)-construction giving

For let G’ be the union of m disjoint copies of G. Then each part of G’ has n(r, D, A)
vertices, as desired.

To prove we first show the case when j = 1:

(6) n(mr,(m —1)D,A) > n(r,D,A) + hm—AUT’J .

To see @, we take a union of m (disjoint) copies of G and a copy of K, (r {ﬁp such

that each copy of G is attached to an independent set of r L vertices that are evenly

A
(m—1)r
distributed to r classes. The resulting graph G’ has

A A
= | = D.A =
e Rl e
vertices in each class. It remains to show that a maximum IT of G’ has size at most mr—(m—1)D.

We regard each copy of G together with r L( J added vertices a row and call the vertices of

CEe
G large and the other vertices small. By definition, an IT of G’ misses at least D large classes
from each row and intersects small classes from at most one row. Thus the IT misses at least
mD — D classes of G/, confirming (6)).

We now derive [(iii)| from [(ii)] and (6]). Since m — j = j(Il — 1), we have n(mr, (m — j)D,A) >
n(lr, (I — 1)D,A) By (6), we have n(lr, (I — 1)D,A) > n(r,D,A) + LﬁJ, proving
(0]
To see let G’ be the (disjoint) union of the following three graphs:
e m copies of G, arranged in m rows, and we call their vertices large;
e j copies of K] (r {ﬁj) such that each row has r LﬁJ independent vertices evenly
distributed into r classes, and we call their vertices medium;

e one copy of K, (r {ﬁj) such that each row has r {( J independent vertices

A
m—1)r
evenly distributed into r classes, and we call their vertices small.

The resulting graph G’ has
= e R e M e

vertices in each class. It remains to show that the largest IT of G’ missed at least (m —j —1)D
vertices. Each IT of G’ has small vertices from at most one row, medium vertices from at most
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j (additional) rows, and thus must use large vertices in at least m — j — 1 rows. Since an IT of
G’ misses at least D vertices in each row, it thus misses at least (m — j — 1)D vertices in total,

proving O

Corollary 2.3. Given integers v > 1 and d > 0, let q,1,k be integers such that ¢ > 2 is even,
1<i<d+4+2,0<k<d+i,r=q(d+1i)+k, and eitheri =1 ori—1 divides d +i. Then,

atrd+1,8)> |28 (1- )| + |53

Proof. Suppose ¢ = 1. Then we have

@@+ 1)+ b d+1,0) D a4 1),d+1,8) 1A B a0 - 1/g).

Now assume i > 1 and d 4+ ¢ = (¢ — 1)l for some integer [. Then,

Lottt g1+ [ A

1 A 1 i —1)A
(-8 [e] -boC-B- 28]
q (% _ 1) q q (d+1)q
Corollaries [1.2f . and [1.6} - 6| follow from Proposition and Corollary ﬂ easily (assuming

Theorems-, 1.3] and.

Proof of Corollary[1.3. Recall that 2 — 4255 <2 — % precisely when 4k < q. Hence

wrsnns oo ) s (1D} o2

by Theorem On the other hand, applying Corollary with ¢ = 1 gives n(r,d + 1,A) >
|2A — 2A/q]. Thus, n(r,d +1,A) = [2A(1 — 1/q)]. By Lemma [2.1} we have f(n,r,r —d) =

(r—1)n-—

n(r,d+1,A)

=

O

qn
2(¢g-1) |

Proof of Corollary[1.5. We have n(6,2,A) < |5A/4] by Theoremwith r=6and d=1. On
the other hand, we have

n(6,2,A) > n(2,1,A) + |A/4] = |5A/4]

by Proposition with m = 3, j = 1, and [ = 3 (this can also be derived from Corollary
with ¢ = 2 and 7 = 2). Hence, n(6,2,A) = |5A/4|. Consequently, f(n,6,5) = 5n — [4n/5]| =
|21n/5] by Lemma O

Proof of Corollary|[1.6, Since g > 6d 4 6k + 7 is odd, Theorem [I.4] gives that

e R

On the other hand, since r = ¢(d + 1) + k, we have

22[G 2A
n(r,d+1,A) = n(gd+1),d+1,A) = (q,l,A)!{A_q_lJ

Thus, n(r,d +1,A) = |2A —2A/(q¢ — 1)|. By Lemma it follows that f(n,r,r — d)

(r—1)n— [(2’1(;1)27)1-‘, as desired. O
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The proof of Corollary shows that Proposition is tight. Proposition and
Corollary together imply that, for any even ¢ > 2 and 0 < k < ¢/4,

(5
{m - MJ L2 (g(d+ 1)+ k,d+1,A) g n(q(d+1),d+1,A)
q

23[@)] 2 2A
> n(q,1,A) {QA - J .

q
In particular, this shows that the function n(r, D) is not strictly increasing in r and Proposi-

tion is tight. (Note that, in contrast, Proposition shows that n(r, D) is strictly
decreasing in D.)

3. INDUCED MATCHING CONFIGURATIONS AND PROOF OF THEOREM [L.1]

Suppose G is an r-partite graph with vertex classes Vi,...,V,. Let V = {Vi,...,V,}. Fix a
subset I C V(G). Recall that S([) is the set of classes that intersect I, and Gy is the multigraph
formed by contracting all vertices of G[I] into one vertex, which we still denote by V;. Note that
V(Gr) = S(I) and G has parallel edges if G[I] has multiple edges between two classes V; and
Vj.

Definition 3.1. A set of vertices I C V(G) is an Induced Matching Configuration (IMC) if
G[I] is a perfect matching and Gy is a forest. We say that I is an IMC of p components if Gy
has p components.

If I is an IMC, then every edge of G[I] corresponds to a (unique) edge of G; (because Gy is
a forest and thus has no multiple edges). Therefore, if |[I| = 2t and |S(I)| = s, then G; has s
vertices and t edges, thus consisting of s — ¢ components. We remark that IMCs were defined
differently in [I4], in which Gy is a tree on V.

The forest structure of G; makes it easy to find a partial IT in G[Uy,eg(1)Vi] covering all but
one class of every component of G;. The following lemma is essentially [14, Lemma 2.1] but
revised slightly due to our definition of IMCs.

Lemma 3.2 ([I4, Lemma 2.1]). Suppose I is an IMC in G and I' is a subset of I such that
Gr is a tree on S C V. Then, for any V; € S, there is an (|S| — 1)-IT on S\ {V;}. Further, if
v € V; €S is not dominated by I, then there is an |S|-IT on S.

We need the concept of feasible pairs introduced in [14] in order to prove Theorem

Definition 3.3. Given an r-partite graph G, a pair (I,T) with I,T C V(G) is feasible if the
following conditions hold:

(a) T is a partial IT in G of mazximum size.

(b) SUNT)=SI)NS(T), i.e. ifveT and S({v}) € S(I), thenv € I.

(c) G[I] is a forest, whose components are stars with centers in W := I\ T and at least one
leaf.

(d) Gr is a forest on S(I).

(e) Let T be the set of all partial independent transversals of G on S(T'). Then, for every
v e W, there isno T' € T such that T'NW =0, |[N(v,T")| < |N(v,T)|, and N(w,T") =
N(w,T) for allw e W\ {v}.

Note that if T is a partial IT in G of maximum size, then (), T) is a feasible pair.

The following algorithm allows us to construct feasible pairs that dominate all vertex classes
intersecting them. Recall that N(I) is the set of neighbors of I, in other words, the vertices that
are dominated by 1.

Algorithm 3.4. Start with a feasible pair (1o, To) in an r-partite graph G on Vi U---UV,.. Let
R={W,...,V.}\S(Tv). Initialize I = Iy and T = Ty. Throughout the algorithm, we maintain
W = I\T and T, the set of all maximum partial ITs T" on S(T) such that T' N W = 0,
N, T") = N(v,T) for allve W.
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Step 1 If I dominates all the vertices in S(I) U R, then stop and return (I,T)
Step 2 If I dominates Vi = UV,-ES(I) Vi but not all the vertices in R, go to Step 3.
If Vi is not dominated by I, then select a vertex w € Vi \ N(I) and T" € T such that
deg(w,T") is minimal. Update I by adding {w} U N(w,T"), update T = T’, and go to
Step 1.
Step 3 Select a verter w € Uy, cp Vi\N(I) and T" € T such that deg(w,T") is minimal. Update
I by adding {w} U N(w,T") and update T =T"'. Go to Step 1.

Lemma 3.5. For any input (1o, Tp), Algom'thm terminates and returns a feasible pair.

As the proof of Lemma is very similar to the corresponding part of the proof of [14]
Theorem 2.2], we defer it to Appendix [Al Indeed, Algorithm is the same as the one given in
the proof of [14, Theorem 2.2], except that in [I4] the algorithm terminates when I dominates
S(I), while Algorithm [3.4] terminates when I dominates S(I) U R. As a result, the resulting G;
is a forest, instead of a tree as in [14].

Theorem 3.6. Let G be an r-partite graph on'V = {Vi, ..., V,.}. Suppose that the largest partial
IT of G has sizer —d — 1. Given a feasible pair (Iy,Tp), there exists a feasible pair (I,T) in G
such that

(i) InC I, S()>2,S(T)=S(Ty), and TNV; =Ty NV for every V; € S(Ip).

(ii) I dominates all of the vertices in S(I)U R, where R =V \ S(Tp).

(iii) Let Fr = (RUS(I),E(Gr)) be the extension of Gr to RUS(I) if R € S(I) (otherwise
Fr = Gr). Then Fy is a forest of d + 1 components, where each component contains
exactly one V; € R (which may be the only V; in that component).

(iv) Let t = |RUS(I)|. Then |I| <2(t—d—1).

If n > 2A (1 — 2‘3—1’3), then I is an IMC of G and |I| =2(t —d —1).

Proof. Let (I,T) be the feasible pair obtained by applying Algorithm to (1o, Tp). We now
show that (I,7T) satisfies the conditions in the statement of Theorem

Part (i) follows from the definition of feasible pairs and the algorithm.

Part (ii) follows from the algorithm immediately.

To see Part (iii), we note that each tree of G; has exactly one class from R, and |R| =d+1
because |Tp| = |T| = r —d — 1. It is possible that a class V; € R contains no vertex of I (if all
the vertices of V; are dominated by I at some stage of the algorithm).

For Part (iv), since FT is a forest on ¢ vertices with d+1 components, we have |E(F)| =t—d—1
and |[| <2|E(F)| =2(t—d—1).

We now show that if n > 2A (1 — 2%%3), then G[I] is a perfect matching, or equivalently
|I| = 2(t —d — 1). Suppose that |I| < 2(t —d — 1) — 1. Since I dominates S(I) U R, we
have |I|A > |S(I) U R[n, which gives A(2(t —d — 1) — 1) > 2¢tA (1 — 24£3). This implies
A(2d + 3) < AL(2d + 3), contradicting the fact that r > ¢. O

Since we will make use of it later in this section, we explicitly state the d = 0 case of Theorem
which is precisely the content of [14, Theorem 2.2]

Lemma 3.7 ([14, Theorem 2.2]). Let G be an r-partite graph on Vi U ... U V,. Suppose that
G has no IT. Then, there exists a set of class indices S C [r] and a nonempty set of edges Z
of the subgraph G's := G[U;cg Vi] such that V(Z) dominates Gs and |Z| < |S| — 1. Moreover,
ZNVs#0 for every s € S.

When Algorithm terminates, the set T'\ I must be a partial IT that is independent of T
because if w € T\ I is adjacent to some v € I, then w would have been included in I when v
was added to I. The following proposition strengthens this fact by showing that such a partial
IT exists outside Ng(z) for any fixed z € V(G).

Lemma 3.8. Let G be an r-partite graph with parts Vi,...,V, of size n > A (2 — %j) Let
ICV(G),d+1<t<r,andU C{Vi,...,V,} be such that |[U| =r—t, |I| <2(t—d—1), and
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I dominates all the classes not in U. For any vertex x € V(Q), there exists an IT T' of G[U]
such that T' N Ng(I U {z}) = 0.

Proof. Let V! := V;\ Ng(I U{z}) for all i and U’ = {V/ : V; € U}. Note that it is possible for
some V/ = (). If there is an IT of G[U’], then we are done. Suppose there is no IT of G[U’].
If all V/ are nonempty, then by Lemma there exists a subset U” C U’ such that G[U"]
is dominated by a set X C UVizeUU Vi of most 2(|U"| — 1) vertices. If some V]| = 0, then let

U’ = {V;,} and X = (. In either case, the set I U Ng(z) U X dominates |J{V; : V; € U or
V! e U"}. Since |I| < 2(t —d — 1), we have

Tu{z}uX|<2(t—d—-1)+2(U"| - 1) +1=2(t—-d+|U"| —2) + 1.
Since there are (t + |U”|)n vertices in | {V; : V; ¢ U or V/ € U"}, we derive that

2d+ 3
2 e+,

which implies 2(—d — 2) + 1 > —2¢83(¢ 4+ |U”|). This is a contradiction because r =t + |U’| >
t+1|U". O

Qt—d+|U"|-2)+ DA >nt+|U") > A (2 —

Suppose I C V(G) is a set that dominates all the classes of RU S(I). For every vertex v € I,
we let A, or A,(I) be the set of all vertices in the classes of R U S(I) that are adjacent to v
but no other vertex in I. For example, if v,w € I are adjacent, then w € A, and v € A,,. By
definition, if x € (J{V; : Vi € RUS(I)} \ U,c; Av, then x is adjacent to at least two vertices of
I. In this next lemma, we bound the number of vertices in G adjacent to at least two vertices
of I and the number of vertices in a given number of A,’s using similar arguments as the ones
for [14, Lemma 3.1 (iii) and (iv)].

Lemma 3.9. Let G be an r-partite graph with parts Vi, ..., V, of size n. Suppose I C V(G) is
a set of size at most 2(t —d — 1) that dominates all the classes of RUS(I) with t = |RUS(I)|.
Then

(i) The number of vertices x € V(G) such that |[N(x)NI| > 2 is at most 2A(t —d —1) —tn,
(ii) For any subset Y C I, we have || J,cy Av| > (|Y] +4d + 4 — 4t) A + 2tn,
(il) If n > 2A (1 — 24£3) then for any Y C I, we have | Uyey Ay| > (Y| = 1)A.
Proof. Let V! =|J{V;: V; € S(I) U R}.
Part (i): Let D be the set of vertices x € V(G) such that [N (z)NI| > 2. Then V'\D = (J,o; Ao
consists of the vertices of V' that are dominated by I exactly once. Hence
2A(t —d—1) > AlI| > 2|D| + (tn — |D]) > tn+ |D|,
which implies that |D| < 2A(t —d —1) — tn.
Part (ii): We know |J,cy Ay = V' \ (DU Uveny Av). Applying Part (i), we obtain that

Al =tn— (At —d—1) —tn) — (2(t —d— 1) - [Y])A
veY
= (Y| +4d + 4 — 4t)A + 2tn.

Part (iii): By Part (ii), we have

| Aul > (V] +4d + 4 — 46)A + 4tA (1—

4d + 5)
veY

"
- <1Y|+4d+4—t(4d+5)>A2(|Y|—1)A
T

ast <r. O
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For convenience, we introduce the following setup for the next few lemmas. Part (i)
includes all the properties of an IMC returned by Theorem [3.6| while Part (ii) has a stronger

lower bound for n required by Lemma

Setup 3.10. We have the following two setups:

(i) Let G be an r-partite graph on V1 U---UV,.. Let T be a maximum IT of G of sizer —d—1.
Assume that A(G) < A and |V;| > n > 2A (1 - %) for all i. Let I be an IMC of G
returned by Theorem[3.6, which has the following properties:

e [ dominates all the vertices in RUS(I), where R ={Vi,...,V.}\ S(T);
o 1 =(RUS(I),E(Gr)) is a forest of d+ 1 components, where each component C is
a subset of RUS(I) such that Fr[C] is a tree.
e [ RUS)|=tand |I|=2(t—d—1) for somed+1<t<r.
(ii) Let G be as in Setup (i) with the additional assumption n > 2A (1 — 4‘11'5).

Suppose G is as in Setup [3.10] (i). If a vertex = € V; and V; € C for some component C' of
Fr, then we may simply say « is in C. In other words, we partition the vertices G in RU S([I)
based on the components of Fr. In particular, we say that I is an IMC of d + 1 components.
For example, any two adjacent vertices v, w € I belong to the same component.

In next few lemmas we may replace the IMC I in Setup by another IMC I’ of G. To
make sure that I’ satisfies the same conditions in Setup we say that I’ is similar to I if
S(I')y = S(I), I' also dominates R U S(I), and Fp has the same components as F7. It follows
that [I’| = [I| = 2(t — d — 1), and, in particular, that I” satisfies the assumptions of Lemma [3.8]
and Lemma

In the following lemma, Parts (ii) and (iii) resemble [14, Lemma 3.1 (i) and (ii)], respectively.
Their proofs are similar to the ones in [I4] but require more work because our IMC has d + 1
components and only dominates ¢ < r classes (in contrast, IMCs in [I4] have only one component
and dominate the vertices in all r classes of G). Furthermore, in Lemma (iii), we need to
show that the new IMC is similar to I.

Lemma 3.11. Let G be as in Setup (i). Suppose v,w € I are adjacent and contained in
the component C of Fr. Then the following holds.

(i) All vertices in A, U Ay, are in C.
(ii) G[Av, Ayl is a complete bipartite graph.
(iii) For anya € Ay, and b € Ay, (I \{v,w})U{a,b} is an IMC in G similar to I.

Proof. For a vertex x € V(G), let V(x) denote the class V; > x.

(i) Suppose some vertex a € A, is contained in C’ for some component C’ # C of Fj. By
Lemma in every component of F7, we can find a subset of I forming a partial I'T covering
all but one arbitrary class. We pick a partial IT in C' omitting the class of v, a partial IT in C’
omitting the class of a, and partial I'T’s omitting an arbitrary class in the other components.
Let T} be the union of these partial IT’s. By Lemma [3.8] there is an IT 7% of the classes not
dominated by I such that To N Ng(IU{a} = (. Then 71 UT>U{a} is an (r — d)-IT of G because
N(a)N(I\A{v}) =0.

(ii) Consider a € A, and b € A,,. Part (i) shows that a,b are both in C. Let F; —vw be the
forest obtained by removing the edge vw from F7, and let C,,, C,, be two components of F; —vw
that contain v, w, respectively. We claim that

(7) V(a) € Cyp, and V(b) € C,.

Indeed, suppose that V(a) ¢ Cy. Then V(a) € Cy. Let I, = (I'\ {v}) N Uycq, Vie Then
I, is an IMC of G[Uy. ¢, Vi]- By Lemma we can find a set 77 C I N C, as a partial IT
avoiding the class of a. Similarly we find a partial IT 75 in C,, avoiding the class of w. The
union 77 U Ty U {a,w} is a full IT of C because N(a) N (I \ {v}) = 0. We then extend it to an

(r —d)-IT of G by Lemma which contradicts our assumption. The same arguments show
that V(b) € C,.
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Now suppose that ab ¢ E(G). Then, we can obtain partial ITs 77 C I, and T, C I, such
that 77 covers all classes of C, except for the class of a and T5 covers all classes of C, except
for the class of b. Since ab & E(G), N(a) N (I'\{v}) =0, and N(b) N (I \ {w}) = 0, the union
Ty UT5UA{a,b} is a full IT of C, which gives an IT of size » — d in G after being extended to U
by Lemma , a contradiction. This shows that G[A,, Ay] is a complete bipartite graph.

(iii) We first show that I’ := (IU{a})\ {w} is an IMC of G similar to I. Indeed, since I is an
IMC and N(a)NI' = {v}, I' is an induced matching in G. Recall that V(a) € Cy, and V(v) € C,
by , where C,, Cy, are the two components of F; — vw that contain v, w, respectively. Since
the edge av connects C, and Cy,, the graph Gy is a forest with the same components as G;. We
claim that I" dominates all the classes of RU S(I). Indeed, let z € Uy, cpug Vi- If # has a
neighbor in I\ {w}, then z is dominated by I’. Otherwise z is only adjacent to w in I, giving
z € A, and thus ax € E(G) by Part (ii). Hence, x is dominated by I’ as desired.

We now show that S(I') = S(I). To see S(I') C S(I), it suffices to show that V(a) € S(I).
By (i), a is in C so V(a) NI # (. To see S(I) C S(I'), it suffices to have V(w) € S(I'). If
this is not the case, then V(w) # V(a) and V(w) is a leaf in Fr. Then V(a) ¢ C,, = {V(w)},
contradicting .

For u € I', recall Ay(I') = {z € Uy,epusy Vi * N(x) N I" = {u}}. We have b € A,(I")
because N(b) NI = {w} and ab € E(G). The arguments in the previous paragraph show that
I'u{b}\ {v} = ([ \ {v,w})U{a,b} is an IMC in G similar to I. This completes the proof of
(i). O

Suppose that I is an IMC on 2(t — d + 1) vertices. Let H be the 2(t — d — 1)-partite graph
on {A,: v € I} obtained from G by removing edges in G[A,] for all v € I and edges between
A, and A, for all vw € E(G[I]). An IT of H is an independent set of H with one vertex from
each A, (not from original classes V; of G), for example, I is an IT of H.

The following lemma and proof are similar to [14, Lemma 3.3] and its proof.

Lemma 3.12. Let G be as in Setup (i). Every ITT of H is an IMC in G similar to I.

Proof. Suppose that [ = {v;,w; : 1 <i<t—d—1} with v;w; € E(G) and T = {a;,b; : 1 <1i <
t —d—1} with a; € Ay, and b; € Ay,. For 1 <j <t —d— 1, we claim that

L= [ T\ v, wi} | U {ai, b}

(] i<j

is an IMC in G similar to I. In particular, T'= I;_4_1 is similar to I, as desired.

We prove the claim by the induction on j. The j = 1 case is Lemma (iii). Suppose j > 1
and I is similar to I. We note that I 11 = ([; \ {vj+1, wj+1}) U{ajt+1,bj41}. For simplicity, we
write v, w, a, b by omitting subscripts j + 1. We know a € A, () and thus N(a)NI = {v}. Since
T is an independent set, it follows that N(a)NI; = {v}. Thus a € A,(I;). Similarly b € A, (I;).
We can thus apply Lemma (iii) and conclude that I;1; is an IMC in G similar to I. |

Lemma 3.13. Suppose that G is as in Setup (i) and let Y C I. If AL, C A, forv eY
are subsets such that A, # 0 for allv € Y and Y, oy |Ay \ Ay < A, there exists an IT of
{Al:veY}in H.

Proof. Suppose that {A]: v € Y} contains no IT in H. Then, by Lemma there exists a
set S C Y and an nonempty set Z of edges on Vg := {A]: v € S} such that (1) X := V(2)
dominates Vg in H, (2) | X| < 2(|S] — 1), and (3) X N Al # 0 for every v € S.

Since X dominates Vg in H and ), .y |4, \ A}| < A, we have

(8) AIX| =) degep(@) = D degp(z) > Y |4, =Y |4, - A

zeX zeX vES vES
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For every x € X, by the definition of H and Lemma we have degey () > |Aw, [, where
w, is the neighbor of v € I in G[I] such that x € A,. Since X N Al # () for every v € S, there
exists X' C X such that [X' N Al| =1 for every v € S. Since each v € S is adjacent to a unique
w € I, we have

Z degG\H(x) > Z ‘sz| > Z |sz’ > (’S’ - 1)A

zeX zeX zeX'’
by Lemma Together with and the assumption | X| < 2(]S| — 1) , we obtain that
(9) AQ@IS|=1) = A(X[+1)] =) [Au, [+ )[4 > 2(S] - 1)A
zeX veS

by applying Lemma again.

If |X] <2(]S] — 1) then A(]X|+1) < (2]S| —2)A, giving a contradiction. We thus assume
that | X| = 2(]S| — 1). Let T be the tree obtained from (Vg, Z) by contracting each A} into a
vertex. We proceed by cases on ¢ := |[{v € S: |A, N X]| > 2}.

Suppose ¢ = 0. Then, |Z| =1 and |S| = |X| = 2. Suppose S = {vp,v1}. We must have
vo,v1 ¢ E(G][I]) as otherwise there would be no edges connecting A4,, and A4,, in H. Thus
Vg, Wo, v1, wy are all distinct and we may calculate

Z | Au| + Z |Aw, | = [Avo| + [Awp| + [Av, [+ |Aw, | > 34,

veS rzeX
where the last inequality follows from Lemma

Now consider the case ¢ = 1. Then T is a star with at least two edges. Moreover, let

s = |S| > 3. Let v; be the distinct vertex in S with |4, N X| > 2. Suppose z1,z2,...,xs €
X. Then Z = {{z1,11},{z2,92},...,{xs,,ys—1}}, where y1,...,ys, are in distinct members of
{Ay,, Ayg, ..., Ay, }. As before, vy is not adjacent to any other v; in I as this would imply that
there are no edges between A,, and A,, in H. So,

Z’Av|+Z’Aw1‘:Z’Av’+ Z |[Awl| | + [Auw (s —2)

ves xeX veS weV (I): N(w)NS#D
> > A+ > | Au|
veSU{w1} weV (I): N(w)NS#D

> sA+ (s —1)A,

where again the last inequality follows from Lemma
Finally, let ¢ > 2. Let v, vy be distinct vertices in S such that |A,, N X| > 2 for ¢ = 1,2.
Then,

S A+ A, | =D A+ > [Aw| | + [Auw, | + [Au, |

ves zeX vesS weV (I): N(w)NS#D
>(s—1)A+(s—1)A+A. O
In each case we derived that Y., ¢ |Av| + > cx [Aw,| > (2|S| — 1)A, which contradicts ().

We now derive a key property on the structure of G.

Lemma 3.14. Let G be as in Setup (ii). Then, every vertex x € UweRuS(I) Vi is completely
joined to some A, where v € I is in the same component as x.

Proof. Fix © € Uy,epugy Vi If ¢ € Ay for some w € I such that vw € E(G[I]), then by
Lemma [3.17], = is completely joined to A, and all the vertices in A4, are the same component as
T.

We thus assume that = & (J,c; Ap. We first show that z is completely joined to some A,.
Suppose, to the contrary, that A, \ N(z) # 0 for all v € I. Applying Lemma withY =1
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and A = A, \ N(z), we obtain an IT I' C |J,¢; 4, of H that is independent of . Now, Lemma
implies that I’ is an IMC in G that dominates all the vertices of R U S(I), including z.
This contradicts the fact that I' N N(x) = ().

Suppose z is completely joined to A,, for some v; € I but x and A,, are in different com-
ponents. If z is completely joined to A, for some v' € I\ {v1}, then, by Lemma
deg(z) > |Ay, | +|Aw| > A, a contradiction. Thus, A, \ N(z) # 0 for all v € I\ {v1}. Applying
Lemma with A, = A,, and A, = A, — N(x) for v € I\ vy (thus Aj, # (), we obtain an
IT I' € Uyer A, of H. By Lemma I' is an IMC in G that dominates all the vertices in
RUS(I) and has the same components as I. Suppose {u} = I'N A . Then x € A,(I") because
N(z)NnI' = {u}. However, x and u are in different components, contradicting Lemma
(i). O

We are now ready to prove Theorem

Proof of Theorem[I.1. Suppose G has no (r — d)-IT. Add edges if necessary so that the largest
partial IT of G has size r — d — 1. Let I be the IMC given by Theorem Let J be the
smallest component of F; with j < ¢ classes. By Lemma all the vertices in Vj := Uw cs Vi
are dominated by some vertex in I N V. Since Fy[J] is a tree on j vertices and I is an IMC, it
follows that |[I N V;| = 2(j — 1). However, since

1 .
jn—2A( — 1) > 25A (1—) —2A(j —1)=2A (1—j) >0,
q q
2(j — 1) vertices cannot dominate jn vertices in G, giving the desired contradiction. U

4. PROOFS OF THEOREMS [L.3] AND [T.4]

Let G be an r-partite graph, where r = q(d+1) + k, 0 < k < d, and ¢ is odd. We have a new
setup due to the new lower bounds for n in Theorems and

Setup 4.1. We have the following two assumptions:
. . .. . g . 1
(i) Let G be as in Setup |3.10 (i) with the additional assumption that n > 2A (1 — ﬁ)'

(ii) Let G be as in Setup |4.1| (i) with the additional assumption n > A (2 — 6‘?;'7).

Since 2 — 6%—‘;7 >2— %, Setup (ii) has the largest bound for n. Furthermore, when G
is as in Setup we can use all the lemmas in Section

We first show that if G is as in Setup (i), then every component of Fj has at least ¢
vertices.

Lemma 4.2. Let G be as in Setup[{.1] (i). Then the forest Fy has at least q(d+ 1) vertices and
exactly d + 1 components, each of which has at least q vertices.

Proof. Since F7 has d + 1 components, it suffices to show that every component J of F has at
least ¢ vertices. Suppose that J has b vertices. Then [I N J| = 2(b— 1) because Gr[J] is a tree.
By Lemma every vertex of G in J is dominated by a vertex in I N .J. Thus,

1
2A(b—1) > bn > b2A (1—1> )
q —
which implies that b > ¢ — 1. Since b is an integer, it follows that b > q. O

We can now prove Theorem [I.3] The main idea is to find a component of F7 with ¢ vertices
and apply to find a full IT in this component by using the vertices of | J,.; A..

Proof of Theorem [I.3. Suppose to the contrary, that G has no (r—d)-IT. Since n > A(2— %),
by Theorem G has an IMC I of d + 1 components that dominates S(I) U R. Since n >
2A(1 = 1) > 2A(1 - qfll), Lemma 4.2 says that Fr has at least ¢(d + 1) vertices and every
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component of Fy has at least ¢ classes. Since r = q(d + 1), F; has exactly r = q(d + 1) vertices,
and every component of F; has ¢ classes.

Let D denote the set of vertices in V(G) that are not in any A,. By Lemma |D| <
2A(r —d—1) —rn. We know that some component J of I contains at most |D|/(d + 1) vertices
of D. Let G'; = G[V;\ D] be the induced subgraph of G formed by removing the vertices of D
from the vertex classes of J. Then each class of G has size at least n’ with

, |D| 2A(r—d—1)—rn
n>n———>n-—
d+1 d+1
B 2A(q —1)(d+1) —q(d+1)n
=n-— P =n(qg+1)—2A(¢—1)
q _ _ 1
>2A(g + 1) (1 q2_1> 2A(g — 1) = 2A (1 q_1>.

By , since ¢ is odd, the graph G has a full IT T); consisting only of vertices of V; \ D.
We know V;\ D = |J,c; Ay from Lemma Hence, Ty is independent of I \ J. Since for
each component J' # J, we can find in J’ an IT of all except one class of .J/, these together
with T’y form an (r — d)-IT of G. This contradiction shows that G indeed has an (r — d)-IT, and
completes the proof. O

In order to prove Theorem [1.4] we follow the approach of [14] and obtain the structure of
G. To this end, we prove analogues of [14, Lemma 3.5, Theorem 3.6, Theorem 3.7] under

Setup (ii), in which we assume n > A (2 — %4£7).

Lemma 4.3. [14, Lemma 3.5] Let G be as in Setup (i) and V' = | J{V; : V; € S(I) U R}.
Suppose a,b € V' are completely connected to A, and A, respectively, where vw € E(G[I]).
Then ab € E(G).

Proof. Suppose that a is not adjacent to b. Then, for u € I — {v,w}, let A}, = A, \ N(a,b). If
there exists u € I — {v, w} such that A/, is empty, then {a,b} dominates A,, A, and A,, which
contains more than 2A vertices by Lemma contradicting A(G) < A.

Now, since {a,b} dominates A, U A,,, which has size more than A by Lemma we
can see that >- c;_g, ) [Au \ 4y < A and thus an IT Ij of {A;: u € I — {v,w}} exists by
Lemma[3.13] Then I’ := I} U {v,w} is an IT of {A4,: u € I}, which is an IMC of G similar to I
by Lemma [3.12

By definition, we have N(a,b) NI’ = {v,w}. Also, neither a nor b can individually dominate
both A,(I') and A, (I') as they have size more than A combined by Lemma We now
claim that there exist v € A,(I') and w’ € A, (I') such that v’ is not adjacent to a and w’ is
not adjacent to b. Then, I” := I’ — {v,w} U {v/,w'} is an IMC similar to I by Lemma [3.12 such
that a € Ay (I") and b € Ay (I") and therefore ab € E(G) by Lemma (ii).

Suppose that this is not possible. Assume a dominates A, (I’). By definitions, A, (I")NA,(I) =
(), and the vertices in A,(I) \ A,(I') are dominated twice in I’. Hence, we have

A > deg(a) 2 |Au| + [Ao(I)] Z |Aw| + |Ao] = [Ay \ Au(T')]
> 2tn — A(4t — 4d — 6) — |A, \ Ay (1] by Lemma [3.9][(ii)]
> 3tn — A(6t — 6d — 8) by Lemma

This implies n < 2A — %A < 2A — %A, a contradiction. O

Lemma 4.4. [14, Lemma 3.6] Let G be a graph with a vertex partition V3 U --- UV, such that
|Vi| > 2A(1 — 2%—13) Suppose G has no (r — d)-IT but G — e has an (r — d)-IT for some edge
e € E(G). Then e lies in an IMC of G returned by Theorem[3.6|

Proof. Let e = {v1,v2}. Then, by assumption there exists a transversal 7" = {v1,ve,..., Uy_g}
such that 7" — {v;} is independent for j = 1,2. Let Ip = {vi,v2} and Ty = 7" — {v1}. It is
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easy to check that (Ip,Tp) is a feasible pair in G. Indeed, Conditions (1)—(4) of Definition
are trivially satisfied, and Condition (5) follows from the observation that W = {v;} so any T'
contradicting Condition (5) is an (r — d)-IT in G. Then, Theorem with the same (Io,7p)
gives an IMC [ in G which contains e by Theorem (i). O

Lemma 4.5. [14, Lemma 3.7] Let G be as in Setup (7). Moreover, assume that G — e has
an (r — d)-IT for every e € G. Let V! = |J{Vi : V; € S(I) U R}. Then G[V'] is a union of
t — d — 1 vertex-dsijoint complete bipartite graphs.

Proof. We label I = {v;,w; : 1 <1 < ¢t —d— 1} with v;w; € E(G). By Lemma [3.14] every
vertex x € V' is completely joined to some A,. By Lemma such A, is unique (otherwise
deg(z) > A). By Lemmal4.3] we can write G[V'] as a disjoint union Ay U+ 4;_4 1 UBU---U
By_4-1 such that G[A;, B;] is complete, A,, C A;, and A,,, C B; for all i. Thus, it remains to
show that there are no edges outside these bipartite subgraphs.

Suppose ¢ = zy ¢ |J;<;<;_qg_1 E(G[A;, B;]). By Lemma there is an IMC I’ in G re-
turned by Theorem containing e. Without loss of generality, let us write x € A;. Then
by assumption y & By. Suppose that y € A;. Then Bj is dominated by {z,y} C I’. Thus

|Bi| < 2A(t —d — 1) — tn by applying Lemma [3.9][(i)] with I’. On the other hand, by applying
Lemmam 11 Wlth I we get |Bi| > 2tn — A(4t — 4d — 5). Together, these two inequalities give
n < 2A — A <2A — A6dj:7, a contradiction.

Thus we may assume y € A; U By. Without loss of generality, assume y € Ay. Considering
the IMC I', we have that € A,(I") and y € A,(I"). Suppose that A,(I')N By or A,(I") N By is
empty, for example, A,(I")N By = (). Since By is dominated by y, it follows that By is dominated
at least twice in I’ and the argument in the previous paragraph gives the same contradiction.

We are left with the case that both A,(I") N By and A,(I') N B; are nonempty. Let u €
Ay(I')N By and w € Ay(I')N By. By Lemma [3.11] we know A (I') € N(u) and A,(I') € N(w).
Consequently,

2A > deg(w) +deg(u) > (|A1] + [Ay(I") N Ba|) + (|A2| + [A4 (1) N Bi])
> (|A1] + [Ay(I')] + | Ba| — [Ay(I") U Ba) + (|Aa| + [As(I")] + [B1] — [Ax(I") U Bi])
> ([A1] + [Az| + [B1| + | Bel) + (JAo(I')] + [Ay(I')]) — (JAy(I') U Bo| + [As(I") U Bl)
>3A+ A — (JAy(I') U Bo| + |A,(I') U By|) (by Lemma [3.9|[(iii))).

Since A, (I') U By and Ay,(I') U By are dominated by x and y respectively, each has size at
most A. Thus, 2A > 4A — A — A = 2A, a contradiction. O

We are ready to prove Theorem The main idea is, due to Lemmas and the
components of Fy give rise to a partition of G[V'] into d + 1 components that are independent
of each other. Once we apply and find a full IT in one of the components, we immediately
obtain an (r — d)-IT in G.

Proof of Theorem[I.J. Suppose that G has no (r — d)-IT. After removing edges from G if nec-
essary, we further assume that G — e has an (r — d)-IT for every e € E(G).

Let I be an IMC of t —d+1 edges given by Theorem[3.6] Let V' = |J{V; : Vi € S(I)UR}. By
Lemma G[V’] is the union of ¢t — d — 1 vertex-disjoint complete bipartite graphs on A; U B;
for i <t—d— 1. Since G[I] is an induced matching of size t — d + 1, each A; U B; contains
exactly one edge of I. Since there is no edge of G between A; U B; and A; U B; for i # j, we
have A, = A; and A, = B;ifve INB; and w e I N A;.

By Lemma (i), all the vertices of A; U B; lie in the same component of the forest Fj.
Therefore, each component of F7 is independent of other components because there are no edges
between A; U B; and A; U B; for i # j.

By Lemma H every component of F7 has at least ¢ classes of G. Since ¢ = |r/(d + 1)],

there exists a component J of F; with exactly g vertices. As ¢ is odd and n > 2A (1 %)
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by , there is a full IT in J. We can find by Lemma an IT in every other component of
F missing a vertex from at one class in that component. Since each component is independent
of the other components, combining these ITs gives an IT Ty of size ¢ — d in G contained in
S(I)U R. By Lemma there exists an IT in G of size (t — d) + (r — t) = r — d containing T,
contradicting G having no (r — d)-IT. O

5. CONCLUDING REMARKS

Let r,d > 0 and ¢,k > 0 be integers such that r = ¢(d + 1) + k, where k < d. In this paper
we have completely determined n(r,d 4+ 1, A) when ¢ > 4k is even and when ¢ > 6d + 6k + 7 is
odd. We have also shown that n(6,2,A) = |[5A/4], answering a specific question of [16]. It is
interesting to know the value of n(r,d + 1, A) in the remaining cases:

(1) g is even and g < 4k, such as r =7 and d = 2,
(2) g is odd and g < 6d + 6k + 7, such as r = 7 or 10 and d = 1.

The aforementioned results of [16] determined n(r,d + 1, A) in many cases when d > r/2 — 1
(equivalently, ¢ = 1) but there are still unknown ones such as r = 7 and d = 3.

One may also ask in an r-partite graph whether, given an (r — d)-IT T, there exists an
(r—d)-ITT' > T (provided d' < d < r). A similar proof to that of [13| Corollary 15], which
uses topological methods, shows that if G is an r-partite graph with n vertices in each part,
0<d<r,and Sis a k-IT in G with k¥ < r — d, then there exists an (r — d)-IT containing S if

n>2A(1CH71:]g€/2)>.

It would be interesting to know if any of the methods used in this paper, in particular, the
results on IMCs developed in Sections [3] and [] can be used to improve this bound.

Finally, it was shown in [I0] that for any A, there exists an algorithm that, given a multipartite
graph G with at least 2A + 1 vertices in each part, returns an independent transversal in
polynomial time of |V(G)|. One may ask if there is a similar polynomial-time algorithm that
returns (r — d)-ITs under a weaker condition on the size of parts.
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ApPPENDIX A. PrROOF oF LEMMA B.7]

We prove Lemma in this section using similar arguments to those used in the proof of [14],
Theorem 2.2].

Proof of Lemma (3.5 We will first show that Algorithm [3.4 maintains a feasible pair. Let w, I, T,
and 7" be as defined in Step 2 or Step 3 of the algorithm. We will show that (I U {w} U
N(w,T"),T") is feasible. For convenience, let I' = T U{w} U N(w,T"). Also, we say that a class
Vi is active in I if V; € S(I), i.e. V;NI # (), and we refer to S(I) as the set of active classes of I.
It follows from the algorithm that 7'M (Uy,es(nVi) = T" N (Uy,eg(n) Vi), so that T' and T agree
on active classes of 1.

Case 1: We are at Step 2.

Then (a) is satisfied since 7" € T.

For (b) suppose that v € 77 and S({v}) € S(I') = S(I)US(N(w,T")). If S({v}) € S(I) then
v e T as T and T" agree on active classes of I. Then since v € T and S({v}) € S(I), we have
v € I C I because (I,T) satisfies (b). Now assume that S({v}) € S(N(w,T”)). Then we must
have v € N(v,T") C I' as T" is an IT.

We will now verify (¢). By definition of 7, we have W/ = I'\T' = WU{w} and {v}UN (v, T") =
{v}UN(v,T) for all v € W. These stars {v}UN (v,T") for v € W are all disjoint and of order at
least two as (I,T) is feasible. Also, ({w}UN (w,T"))N({v}UN(v,T)) = 0 for all v € W. Hence
it only remains to be shown that {w}UN (w,T”) is a star with at least one leaf, i.e. N(w,T") # 0.
Suppose for the sake of contradiction that N(w,7”) = (. Then T contains a vertex u in the
class of w as if not, 7"U{w} is an IT in G of size |T’|+1. But, since the class containing w and u
intersects I, we have since T and T” agree on classes active in I, u € T. Then u € I as well by (b)
applied to (I,T). Also, u has exactly one neighbor in I by (c¢) applied to (I,T) as u ¢ W. Let
vo € W be its neighbor. Then T = T"U{w} \ {u} is a partial IT on S(7p) such that T"NW = (.
We claim that the existence of T” contradicts (I,T) satisfying (e), so N(w,T") # () and (I',T")
satisfies (c). We have |N(vg, T")| = |N(vo,T") \ {u}| = |N(vo,T")| — 1 = |N(vg,T)| — 1 and
N, T") = N(v,T") = N(v,T) for v € W \ {vo}, giving us the desired contradiction.

Observe that w € V; and N(w,T') N V; = (. Hence Gy is G; with classes containing vertices
in N(w,T") added as leaves and is thus also a forest, so (I',T") satisfies (d).

To show that (I',T") satisfies (e), suppose for the sake of contradiction that there exists vy €
WU{w} and T” € T’ such that T"NW' =0, [N (vo,T")| < |N(vo,T")|, and N (v, T") = N(v,T")
for all v € W'\ {vo}. Suppose that v9 € W. Then, since N(v,T’) = N(v,T) for all v € W,
(I,T) would not satisfy (e), a contradiction. Hence we may assume vy = w. But then 7" € T
and deg(w, T") < deg(w,T"), which contradicts our choice of T".

Case 2: We are at Step 3. In this case, we have S({w}) & S(T).

We have that (a) is satisfied since T € T.

Suppose that v € 7" and S{v}) € S(I') = S(I) U S{w}) U S(N(w,T")). Since w ¢ T" we
have S({v}) € S(I) U S(N(w,T")), and the same argument used in Case 1 above shows that
(I',T") satisfies (b).
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We will now verify (c). By definition of 7, we have W’ = I'\T' = WU{w} and {v}UN (v, T") =
{v} UN(v,T) for all v € W. These stars {v} U N(v,T") for v € W are all disjoint and of order
at least two as (I,T) is feasible. Also, ({w} U N(w,T")) N ({v} UN(v,T)) = 0 for all v € W.
Hence it only remains to be shown that N(w,T’) # (. Suppose for the sake of contradiction
that N(w,T’) = (). But since w ¢ S(T), this would imply that {w} UT" is an IT in G of size
larger than 7', a contradiction.

We have that Gy is Gr with possibly a new vertex added for the class containing w (if
S({w}) € S(I)), and leaves corresponding to the classes containing vertices in N(w, ") added.
So, since Gy is a forest, so is Gy, and (I’,T") hence satisfies (d).

The same argument made in Case 1 above shows that (I',T") satisfies (e).

We have thus showed that the algorithm maintains a feasible pair throughout. Since the size
of I increases throughout the algorithm, the algorithm must eventually terminate and output a
feasible pair. O
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