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PRIMARY DECOMPOSITION: COMPATIBILITY,
INDEPENDENCE AND LINEAR GROWTH

YONGWEI YAO

ABSTRACT. For finitely generated modules N C M over a Noetherian ring
R, we study the following properties about primary decomposition: (1) The
Compatibility property, which says that if Ass(M/N) = {P1, P2,...,Ps} and
Qi is a P;-primary component of N C M for each ¢ = 1,2,...,s, then N =
QR1NQ2N---NQs; (2) For a given subset X = {P1, Po,...,Pr} C Ass(M/N),
X is an open subset of Ass(M/N) if and only if the intersections Q1 N Q2 N
- NQr = QINQLN---NQ;, for all possible P;-primary components Q; and Q)
of N C M; (3) A new proof of the ‘Linear Growth’ property, which says that
for any fixed ideals Iy, I2,...,I; of R, there exists a k € N such that for any
ni,ng,...,nt €N there exists a primary decomposition of I7'1 152 -+ I["* M C
M such that every P-primary component @ of that primary decomposition
contains Pk(n1tnattne) pr

0. INTRODUCTION

Throughout this paper R is a Noetherian ring and M # 0 is a finitely generated
R-module unless stated otherwise explicitly. Let N C M be a proper R-submodule
of M. By primary decomposition N = Q1 NQ2N--- N Qs of N in M, we always
mean an irredundant and minimal primary decomposition, where @); is a P;-primary
submodule of M, i.e. Ass(M/Q;) = {P;}, for each i =1,2,...,s, unless mentioned
otherwise explicitly. Then Ass(M/N) = {Py, Ps,...,Ps} and we say that Q; is
a P;-primary component of N in M. As a subset of Spec(R) with the Zariski
topology, Ass(M/N) inherits a topology structure. For an ideal I in R, we use
(N :pr I°) to denote U;(N :py IY).

Notation 0.1. Let N C M be finitely generated R-modules. For every P €
Ass(M/N), we use Ap(N C M), or Ap if the R-modules N C M are clear from
the context, to denote the set of all possible P-primary components of N in M.

We know that if P € Ass(M/N) is an embedded prime ideal, then Ap(N C M)
contains more than one element. (Also see the passage following Theorem 2.2
and the reference to [HRS].) Suppose that N = Q1 N Q2N -+ N Qs is a primary
decomposition of N C M such that @), € Ap, fori =1,2,...,s. Then if we choose
a P;-primary submodule @} of M such that N C Q} C Q; for each i = 1,2,...,s,
we get a primary decomposition N = Q| NQ,N---NQ. of N C M. For example
we may choose Q} = ker(M — (M/(P/"M + N))p,) for all n; > 0 to get primary
decompositions N = Ny<;<sker(M — (M/(P/""M + N))p,) for all n; > 0. But
given an arbitrary QY € Ap, for each i = 1,2,...,s, we do not know a priori if
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N =Q!n@Yn---NQY. This compatibility question is answered positively in
Theorem 1.1:

Theorem 1.1 (Compatibility). Let N C M be finitely generated R-modules and
Ass(M/N) = {P1,Ps,...,Ps}. Suppose that for each i = 1,2,...,s, Q; is a
P;-primary component of N in M, i.e. Q; € Ap,. Then N =Q1NQ2N---NQs,
which is necessarily an irredundant and minimal primary decomposition.

Definition 0.2. Let N C M be finitely generated R-modules and X a subset of
Ass(M/N), say X = {P1,P,...,P.} C Ass(M/N) ={Py,...,P.,Pry1,...,Ps}.
We say that the primary decompositions of N in M are independent over X, or X-
independent, if for any two primary decompositions, say, N = Q1 NQ2N---NQs =
QINQLN---NQ%, of N C M such that {Q;,Qi} CAp,(N C M) fori=1,2,...,s,
we have Q1 NQ2N---NQ, = Q1 NQFN---NQ.. In this case, we denote the
invariant intersection by Qx (N C M), or Qx if N C M is clear from the context.

It is well-known that primary decompositions are independent over open subsets
of Ass(M/N). (See Observations 0.3 below.) Actually it turns out that indepen-
dence property characterizes open subsets of Ass(M/N):

Theorem 2.2. Let N C M be finitely generated R-modules and X C Ass(M/N)
be a subset of Ass(M/N). Then the primary decompositions of N in M are inde-
pendent over X if and only if X is an open subset of Ass(M/N).

In Section 3 we use Artin-Rees numbers to prove the following:

Theorem 3.3. Let R be a Noetherian ring, M a finitely generated R-module and
I, 15, ..., 1; ideals of R. Then there exists a k € N such that for allny,no,...,ng €
N and for all ideals J C R, (JFRIM 4+ 170102 I M) 0 (IP L2 - I M cpy
J) = I 1% - I M, where |n| :=ny +ngo+ -+ + ny.

As a corollary of Theorem 3.3, we have a new proof of the ‘Linear Growth’
property, which was first proved by I. Swanson [Swi] and then by R. Y. Sharp using
different methods and in a more general situation [Sh2]:

Corollary 3.4 (Linear Growth; [Sw] and [Sh?]). Let R be a Noetherian ring, M
a finitely generated R-module and Iy, 15, ..., Iy ideals of R. Then there exists a
k € N such that for any ni,ne,...,n € N, there exists a primary decomposition of
2. ImMCcM

I{“ISQ"'I?‘MZQQﬂanﬂ'“ﬁQQTﬂv

where the Q. ’s are P, -primary components of the primary decomposition such
that PilmM C Qn, foralli=1,2,...,1, where n = (ny,nz,---,n¢) and |n| =
ny+ng + -+ ng.

Before ending this introduction section, we make the following well-known ob-
servations, which is to the effect of saying that primary decompositions are inde-
pendent over open subsets.

Observations on independence 0.3. Suppose N = Q1 N Q2N ---NQ, is a primary
decomposition of N in a finitely generated R-module M such that @Q; is P;-primary
foreach i =1,2,...,s.
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(1) For any ideal I C R, the intersection Nygp,Q; = (N :as I°°) is independent
of the particular primary decomposition of N in M. (cf. D. Eisenbud [Ei],
page 101, Proposition 3.13.) This means that the primary decompositions
of N C M are independent over X = {P € Ass(M/N)|I ¢ P} and
Qx = (N I%).

(2) Alternatively, for any multiplicatively closed set W C R, the intersection
Np,nw=p@i = ker(M — (M/N)w) is independent of the particular pri-
mary decomposition. (cf. D. Eisenbud [Ei], page 113, Exercise 3.12.) That
is to say that the primary decompositions of N C M are independent over
Y ={P € Ass(M/N)|PNW =0} and Qy = ker(M — (M/N)w).

1. COMPATIBILITY

The main theorem in this section is to show that all the primary components of
R-modules N C M are totally compatible in forming the primary decompositions
of NC M.

Theorem 1.1 (Compatibility). Let N C M be finitely generated R-modules and
Ass(M/N) = {Py,Ps,...,Ps}. Suppose that for each i = 1,2,...,s, Q; is a
P;-primary component of N in M, i.e. Q; € Ap,(N C M). Then N =0Q1 N Q2N
-+ N Qs, which is necessarily an irredundant and minimal primary decomposition.

Proof. We induct on s, the cardinality of Ass(M/N).

If s =1, then N = @, and the claim is trivially true.

Suppose s > 2. By rearranging the order of Py, Ps, ..., P;, we may assume that
P, is a maximal prime ideal in Ass(M/N). Since Q; € Ap, for i = 1,2,...,s, we
can find s specific primary decompositions

N=Qu1NQu2 N NQeus N NQ,s), fori=1,2,... s,
where Q; jy € Ap; and Q(; ;) = Q; foralli, j =1,2,...,s. Let W = R\Ui<i<s—1 P
By Observation 0.3(2) and our assumption on Ps, we know that the primary de-
compositions of N C M is independent over X = {P € Ass(M/N)|PNW =0} =
{P1,Py,...,Ps_1} with Qx = ker(M — (M/N)w). That is to say that
QX = ker(M — (M/N)W) = Q(i,l) N Q(i,Q) NN Q(i,871)7 fOI' 1= 17 2, ey S,

are all primary decompositions of Qx C M and in particular Q; = Q) €
Ap,(Qx € M) for i = 1,2,...,s — 1. Since the cardinality of Ass(M/Qx) is
s — 1, we use the induction hypothesis to see that
Ox =Q1NQ2N--NQs-1.

But we already know that Qx = Qs,1)NQ(s,2)N - *NQ(s,s—1) by the X-independence
of primary decompositions of N C M. Hence we have

N = Qu1)NQu2 N NQss—1) N Qs
QX N Qs
= QIQQQO"'sz—lmQ&

]

Remark 1.2. In [Bd, Chapter IV], the notion of primary decomposition is general-
ized to not necessarily finitely generated modules over not necessarily Noetherian
rings. Let R be a (not necessarily Noetherian) ring and M be a (not necessarily
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finitely generated) R-module. A prime ideal P of R is said to be weakly associated
with M if there exists an © € M such that P is minimal over the ideal Ann(x) and
we denote by Assy(M) the set of prime ideals weakly associated with M (cf. [Bd,
page 289, Chapter IV, § 1, Exercise 17].) We say that an element r € R is nearly
nilpotent on M if for any = € M, there exists an n(z) € N, such that 7*(®)z = 0 (cf.
[B3, page 267, Chapter IV, § 1.4, Definition 2]|.) Then for any R-submodule N of
M, we define rp;(N) := {r € R|r is nearly nilpotent on M/N} (cf. [Bd, page 292,
Chapter 1V, § 2, Exercise 11].) A R-submodule @ of M is said to be P-primary
in M if Ass;(M/Q) = {P}, which is equivalent to the statement that every r € R
is either a non-zerodivisor or nearly nilpotent on M/Q, and in this case we have
ram(Q) = P) (cf. [Bd, page 292, Chapter IV, § 2, Exercise 12(a)].) Then we say
that a R-submodule N has a primary decomposition in M if there exist P;-primary
submodules Q; C M,i=1,2,...,s, such that N = Q1NQ2N---NQ; (cf. [Bd, page
294, Chapter IV, § 2, Exercise 20].) Again we always assume primary decomposi-
tions to be irredundant and minimal (i.e. reduced) if they exist. If N has primary
decompositions in M, then Observation 0.3(2) still holds (replace Ass(M/N) by
Assy(M/N).) Therefore the proof of compatibility, i.e. Theorem 1.1, also applies
to the the case where N C M are not necessarily finitely generated R-modules over
a not necessarily Noetherian ring R as long as the primary decompositions exist.

2. INDEPENDENCE OVER OPEN SUBSETS OF Ass(M/N)

Because of the compatibility property, i.e. Theorem 1.1, we have an equivalent
statement to the definition of X-independence.

Lemma 2.1. Let N C M be finitely generated R-modules and X = {Py, Py, ..., P.}
CAss(M/N)={P1,Pa,...,P.,P.y1,...,Ps}. Then the following are equivalent:
(1) The primary decompositions of N in M are independent over X ;
(2) For any @Q; and Q) in Ap,, where i = 1,2,...,r, the equality
QiNQaN---NQ-=Q,NQLN---NQ. holds.

It turns out that the independence observed in Observations 0.3 actually exhausts
all the possibilities.

Theorem 2.2. Let N C M be finitely generated R-modules and X C Ass(M/N)
be a subset of Ass(M/N). Then the primary decompositions of N in M are inde-
pendent over X if and only if X is an open subset of Ass(M/N).

Proof. Without loss of generality we assume N = 0.

The “if” part is just Observation 0.3(1). To prove the “only if” part, it suffices
to show X is stable under specialization since Ass(M/N) = Ass(M) is finite. Let
P be an arbitrary prime ideal in X C Ass(M/N). All we need to show is that for
any P’ € Ass(M) such that P’ C P, we have P’ € X.

Say X ={P =P, Ps,...,P,Pi1,...,P.} such that P, C P fori =1,2,...,¢t
and P,  Pfori=t+1,...,r. Let Xp := X NAss(Mp) = {Pp = (P1)p, (P2)p,
..., (P)p}. We first show that the primary decompositions of 0 C Mp are inde-
pendent over Xp: For any L; € Ap,).(0 € Mp),i =1,2,...,t, let Q; be the the
full pre-image of L; under the map M — Mp. Then choose Q; € Ap,(0 & M) for
i=1t+1,...,r. Then it is easy to see that (Q1NQ2N---NQ,)p = L1NLaN---NLy.
Then the X-independence assumption implies that the primary decompositions of
0 C Mp are independent over Xp = X N Ass(Mp).
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Hence by replacing M with Mp we may assume that (R, P) is local with the
maximal ideal P and P € X = {P = P, Ps,..., P} C Ass(M). In this case to
prove that X is stable under specialization is simply to prove that X = Ass(M).
For each i = 1,2,...,t, choose a P;-primary component @; of 0 C M. There
exists a k € N such that P*M C Q; and therefore P"M € Ap for all n > k. Set
L=QNE3N---NQ:. Then by Lemma 2.1 the assumption that the primary
decompositions of 0 in M are independent over X simply means that Q1 N L =
P"M N L for all n > k, which implies Q1 N L = 0 by Krull Intersection Theorem.
This forces 0 = Q1 N Q2 N --- N Q; to be a primary decomposition of 0 in M. In
particular it means that Ass(M) ={P = P, P»,..., P} = X. O

In particular, if P € Ass(M/N) is not minimal over Ann(M/N), then the
P-primary components of N in M are not unique. In fact, in [HRS], W. Heinzer,
L. J. Ratliff, Jr. and K. Shah showed that if P € Ass(M/N) is an embedded
prime ideal, then there are infinitely many maximal P-primary components of NV
in M with respect to containment. See [HRS] and their following papers for more
information about the embedded primary components.

3. ‘LINEAR GROWTH  PROPERTY

In this section we give a new proof of ‘Linear Growth’ property using Artin-Rees
numbers and compatibility. ‘Linear Growth’ property was first proved by I. Swan-
son [Sw] and then by R. Y. Sharp using different methods and in a more general
situation [Sh2)].

We first give a definition of Artin-Rees numbers, AR(J,N C M), of a pair of
finitely generated R-modules N C M with respect to an ideal J of R. These
numbers have been studied in [Hii], where a set of ideals is considered instead of
one single ideal.

Definition 3.1. Let N C M be finitely generated R-modules over a Noetherian
ring R and J an ideal of R. We define AR(J,N C M) := min{k|J"M NN C
JEN forallm >k }.

Remark 3.2. If K C L C M, then AR(J,K C M) < AR(J,K C L) + AR(J,L C
M). If J"M C N for some n, then AR(J,N C M) <n.

Theorem 3.3. Let R be a Noetherian ring, M a finitely generated R-module and
I, 15, ..., I; ideals of R. Then there exists a k € N such that for allny,no,...,ny €
N and for all ideals J C R,

Mgz .M D JHRIN A (IR T M oy J®), e
oz oM = (JERIA e M) A (I DY T M sy T,
where |n| :=ny +ng + -+ + ny.

Proof. 1t is enough to prove the Theorem for

R = ROy, LT, ... LT, T Tt T,

M = @ e MITE T,
ni,ne,...,nt €L

I, = T[lR foreach i =1,2,...,t, and

J = JR.
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That is because if we contract the result for R back to R, we get the desired result.
Hence without loss of generality we assume I; = (z;) is generated by a M-regular
element z; € R for each i = 1,2,...,t. The same technique is also used in [Sw] and
[Sh2].

And it also suffices to prove the Theorem for one fixed ideal .J. The reason is for
every J in R, we have

JCJ = ()P where Y= U Ass(M /I 132 - I M)

PeYy N1,N2,...,n¢)ELL
FEP (n1,n2 t)

and, furthermore, there are only finitely many such J’ to deal with since the set
Y :])U(mm,...,nt)Ass(M/I{”Ig?~--It”tM) is finite. (cf. [Md, page 125, Lemma
13.1

For each i =1,2,...,t, let N; = a;M :py J* C M, k} = AR(J,N; C M) and k!
be such that J¥ N; C 2; M. Then AR(J,z;M C N;) < k/'.

Let ¥ = max{k} |1 <i<t}, k" =max{k! |1 <i<t}andk = k'+k". It is easy
to see by the Remark 3.2 AR(J,x;M C M) < ki + k! <kforalli=1,... ¢ Since
each z; is regular on M, we have AR(J,z{" 2l - -2 o el 2 M C
" xy? " M) = AR(J,x;M C M) < k because of the R-linear isomorphism
M = 72l 2" M induced by multiplication by z]"z5™? - - xy"*. Therefore
we have AR(J, 21252 - 27*M C M) < k(ny + ng + -+ + ng) = k|n| by the same
Remark 3.2 applied to the filtration

xPray? e xt M C xi“_lxg"’ cexptMC - C me CaMCM

of z1*xg? - xy*M C M so that each quotient is isomorphic to M/x;M for some
i=1,2.... .t

We prove the Theorem by induction on |n| = ny +ng + -+ ng. If |n| =0, the
claim is trivially true.

Now suppose |n| > 1. By symmetry we assume ny > 1. Notice, by induction
hypothesis,

kalMﬂ(a:?lxgz syt Moy J)
(%) QJk(‘ﬂlfl)Mﬂ(x?l_lxgz-~~x§“M v J™)

Ca el gt M.

Therefore, using the definition of integers k, k’, k" and the fact that

niy no Nt . o0 ni—1_mno ne
AR (J, (xftag? - at M .r?lflrggmx?tMJ ) Cat T ag? e ay M)
=AR(J, &1 M :py J* C M) and
ni .n2 nt . oo ni ,.n2 Nt
(xPtal? - at M T T TSy J) gt M

= (.’ElM M Joo)/le,
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we have,
JERI MA@ e - M gy T
mlgne ™ M) N TRV A (el a My T by (x)

(

(7

(htal2 .. ntM)ﬂJk‘"lMﬁ(xnlxgz---xfiM:znlflmw‘_
1 2

_ k\n|Mn nl 15532 l':“M)) (x;“;z;;m (E?tM ::1;;1'1_1.'1:;2 ..... nt g JOC)
c(J nl 1 ”2 l‘?tM)) (x?lxgz"'.T?tMZETIH*lm;‘z__.m;‘tM JDO)
ng” (2 al? M fpmigne ey J>)
Caltald? - x* M.
O

Corollary 3.4 (Linear Growth; [Sw] and [Sh?]). Let R be a Noetherian ring, M
a finitely generated R-module and Iy, 15, ..., Iy ideals of R. Then there exists a
k € N such that for any ni,ne,...,n € N, there exists a primary decomposition of
mmz.-- M CcM

I{LlIgz ItntM: Qﬁ1 ﬂQﬂ2 ﬂ...ﬂQﬁrﬂ7

where the Q. ’s are P, -primary components of the primary decomposition such
that PEE‘M C Qp, foralli=1,2,...,1,, where n = (ny,nz,---,n¢) and |n| =
ny+ng + -+ ng.

Proof. Let k be as in the Theorem 3.3. By Theorem 1.1 (Compatibility), it suffices
to show that for each n € N' and each P € Ass(M/I*I3?---I;"* M), there is a
P-primary component Q of I]"I}* ... I/* M C M such that P*2IM C Q. So we
fix n and P € Ass(M/I7*I3?--- I M). Let

(PRIZIN g2 M) = QiNQeN---NQ,  and
(I?llgzltntMMPOO) = QT+1mQr+2ﬂ"'ﬁQs

be irredundant and minimal primary decompositions of the corresponding submod-
ules of M, where Q; is a P;-primary submodule of M for each ¢ = 1,2,...,s. As
P ¢ Ass(M/(I{*15?% -+ - I["*M :pp P*)), we may assume that P, = P. By Theorem
3.3, (PFIRIM 4 1Dy - I M) N (I 52 - I M sy P®) = I I)% - I M.
Hence

L2 "M =0Q1NQ2NNQrNQr1 NQria N NQs.

Although the above intersection may not necessarily be irredundant and minimal,
we know that @y is a P, = P-primary component of I7*I3? .- I;"* M C M since
P e Ass(M/I7"15% - - I['* M) and Q1 is the only P-primary submodule in the above
intersection. Evidently P*I2IM C Q. (Il

Actually Theorem 3.3 can be stated in a more general situation: The filtra-
tion {I*I3?---I"*M | (n1,na,...,n:) € Z'} may be replaced by a ‘multi-graded’
filtration {Mn, n,,... 0, | (n1,02,...,n¢) € Z'} of M such that

M = @ M(nl,nz ..... nt)TlangLQ s Tt'”«t

(n1,n2,...,n¢)EL
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naturally forms a multi-graded Noetherian module over a multi-graded sub-ring R
in R[Ty, Ty, ..., Ty, Ty 5, Ty b, ..., T, Y] with the usual grading such that 7,1, Ty,
..,T[l are all contained in R and the (0,0,...,0) part of R is R. We call such

a filtration ‘Noetherian’. To simplify notation, we use n to denote (ny,na,...,n:)
and use |n| to denote ny +ng + - +ng. And N := {(ny,n2,...,ns)|n; >0, i =
1,2,...,t}.

The next theorem and its corollary look apparently more general than Theorem
3.3 and Corollary 3.4, although in essence they are the same.

Theorem 3.5. Let R be a Noetherian ring, M a finitely generated R-module and
{Meiny.np) | (n1,02,...,ne) € Z'} a Noetherian filtration of M. Then

(1) There exists a k € N such that for all m € Z* , for all n € N* and for
all ideals J C R, J*®IMy O (Minyn ia,, ) € Mppin, ice. (JF2IM,, +
M) O (Mimyn iag,, J) = Mign;

(2) The set Upezt nent AsS(My /My tn) is finite.

Proof. The proof of (1) may be carried out in almost the same way as in the
proof of Theorem 3.3. But here we choose to use Theorem 3.3 and provide a
sketch of the proof: Simply apply Theorem 3.3 to the Noetherian R-module M
and ideals Z; = T, "R and then restrict the results to each of the homogeneous
pieces. Theorem 3.3 gives results for all the ideals of R, but here we are only
interested in the ideals JR, the ideals extended from ideals J C R.

To prove (2), we notice that the set

U Assp(M/Ty™ Ty ™2 T ™M)

neN?

is finite. Then (2) follows by contracting to each of the homogeneous pieces. (I

Corollary 3.6. Let R be a Noetherian ring, M a finitely generated R-module and
{Mning..n) | (R1,m2, ..., nt) € Z'} a Noetherian filtration of M. Then there exists
a k € N such that for anym € Z' , n € N* and P € Ass(My,/Mpm+n), there exists
a Q€ Ap(Myrn, € M,y,) such that PFI2IM,, C Q.

Example 3.7 (Compare with [Sh1]). Assume that R is Nagata (e.g. R is excellent)
and M is a finitely generated R-module and I, Io, ..., I; ideals of R. Then we have
a multi-graded filtration {I;"* 152 --- I;"* M |n € Z'}. In order to see if the filtration
satisfies the Linear Growth property, we may mod out the nil-radical and hence
assume that R is reduced. Then it is straightforward to see that the associated
graded module is finite over R = R[[[T}, [Ty, ..., LT, Ty Y, Ty b, ..., T, Y. Hence
the filtration satisfies the Linear Growth property. Similarly we can show the Linear
Growth property of the filtration {I]"* - I3 --- I['* M | n € Z'} provided R is reduced
and Nagata.

In [ShT] R. Y. Sharp proved the Linear Growth property of the filtration {I" |n €
Z} of Noetherian ring R without the Nagata assumption. The argument there also
works for the filtration {I]"* 52 --- I |n € Z'} of any Noetherian ring R. That is
because the set Upezr Ass(R/I7" 152 -+ - I}') is finite (cf. [Ra]) and hence we can
localize and then complete. In fact, if we know in advance the set
Unezt Ass(M /I 15% - - - I['* M) is finite for a finitely generated faithful R-module
M, we can localize and then complete and then contract the result of Example 3.7
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for M back to M to deduce that the filtration {I]"I32---I;*M|n € Z'} satis-
fies the Linear Growth property. We need M to be faithful so that the process of
contraction works.

Example 3.8. Assume R is Nagata and has characteristic p, where p is a prime
number and M is a finitely generated R-module. Then for any ideal I in R, tight
closure of I, denoted by I*, is defined [HH]. Tt is shown that /0 C I* C T
for any ideal I in R [HH]. By the same argument as in Example 3.7 we can
deduce that the filtration {(I7*I3?---I;'")*M |n € Z'} is Noetherian and hence
has the Linear Growth property. If, furthermore, R is reduced, then the filtration
{I7¥ 132" - I M | n € Z'} satisfies the Linear Growth property.

In [R4)] it is shown that Ass(R/I™) is non-decreasing and eventually stabilizes for
any ideal I in a Noetherian ring R. For any finitely generated R-module M, a result
of [Bi] says that Ass(M/I"M) also stabilizes for large n. If R is Nagata and of
characteristic p > 0, then it follows from Example 3.8 and Theorem 3.5 that the set
Upezt Ass(M /(17" 157 - - - I )* M) is finite. In case of ¢ = 1, we would like to study
the stability of Ass(M/(I™*M)). Since @,z ™ MT" is finite over R[IT, T~] (see
Example 3.8), we know the filtration {I"*M |n € N} of M is eventually stable, i.e.
It M = [I™* M for all large n. Hence the argument in [Bi] can be applied to
show that Ass(M/I™* M) stabilizes for large n.
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