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UNMIXED LOCAL RINGS WITH MINIMAL

HILBERT-KUNZ MULTIPLICITY ARE REGULAR

CRAIG HUNEKE AND YONGWEI YAO

Abstract. We give a new and simple proof that unmixed local rings having

Hilbert-Kunz multiplicity equal to 1 must be regular.

1. Introduction

In 1969, Kunz [Ku1] introduced a new numerical function of a Noetherian local
ring in positive prime characteristic. One of Kunz’s main results was the following
characterization of regular local rings in positive prime characteristic p. We always
let q denote a varying power of p, and for an ideal I write I [q] = (iq| i ∈ I)R.

Theorem 1.1 ([Ku1, Proposition 3.2, Theorem 3.3]). Let (R,m) be a Noetherian
local ring of positive characteristic p > 0. Then

(1) λR(R/m[q]) ≥ qd for all q = pe (e ≥ 1).
(2) R is regular iff for some q = pe with e ≥ 1 (equivalently for all q),

λR(R/m[q]) = qd.

In [Ku2] Kunz observed that the function q 7→ λR(R/m[q])/qd should give inter-
esting information about the nature of the singularity of R. His interest was at least
partly inspired by searching for numerical invariants of singularities which might
behave well under blowing up, as a means to understand resolution of singularities
in positive characteristic. The idea of taking the limit of these numbers as q goes
to infinity was discussed by Kunz, and that the limit exists was shown by Monsky.
He introduced the following definition:

Definition 1.2 ([Mo]). Let (R,m) be a Noetherian local ring of dimension d and
positive prime characteristic p. Let M be a finitely generated R-module, and I an
m-primary ideal. Define

eHK(I,M) = lim−→
q

λ(M/I [q]M)

qd
.
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If the dimension of M is strictly less than the dimension of R, this limit is 0.
When dim(M) = dim(R), the limit always exists and is a positive real number
(Monsky [Mo]). By definition the Hilbert-Kunz multiplicity of R is eHK(R) =
eHK(m, R). We write eHK(I) = eHK(I,R). Theorem 1.1 above proves that
eHK(R) ≥ 1, and if R is regular, eHK(R) = 1. This led to a natural question,
probably first posed by Kunz in conversations:

Question 1.3. If (R,m) is a Noetherian unmixed local ring of positive prime char-
acteristic, and eHK(R) = 1, is R regular?

Recall that a local ring R is unmixed if dim(R̂) = dim(R̂/Q) for every associated

prime Q of R̂. The same assumption is needed in the famous result of Samuel (in
the case where R contains a field [Sa]) and Nagata (in the general case) that the
usual multiplicity of an unmixed local Noetherian ring is 1 iff the ring is regular.

Theorem 1.4 ([Na, Theorem 40.6]). Let R be an unmixed Noetherian local ring,
not necessarily of characteristic p > 0. If R has multiplicity one, then R is regular.

In recent beautiful and intricate work, K.-I. Watanabe and K. Yoshida [WY,
Theorem 1.5] have shown that Question 1.3 has a positive answer. In this paper we
give a new proof, which avoids some of the harder parts in the proof of Watanabe
and Yoshida; in particular we avoid reference to standard systems of parameters
and even to the theory of tight closure, although the present proof was inspired
through considerations involving tight closure.

When R is regular, the Hilbert-Kunz multiplicity is easy to compute, due to the
exactness of Frobenius. One can easily prove (see [BH, Ex. 8.2.10]):

Proposition 1.5. Let (R,m) be a regular local Noetherian ring of prime charac-
teristic p > 0 and dimension d. Let I be an m-primary ideal. Then for all q,

(1.5.1) λ(R/I [q]) = qd · λ(R/I).

In particular, eHK(I) = λ(R/I) for all m-primary ideals I.

2. Preliminaries

The next lemma and its corollaries are very useful in studying the length of
R/I [q] for an m-primary ideal. They can be found in [WY, Proposition 4.1, Lemma
4.2] in slightly different forms. The filtration argument used in the proof can also
be found in [Ha, Proposition 5.2.1]. We include the proof here for completeness.

Lemma 2.1. Let (R,m) be a Noetherian local ring of characteristic p > 0. Let
I ⊆ J be two ideals with I m-primary (we allow J = R). Then

λ(R/I [q]) ≤ λ(J/I) · λ(R/m[q]) + λ(R/J [q]).

Proof. Set s = λ(J/I). Take a filtration of I ⊆ J ⊆ R,

I = J0 ⊊ J1 ⊊ J2 ⊊ · · · ⊊ Js = J ⊆ R,

so that λ(Ji/Ji−1) = 1, i.e., Ji/Ji−1
∼= R/m, ∀i = 1, 2, . . . , s. That is to say,

Ji = (Ji−1, xi) for some xi ∈ Ji such that Ji−1 : xi = m.
For every q = pe, there is a corresponding filtration of I [q] ⊆ J [q] ⊆ R

I [q] = J
[q]
0 ⊆ J

[q]
1 ⊆ J

[q]
2 ⊆ · · · ⊆ J [q]

s = J [q] ⊆ R,
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where J
[q]
i /J

[q]
i−1

∼= R/(J
[q]
i−1 : xq

i ), which is a homomorphic image of R/m[q], for

every i = 1, 2, . . . , s. So λ(J
[q]
i /J

[q]
i−1) ≤ λ(R/m[q]). Therefore λ(R/I [q]) ≤ λ(J/I) ·

λ(R/m[q]) + λ(R/J [q]). □

Corollary 2.2. Let (R,m) be a Noetherian local ring of characteristic p > 0. Let
I be an m-primary ideal of R. Then

(1) λ(R/I [q]) ≤ λ(R/I) · λ(R/m[q]).
(2) If I ⊆ J , then eHK(I,R) ≤ λ(J/I)eHK(R) + eHK(J,R).

Proof. In case (1), we take J = R and apply Lemma 2.1. In case (2) the corollary
follows from Lemma 2.1 by dividing by qdimR and then taking the limits. □

An important ingredient in our proof is a calculation which shows that, for some
ideals, the Hilbert-Kunz multiplicity is well-behaved.

Theorem 2.3. Let (R,m) be a Noetherian local ring of characteristic p > 0 and
dimension d. Let J be an ideal such that dimR/J = 1 and height J = d − 1.
Assume that x ∈ R is a non-zerodivisor in R/J , and set I = (J, x). Assume that
RP is regular for every minimal prime P above J . Then

eHK (I,R) ≥ λ(R/I).

Proof. Using the properties of the usual multiplicity of parameter ideals, the asso-
ciativity formula for the usual multiplicity, and (1.5.1), we have

eHK(I,R) = lim
q→∞

1

qd
· λ(R/I [q]) = lim

q→∞

1

qd
· λ(R/(J [q], xq))

≥ lim
q→∞

1

qd
· e(xq;R/J [q])

= lim
q→∞

q

qd
· e(x;R/J [q]) = lim

q→∞

1

qd−1
· e(x;R/J [q])

= lim
q→∞

1

qd−1
·

∑
P∈min(R/J)

e(x;R/P ) · λRP
(RP /J

[q]
P )

= lim
q→∞

1

qd−1
·

∑
P∈min(R/J)

e(x;R/P ) · qd−1 · λRP
(RP /JP )

= lim
q→∞

∑
P∈min(R/J)

e(x;R/P ) · λRP
(RP /JP )

=
∑

P∈min(R/J)

e(x;R/P ) · λRP
(RP /JP ) = e(x;R/J) = λ(R/(J, x))

= λ(R/I).

□

Remark 2.4. One might suspect equality in every case in Theorem 2.3. However the
following example provided by the referee shows that inequality is the best one can
do: Let R = k[[x, y, z]]/(xy − zn), J = (y, z), I = m. Then eHK(I) = (2n− 1)/n >
λ(R/I) = 1.

However, if in addition we assume that eHK(R) = 1, then it follows from Theo-
rem 2.3 and Corollary 2.2 that in fact

eHK (I,R) = λ(R/I).
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However, we will not use this equality in the sequel. In any case, after we prove
that eHK(R) = 1 implies the regularity of R, eHK(I) = λ(R/I) for all m-primary
ideals I.

3. A criterion for regular rings

The critical step in proving our main result is in constructing an m-primary
ideal I ⊆ m[p] such that eHK(I) ≥ λ(R/I). In the paper of Watanabe and Yoshida
[WY], this step also played an important role. Their construction was done by
taking I to be an ideal generated by parameters. However, to prove the inequality
it was necessary for them to first prove the ring R is forced to be Cohen-Macaulay
if its Hilbert-Kunz multiplicity is one; this is the difficult part of their proof, and
required tools from the theory of tight closure and work on standard systems of
parameters. We are able to entirely avoid this point by focusing our attention on
ideals I which are not necessarily generated by parameters. Here is the theorem of
Watanabe and Yoshida [WY, Theorem 1.5].

Theorem 3.1. Let (R,m) be an unmixed Noetherian local ring of prime charac-
teristic p > 0. If eHK(R) = 1, then R is regular.

Proof. Since the Hilbert-Kunz multiplicity of R is the same as that of its comple-
tion, we may assume R is complete. The associativity formula for Hilbert-Kunz
multiplicity shows that

eHK(R) =
∑
P

eHK(R/P ) · λ(RP )

where the sum is over all minimal primes of maximal dimension. Since eHK(R) = 1,
we deduce that R can have only one minimal prime P and RP has to be field, i.e.,
PP = 0. Hence P = 0 since R\P consists of non-zerodivisors. Thus R is a domain.

It suffices to prove that λ(R/m[p]) ≤ pd (where d = dim(R)) as then Theorem
1.1 (1) first gives equality, and then Theorem 1.1 (2) gives that R must be regular.

The singular locus of R is closed and not equal to Spec(R). It follows we can
choose a prime P such that dim(R/P ) = 1 and RP is regular. (If not, the intersec-
tion of all primes Q such that dim(R/Q) = 1 must be nonzero. Choose f ̸= 0 in
this intersection and extend f to a full system of parameters g1, ..., gd−1, f . Taking
a minimal prime Q over (g1, ..., gd−1) gives a contradiction.) Since the intersection
of the symbolic powers of P is zero and R is complete, Chevalley’s lemma gives
that some sufficiently large symbolic power of P lies inside m[p]. Call this symbolic
power J . Choose x ∈ m[p] such that x /∈ P . The ideal I = (J, x) lies in m[p] and
satisfies the hypothesis of Theorem 2.3. Hence

eHK(I) ≥ λ(R/I).

On the other hand we have eHK(I,R) ≤ λ(m[p]/I) · eHK(R) + eHK(m[p], R) =
λ(m[p]/I) + eHK(m[p], R) ≤ λ(m[p]/I) + λ(R/m[p]), by Lemma 2.1 and Corollary
2.2.

That is to say,

λ(m[p]/I) + λ(R/m[p]) = λ(R/I) ≤ eHK(I,R)

≤ λ(m[p]/I) + eHK(m[p], R)

≤ λ(m[p]/I) + λ(R/m[p]),
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which forces λ(R/m[p]) = eHK(m[p], R). However,

eHK(m[p], R) = lim−→
λ(R/m[pq])

qd
= lim−→

pd · λ(R/m[pq])

(pq)d
= pd · eHK(R) = pd.

Together the equalities imply that λ(R/m[p]) = pd, which implies that R is regular
by Theorem 1.1. □

Remark 3.2. An alternate proof could be given which by induction allows one to
assume that RQ is regular for all primes Q ̸= m. This is due to the upper semi-
continuity of the Hilbert-Kunz multiplicity. This was shown by Kunz [Ku2]. We
append a shorter proof, much in the spirit of our simplification of the main theorem.

Theorem 3.3 ([Ku2, Corollary 3.8]). Let (R,m) be a Noetherian local ring of
prime characteristic p > 0, and let P be a prime ideal of R such that height(P ) +
dim(R/P ) = dim(R). Then eHK(RP ) ≤ eHK(R). In fact, if t = dim(R/P ), then
qt · λRP

((R/P [q])P ) ≤ λ(R/m[q]) for every q = pe.

Proof. By induction, it is enough to prove the case where height(P ) = dim(R)− 1.
Notice it suffices to prove the second inequality.

Choose f ∈ m − P . Then, using the properties of the usual multiplicity of
parameter ideals, the associativity formula for the usual multiplicity, we have, for
all q = pe,

λ(R/(P, f)[q]) = λ(R/(P [q], fq))

≥ e(fq;R/P [q])

= λRP
((R/P [q])P ) · e(fq;R/P )

= λRP
((R/P [q])P ) · q · λ(R/(f, P )).

Also, by Corollary 2.2, we know that λ(R/(f, P )) · λ(R/m[q]) ≥ λ(R/(P, f)[q]).
Hence λ(R/m[q]) ≥ q · λRP

((R/P [q])P ) for every q = pe. □
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