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ABSTRACT. We study a modified version of the classical Ulrich modules, which we call c-Ulrich.
Unlike the traditional setting, c-Ulrich modules always exist. We prove that these modules retain
many of the essential properties and applications observed in the literature. Additionally, we reveal
their significance as obstructions to Cohen-Macaulay properties of tensor products. Leveraging this
insight, we show the utility of these modules in testing the finiteness of homological dimensions
across various scenarios.

1. INTRODUCTION

Let R be a commutative Noetherian local ring. Over the past several decades, there has been a
great deal of activity in studying maximal Cohen-Macaulay R-modules requiring a large number of
generators [2, 3, 8, 9, 10, 11, 13, 16, 17, 19, 22, 24, 26, 27, 30, 31]. Those that require the largest
possible number are known in the literature as Ulrich modules, and they bear deep connections
to several distinct areas of commutative algebra and algebraic geometry. They are naturally con-
nected with multiplicity theory and measures of singularity, they have test module properties in the
homological sense, and their existence is known to imply a famous and long-standing conjecture
of Lech on flat local maps [16, 17, 22, 26, 30]. Indeed, work of Ma on sequences of modules that
become Ulrich in a limiting sense was recently used to establish Lech’s conjecture in the graded
setting [27]. On the other hand, results of Yhee show that Ulrich modules in the traditional sense
need not exist, and even the milder sequences used by Ma in the graded setting do not exist in gen-
eral [31]. So, it is natural to explore weakenings of the Ulrich condition that are more abundant,
but which still retain some of the desired properties and applications of Ulrich modules.

In this paper, we consider several angles along which the Ulrich condition may be weakened.
By relaxing the maximal Cohen-Macaulay requirement, we ensure the notions we consider will
always exist, and we show that many of the familiar properties of Ulrich modules are retained in
our setting. Our novel approach is to tie these generalized notions to Cohen-Macaulay properties
of tensor products, itself an active line of investigation (see e.g. [6, 7, 21]), and in doing so, we are
able to refine, expand, and strengthen numerous results about Ulrich modules from the literature.
Along the way, we provide several technical tools of independent interest.

To be concrete, given a real number c, we say a Cohen-Macaulay R-module M is c-Ulrich if
eR(M) ⩽ c · µR(M). If c = 1, we simply call M an Ulrich module. The classically studied notion
of an Ulrich module discussed previously corresponds to the case where c = 1 and M is maximal
Cohen-Macaulay. The following is a key special case of our first main theorem.
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Theorem 1.1. Let R be a Cohen-Macaulay local ring and let M and N be nonzero finitely generated
R-modules. Suppose that N has positive rank r and that M is c-Ulrich for some c< 1+ 1

r . If M⊗R N
is maximal Cohen-Macaulay, then N is free.

Under the stronger assumption that M is Ulrich, we obtain the same conclusion under more
flexible hypotheses.

Theorem 1.2. Let R be a local ring and let M and N be finitely generated R-modules with M ̸= 0.
Suppose M is Ulrich and that at least one of the following holds:

(i) M is faithful.
(ii) N has rank.

(iii) TorR
1 (M,N) = 0.

If M⊗R N is maximal Cohen-Macaulay, then N is free.

Huneke-Wiegand proved that, if R is a hypersurface ring and M and N are finitely generated R-
modules such that M or N has rank and M⊗R N is maximal Cohen-Macaulay, then M or N is free
[21, 3.1]. Hence Theorem 1.2 shows that the homological behavior of Ulrich modules somewhat
resembles that of modules over hypersurface rings.

Tensor products of nonzero modules tend to have torsion, but it is not always the case. There are
many notable examples of non-free (or even non maximal Cohen-Macaulay) modules in the liter-
ature whose tensor product is maximal Cohen-Macaulay. Therefore, the assumption in Theorems
1.1 and 1.2 that M ⊗R N is maximal Cohen-Macaulay does not necessarily imply the freeness of
N unless the Ulrich or c-Ulrich hypothesis on M is satisfied. In Examples 5.7 and 5.8, we present
such instances where both M and N have rank to illustrate this scenario.

There are several notable consequences of our main theorems, including expansions of several
results on test module and rigidity properties from the literature (Corollaries 4.1, 4.3, and 4.5), and
applications (Corollary 5.3) to the famous and long-standing Huneke-Wiegand conjecture [21].
We also use a certain numerical deviation from the Ulrich condition to provide a lower bound
on the growth rate of Betti numbers, providing a variation on a result of Jorgensen-Leuschke and
recovering a well-known result of Avramov in the process (see Theorem 4.16 and Corollary 4.17).
Some of the key applications include the following; see Corollaries 4.5 and 5.3 for more details:

Corollary 1.3. Let R be a d-dimensional Cohen-Macaulay local domain and let M and N be
nonzero finitely generated R-modules. Suppose N is maximal Cohen-Macaulay with r = rank(N).

(i) If M is c-Ulrich for some c < 1+ 1
r and ExtiR(M,N) = 0 for i = 1, . . . ,d, then idR(N)< ∞.

(ii) If M is Ulrich, d = 1, and M ⊗R M∗ is torsion-free, then M is free and R is regular. In
particular, the Huneke-Wiegand conjecture holds true for Ulrich modules.

During the preparation of this manuscript, the conclusion of Corollary 1.3(ii) was also obtained
independently by Dey and Kobayashi via different techniques; see [11, 5.2 and 7.4(1)].

Finally, we show that if R is Cohen-Macaulay of codimension v and M is c-Ulrich for some
c < 1+ 1

v , then, after extending the residue field k and cutting down by a reduction of the maximal
ideal on M, the resulting module has a copy of k as a direct summand (see Corollary 4.11). Thus
c-Ulrich modules for such a value of c carry an exceedingly strong form of rigidity, and can be
used to test any homological dimension that can be detected by k.
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2. PRELIMINARIES

Throughout, (R,m,k) denotes a commutative Noetherian local ring, and I denotes an m-primary
ideal of R. All modules over R are assumed to be finitely generated.

Definition 2.1. Given an R-module M ̸= 0 with dimR(M) = d, we set

eR(I,M) = d! lim
n→∞

ℓR(M/InM)

nd ,

to be the Hilbert-Samuel multiplicity of M with respect to I. We set eR(I,0) to be 0, and we write
eR(M) = eR(m,M).

According to our definition, eR(I,−) is not necessarily additive on arbitrary short exact se-
quences of R-modules. However if 0 → X → Y → Z → 0 is an exact sequence of R-modules such
that X , Y and Z all have the same dimension, then eR(I,Y ) = eR(I,X)+eR(I,Z). The advantage of
our definition is that eR(I,M) = 0 if and only if M = 0 (see [4, Section 4]).

If M is an R-module, we write µR(M) for the minimal number of generators of M and ℓR(M) for
its length. We write Ωi

R(M) for the ith syzygy of M. The following is well known; the standard
proof is a mild adaptation of that of [3, 1.1]:

Remark 2.2. Let M be a Cohen-Macaulay R-module. Then ℓR(M/IM)⩽ eR(I,M). So we have

µR(M)⩽ ℓR(M/IM)⩽ eR(I,M)⩽ µR(M) · eR
(
I,R/AnnR(M)

)
.

In particular µR(M) cannot exceed eR(M).

The following definition gives the primary notion we will study.

Definition 2.3. Let M be a Cohen-Macaulay R-module and let c be a real number. We say M is
c-Ulrich with respect to I if the following conditions hold:

(a) M/IM is free over R/I,
(b) eR(I,M)⩽ c · ℓR(M/IM).
If I =m, we simply say that M is c-Ulrich. Similarly, if M is 1-Ulrich with respect to I, we say

that M is an Ulrich module with respect to I. We call M Ulrich if it is 1-Ulrich with respect to m.

Although Ulrich modules are generally assumed to be maximal Cohen-Macaulay in the litera-
ture, our definition only requires an Ulrich module to be Cohen-Macaulay. In other words, accord-
ing to our definition and in view of Remark 2.2, a module is Ulrich if and only if it is a maximally
generated Cohen-Macaulay module. We will show in later sections that many of the familiar prop-
erties of Ulrich modules in the classical sense are retained by our notion. Moreover, as the next
example indicates, Ulrich modules in our sense always exist, whereas maximal Cohen-Macaulay
Ulrich modules do not exist in general [31].

Example 2.4.
(i) If I is an m-primary ideal of R, then R/I is an Ulrich R-module with respect to I.

(ii) We have k⊕n is an Ulrich R-module for each n ⩾ 1. Moreover, if M is an Ulrich module of
finite length, then M ∼= k⊕n for some n ⩾ 1; see [3, 1.3].

(iii) If R is Cohen-Macaulay with dimR = 1, then mn is an Ulrich module for all n ⩾ e(R)− 1;
see [29, 2.5]. If additionally R is analytically unramified, then the integral closure R over R is
also Ulrich. Indeed, R is a product of DVRs, so mR = xR for some nonzerodivisor x ∈m.
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(iv) If R is Cohen-Macaulay and has minimal multiplicity, that is, if e(R) = µR(m)−dim(R)+1,
and M is maximal Cohen-Macaulay, then Ωi

RM is Ulrich for each i ⩾ 1; see [3].
(v) If R is a Cohen-Macaulay local ring with a canonical module ωR, then ωR is Ulrich if and

only if R is regular. Indeed, we may suppose k is infinite and take a minimal reduction x of
m. Then ωR being Ulrich forces µR(ωR) = dimk(Soc(R/xR)) = ℓR(R/xR) = e(R) so that
R/xR is a field, which implies R is regular.

(vi) In view of Remark 2.2, an R-module M is eR(R/AnnR(M))-Ulrich if and only if it is Cohen-
Macaulay.

In addition to the cases mentioned in Example 2.4, there are other classes of rings that are known
to admit maximal Cohen-Macaulay Ulrich modules. For example, strict complete intersection
rings, two-dimensional graded domains over an infinite field, certain Veronese algebras, and coor-
dinate rings of Grassmannian, Segre, and certain determinantal varieties; see [3, 8, 9, 12, 15, 19].
While this list is not comprehensive, is it not far from being so; there are few other cases where
maximal Cohen-Macaulay R-modules are known to exist.

We present several additional examples of Ulrich and c-Ulrich modules, many of which will
recur for specific purposes in later sections. Owing to their concrete nature, numerical semigroup
rings provide abundant examples of Ulrich and c-Ulrich modules.

Example 2.5. Let R = k[[ta1 , . . . , tan]] be a numerical semigroup ring with 0 < a1 < .. . < an and
gcd(a1, . . . ,an) = 1.

(i) R is a1-Ulrich R-module since e(R) = a1 and µR(R) = 1.
(ii) R ∼= k[[t]] is an Ulrich module (see Example 2.4 (iii)).

(iii) (ta1, . . . , tan) is an (a1/n)-Ulrich module.
(iv) If n = 3 and R is not Gorenstein, then the canonical module ωR of R is (a1/2)-Ulrich and

Ω1
R(ωR) is (a1/3)-Ulrich. Indeed, it follows from [18] that µR(ωR) = 2 and β R

1 (ωR) = 3 and
additivity of multiplicity gives eR(ωR) = eR(Ω

1
R(ωR)) = a1.

The following example demonstrates that maximal Cohen-Macaulay Ulrich modules induce
examples of Ulrich modules that are not maximal Cohen-Macaulay, and so it is natural in this
sense to work outside the maximal Cohen-Macaulay setting.

Example 2.6. Let R be a local ring. Assume M is a maximal Cohen-Macaulay Ulrich R-module.
Set S = R[[x1, . . . ,xn]] for some variables x1, . . . ,xn. Then M has an S-module structure via the
homomorphism S → R where xi 7→ 0. Note that M, as an S-module, is Ulrich, but it is not maximal
Cohen-Macaulay.

Example 2.7. Let R = k[[x]]/(xn) with n ⩾ 1. Then R/(xi) is i-Ulrich for each i = 1, . . . ,n.

Example 2.8. Let R= k[[x,y]]/(x3+y4) and set M =m. Then R is a one-dimensional hypersurface,
and M is a maximal Cohen-Macaulay module. Moreover, eR(M) = e(R) = 3 and µR(M) = 2.
Hence M is 3/2-Ulrich.

Example 2.9. Let R = k[[x,y]]/(x2,xy,y2). Then the injective hull ER(k) of k is (3/2)-Ulrich. This
follows since eR(ER(k)) = e(R) = ℓR(R) = 3 and µR(ER(k)) = 2 (as the type of R is 2).

Example 2.10. Let R = k[[x,y,z]]/(xy,z2) and set M = m. Then R is a one-dimensional com-
plete intersection of codimension two, and M is a maximal Cohen-Macaulay module. Moreover,
eR(M) = e(R) = 4 and µR(M) = 3. Hence M is (4/3)-Ulrich.
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Example 2.11. Let R = k[[t3, t4, t5]]. Then the canonical module ωR = (t3, t4) is (3/2)-Ulrich.

The next remark, while elementary, is indicative of the need for the condition in Definition 2.3
that M/IM be a free R/I module, and will be used repeatedly.

Remark 2.12. Let M and N be R-modules such that M/IM and N/IN are both free over R/I.
(i) As M/IM is free over R/I, it follows that M ∼= (R/I)⊕n for some integer n. This implies that

M/mM ∼= k⊕n, which implies that µR(M) = n. Therefore M/IM is a free R/I-module of rank
µR(M). Similarly N/IN is a free R/I-module of rank µR(N). Consequently we conclude that
(M⊗R N)/I(M⊗R N) is a free module over R/I of rank µR(M⊗R N) = µR(M) ·µR(N).

(ii) It follows from part (i) that ℓR(N/IN) = µR(N) · ℓR(R/I), ℓR(M/IM) = µR(M) · ℓR(R/I), and
ℓR
(
(M⊗R N)/I(M⊗R N)

)
= ℓR(R/I) ·µR(M) ·µR(N) = ℓR(R/I) ·µR(M⊗R N).

Definition 2.13. Let M be an R-module.
(a) We say M is free on Y ⊆ Spec(R) if Mp is a free Rp-module for all p ∈ Y .
(b) We say M has rank r on Y ⊆ Spec(R) if Mp

∼= R⊕r
p for all p ∈ Y .

(c) If M has rank r on Ass(R), then we may simply say that M has rank r.
(d) We set AsshR(M) = {p ∈ AssR(M) : dim(R/p) = dimR(M)}.

Definition 2.14. Given an R-module M, we call M unmixed if AssR(M) = AsshR(M). 1

It follows by definition that AsshR(M)⊆ MinR(M)⊆ AssR(M). If M is unmixed and 0 ̸= N is an
R-submodule of M, then dim(R/q) = dimR(M) for each q∈ AssR(N) so that dimR(N) = dimR(M).

Lemma 2.15. Let R be a commutative ring, M be an R-module, and let /0 ̸= Y ⊆ Spec(R).
(i) If M is free on Y and M has rank r, then M has rank r on Y .

(ii) If M has rank r on Y and SuppR(M)∩Y ̸= /0, then r > 0.

Proof. (i) Assume M is free on Y and M has rank r. Let q∈Y . Then Mq
∼= R⊕v

q for some v ⩾ 0, and
there exists p ∈ Min(R) such that p ⊆ q. So R⊕v

p
∼= (R⊕v

q )pRq
∼= (Mq)pRq

∼= Mp
∼= R⊕r

p . This shows
that r = v and so M has rank r on Y .

(ii) Assume M has rank r on Y and SuppR(M)∩Y ̸= /0. Then there exists q ∈ SuppR(M)∩Y so
that 0 ̸= Mq

∼= R⊕r
q . Therefore r > 0. □

Lemma 2.16. Let M and N be R-modules.
(i) If dimR(M) = dimR(M⊗R N), then AsshR(M⊗R N) = AsshR(M)∩SuppR(N).

(ii) Assume dimR(M) = dimR(M⊗R N). If N has rank r and N is free on AsshR(M⊗R N), then N
has rank r on AsshR(M⊗R N) and r > 0.

(iii) If SuppR(N) = Spec(R) (e.g., N has positive rank), then AsshR(M⊗R N) = AsshR(M).

Proof. (i) For p ∈ AsshR(M ⊗R N), we see p ∈ SuppR(M ⊗R N) ⊆ SuppR(M) and dim(R/p) =
dimR(M). Therefore p∈ MinR(M)⊆ AssR(M) and hence p∈ AsshR(M). This shows the inclusion
that AsshR(M ⊗R N) ⊆ AsshR(M)∩SuppR(N). On the other hand, if q ∈ AsshR(M)∩SuppR(N),
then q ∈ SuppR(M⊗R N) and dim(R/q) = dimR(M) = dimR(M⊗R N) so that q ∈ AsshR(M⊗R N).
Consequently, AsshR(M⊗R N) = AsshR(M)∩SuppR(N).

(ii) The claims follow by part (i) and Lemma 2.15.
(iii) This follows from part (i) immediately. □
1We note that our definition of unmixed differs slightly from some notions in the literature, in that our definition

does involve completion.
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3. MAIN THEOREMS

In this section, we prove our main theorems. We begin with some preparatory results that will
be instrumental in the proofs.

Lemma 3.1. Let R be a local ring and let M be an R-module. Set J = AnnR(M). For any R-module
N, the following statements are equivalent:

(i) M⊕µR(N) ∼= M⊗R N.
(ii) All entries of the minimal presentation matrix of N are in J (that is, FittµR(N)−1(N)⊆ J).

(iii) L⊕µR(N) ∼= L⊗R N for all R-modules L such that AnnR(L)⊇ J.
(iv) (R/J)⊕µR(N) ∼= N/JN.

Proof. Let N be a R-module with a minimal presentation R⊕b1 A−→ R⊕µR(N) → N → 0. Then

M⊕µR(N) ∼= M⊗R N =⇒ M⊕b1 A−→ M⊕µR(N) ∼=−→ M⊗R N → 0 is exact
=⇒ A ≡ 0 mod J

=⇒ L⊕b1 0−→ L⊕µR(N) −→ L⊗R N → 0 is exact for all L with Ann(L)⊇ J

=⇒ L⊕µR(N) ∼= L⊗R N for all L with Ann(L)⊇ J

=⇒ (R/J)⊕µR(N) ∼= (R/J)⊗R N ∼= N/JN

=⇒ M⊕µR(N) ∼= M⊗R (R/J)⊕µR(N) ∼= M⊗R (R/J)⊗R N ∼= M⊗R N. □

Proposition 3.2. Let R be a local ring and let M ̸= 0, N be R-modules such that M⊗R N ∼=M⊕µR(N).
Set J = AnnR(M). Then

(i) If M is faithful, then N is free over R.
(ii) TorR

1 (L,N)∼= L⊗R Ω1
R(N)∼= L⊗R TorR

1 (R/J,N) for all R-modules L with AnnR(L)⊇ J.
(iii) N is free over R if and only if TorR

1 (L,N) = 0 for some R-module L ̸= 0 with AnnR(L)⊇ J (for
example, TorR

1 (M,N) = 0 or TorR
1 (R/J,N) = 0).

(iv) Assume Supp(M) = Spec(R). Then N is free over R if and only if TorR
1 (M,N) is torsion.

Proof. (i) By Lemma 3.1, N/JN is free over R/J. If J = 0, then N is free over R.
(ii) Let L be any R-module with Ann(L) ⊇ J. Applying L⊗R − to the short exact sequence

0 → Ω1
R(N)→ R⊕µR(N) → N → 0 and observing Lemma 3.1, we get an exact sequence

0 → TorR
1 (L,N)→ L⊗R Ω

1
R(N)→ L⊕µR(N) ∼=−→ L⊗R N → 0,

which implies TorR
1 (L,N)∼= L⊗R Ω1

R(N), which then yields

TorR
1 (L,N)∼= L⊗R Ω

1
R(N)∼= L⊗R [(R/J)⊗R Ω

1
R(N)]∼= L⊗R TorR

1 (R/J,N).

(iii) If N is free over R, then TorR
1 (L,N) = 0 for all R-module L. Conversely, if TorR

1 (L,N) = 0 for
some R-module L ̸= 0 with AnnR(L) ⊇ J, then L⊗R Ω1

R(N) = 0 by part (2) above, which implies
Ω1

R(N) = 0, so N ∼= R⊕µR(N).
(iv) If N is free, then clearly TorR

1 (M,N) is torsion. Conversely, assume TorR
1 (M,N) is torsion.

By (ii) above, M⊗R Ω1
R(N) is torsion, meaning that Mp⊗R Ω1

R(N)p = 0 for all p ∈ Ass(R). In light
of Supp(M) = Spec(R), we conclude Ω1

R(N)p = 0 for all p∈ Ass(R). This implies Ω1
R(N) = 0. □
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Lemma 3.3. Let M ̸= 0 and N be R-modules. Assume that M/IM and N/IN are both free over
R/I, dimR(M) = dimR(M ⊗R N), eR(I,M) ⩽ c · ℓR(M/IM), and M ⊗R N is Cohen-Macaulay. Let
J = AnnR(M). Then the following hold:

(i) The module M⊗R N is c-Ulrich with respect to I such that

eR(I,M⊗R N)⩽ eR(I,M) ·µR(N)⩽ c · ℓR
(
(M⊗R N)/I(M⊗R N)

)
⩽ c · eR(I,M⊗R N).

In particular, if eR(I,M) = ℓR(M/IM), then

eR(I,M⊗R N) = eR(I,M) ·µR(N) = ℓR
(
(M⊗R N)/I(M⊗R N)

)
,

so that M⊗R N is Ulrich with respect to I.
(ii) Assume that either M or N/JN has rank over R/J on AsshR/J(R/J). Then we have the

inequality µR(N) ⩽ c · eR(I, N/JN)

eR(I, R/J)
. In particular, if eR(I,M) = ℓR(M/IM), then we have

µR(N) =
eR(I, N/JN)

eR(I, R/J)
.

Proof. (i) There is a surjection R⊕µR(N) ↠ N. We have the following (in)equalities:

eR(I,M⊗R N) ⩽ eR(I,M⊕µR(N))
= eR(I,M) ·µR(N)
⩽ c · ℓR(M/IM) ·µR(N)
= c ·µR(M) · ℓR(R/I) ·µR(N)
= c ·µR(M⊗R N) · ℓR(R/I)
= c · ℓR

(
(M⊗R N)/I(M⊗R N)

)
⩽ c · eR(I,M⊗R N).

In the above, the first and the last inequalities follow from the surjection M⊕µR(N) ↠ M ⊗R N
and Remark 2.2 respectively, while the second, the third and the fourth equalities are covered in
Remark 2.12(ii). In summary, we have

eR(I,M⊗R N)⩽ eR(I,M) ·µR(N)⩽ c · ℓR
(
(M⊗R N)/I(M⊗R N)

)
⩽ c · eR(I,M⊗R N).

Therefore M⊗R N is c-Ulrich with respect to I. When c = 1, the following equalities hold:

eR(I,M⊗R N) = eR(I,M) ·µR(N) = ℓR
(
(M⊗R N)/I(M⊗R N)

)
.

(ii) By (i) above, we see µR(N)⩽ c · eR(I, M⊗R N)

eR(I, M)
. Note that M⊗R N ∼= M⊗R (N/JN). Since

either M or N/JN has rank over R/J, we use the associativity formula [4, 4.7.8] to obtain

eR(I,M⊗R N) = eR(I,M⊗R (N/JN)) =
eR(I,M)eR(I,N/JN)

eR(I,R/J)
.

Consequently, we have that
eR(I, M⊗R N)

eR(I, M)
=

eR(I,N/JN)

eR(I,R/J)
and the claim follows. □

We are now ready to prove our first main theorem which encompasses Theorem 1.1.
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Theorem 3.4. Let M ̸= 0 and N be R-modules. Assume that M/IM and N/IN are both free over
R/I, dimR(M) = dimR(M ⊗R N), M ⊗R N is Cohen-Macaulay, and eR(I,M) ⩽ c · ℓR(M/IM) for
some real number c (e.g., M is c-Ulrich with respect to I). Then N is free over R if at least one of
the following holds:

(i) N has rank, TorR
1 (M,N)p = 0 for some p ∈ AsshR(M), and c < 1+

1
eR(I, M⊗R N)

.

(ii) N is free on Assh(M), N has rank r (which must be positive), and c < 1+
1
r

.

(iii) M is unmixed, c < 1+
1

eR(I, M⊗R N)
, and at least one of the following holds:

(a) M is faithful.
(b) TorR

1 (M,N) = 0.
(c) TorR

1 (M,N) is torsion and SuppR(M) = Spec(R).

(iv) M has positive rank over R, R is unmixed, and c < 1+
1

eR(I, N)
.

(v) M has positive rank over R, R is unmixed, eR(I,N) = r · e(R) for some r ∈ N, and c < 1+
1
r

.

Proof. The exact sequence 0 → Ω1
R(N)→ R⊕µR(N) → N → 0 induces an exact sequence

TorR
1 (M,N)→ M⊗R Ω

1
R(N)→ M⊕µR(N) f−→ M⊗R N → 0,

which then yields following exact sequences

TorR
1 (M,N)→ M⊗R Ω

1
R(N)→ ker( f )→ 0 and 0 → ker( f )→ M⊕µR(N) f−→ M⊗R N → 0.

By Lemma 3.3, we have eR(I,M⊕µR(N)) = eR(I,M) ·µR(N)⩽ c · eR(I,M⊗R N).
(i) Suppose that N is not free over R. Then rank(Ω1

R(N)) = µR(N)− rank(N)> 0, which implies
SuppR(Ω

1
R(N)) = Spec(R). Localizing at the prime ideal p ∈ Assh(M) such that TorR

1 (M,N)p = 0,

we get the exact sequence 0 → Mp⊗Rp Ω1
R(N)p

∼=−→ ker( f )p → 0, so ker( f )p ∼= Mp⊗Rp Ω1
R(N)p ̸= 0.

Thus p ∈ Supp(ker( f )), hence dimR(ker( f )) = dimR(M). Consequently,

eR(I,ker( f )) = eR(I,M⊕µR(N))− eR(I,M⊗R N)⩽ (c−1) · eR(I,M⊗R N)< 1,

which contradicts the fact that eR(I,ker( f ))⩾ 1.
(ii) In this case, we actually have TorR

1 (M,N)p = 0 for all p ∈ AsshR(M). Suppose that N is not
free, so µR(N)> r. As in the proof of (i) above, we see dimR(ker( f ))= dimR(M). By Lemma 2.15,
N has positive rank r on Assh(M). Thus,

eR(I,ker( f )) = eR(I,M⊕µR(N))− eR(I,M⊗R N)

⩽ (c−1) · eR(I,M⊗R N)<
eR(I, M⊗R N)

r
= eR(I,M).

On the other hand, as µR(N)− r ⩾ 1, we have

eR(I,ker( f )) = eR(I,M⊕µR(N))− eR(I,M⊗R N)

= eR(I,M) ·µR(N)− eR(I,M) · r = eR(I,M) · (µR(N)− r)⩾ eR(I,M),

which is a contradiction.
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(iii) In light of Proposition 3.2 (i), (iii), and (iv), it suffices to verify that f : M⊕µR(N) ↠ M⊗R N
is an isomorphism. Suppose, on the contrary that ker( f ) ̸= 0. Since M is unmixed, we must have
dim(ker( f )) = dim(M). So, as in (i) above, we see eR(I,ker( f ))< 1, which is a contradiction.

(iv) Since M has positive rank over R, we see eR(I,M) = rank(M) · eR(I,R). The assumption
dim(M ⊗R N) = dim(M) = dim(R) implies dim(N) = dim(R). Thus e(I,M ⊗R N) = rank(M) ·
eR(I,N). Now, considering the assumption eR(I,M) · µR(N) ⩽ c · eR(I,M ⊗R N), we find that
eR(I,R) ·µR(N)⩽ c ·eR(I,N). As R is unmixed, case (iii)(a) above applies to M = R, which implies
that N is free over R.

(v) Consider the syzygy exact sequence 0 → Ω1
R(N) → R⊕µR(N) → N → 0. Suppose that N is

not free over R, so that Ω1
R(N) ̸= 0. As R is unmixed, we see dim(Ω1

R(N)) = dim(R). As in the
proof of (iv) above, we see eR(I,R) ·µR(N)⩽ c · eR(I,N), which then yields

eR(I,Ω1
R(N)) = eR(I,R⊕µR(N))− eR(I,N)

⩽ (c−1) · eR(I,N) = (c−1) · r · eR(I,R)< eR(I,R).

On the other hand, we have

eR(I,Ω1
R(N)) = eR(I,R⊕µR(N))− eR(I,N)

= eR(I,R) ·µR(N)− eR(I,R) · r = eR(I,R) · (µR(N)− r),

which implies that, as a positive integer, eR(I,Ω1
R(N)) is a multiple of eR(I,R). This readily forces

the inequality eR(I,Ω1
R(N))⩾ eR(I,R), which is a contradiction. □

Remark 3.5. Theorem 3.4 can be stated in even more generality. Indeed, let M and N be as in
Theorem 3.4. Denote

α(I,M,N) = max
{

gcd
(

eR(I, M⊕µR(N)), eR(I, M⊗R N)
)
, min

{
eR(I,R/p) | p ∈ Assh(M)

}}
.

From the proof of Theorem 3.4 above, it is not hard to conclude that, in each of the cases listed in
Theorem 3.4 above, if c < 1+ α(I,M,N)

eR(I,M⊗RN) , then N is free.

Next is our second main Theorem. It follows as a consequence of Theorem 3.4 and establishes
Theorem 1.2 advertised in the introduction.

Theorem 3.6. Let M ̸= 0 and N be R-modules. Assume that M/IM and N/IN are both free over
R/I, M⊗R N is Cohen-Macaulay, dimR(M) = dimR(M⊗R N), and eR(I,M) = ℓR(M/IM) (e.g., M
is Ulrich with respect to I). Then N is free if at least one of the following holds:

(i) N has rank and TorR
1 (M,N)p = 0 for some p ∈ AsshR(M).

(ii) M is unmixed and at least one of the following holds:
(a) M is faithful.
(b) TorR

1 (M,N) = 0.
(c) TorR

1 (M,N) is torsion and SuppR(M) = Spec(R).
(iii) M has positive rank, and R is unmixed.

Proof. The cases (i), (ii), and (iii) follows from Theorem 3.4 (i), (iii), and (iv), respectively. □

The following examples demonstrate several angles along which Theorem 3.6 is sharp. The first
example highlights that the assumption dimR(M) = dimR(M⊗R N) cannot be removed:
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Example 3.7. Let R = k[[x,y]]/(xy), M = R/(x), and let N = R/(y). Then M is Ulrich, M⊗R N ∼= k,
TorR

1 (M,N) = 0 and dimR(M) = 1 ̸= 0 = dimR(M⊗R N).

The next example shows that the hypothesis that M is Ulrich is needed in Theorem 3.6:

Example 3.8. Let R = k[[x,y]]/(x2,xy), M = R/(y) and N = R/(x). Then M⊗R N ∼= k so M⊗R N
is Cohen-Macaulay. Moreover dimR(M) = 0 = dimR(M ⊗R N) and TorR

1 (M,N) = 0. Note that
µR(M) = 1 < 2 = eR(M) and N is not free.

The next example shows that the torsion assumption on TorR
1 (M,N) is needed in Theorem 3.6:

Example 3.9. Let R = k[[x,y]]/(x2), M = N = R/(x). Then M ⊗R N ∼= M are maximal Cohen-
Macaulay R-modules with SuppR(M) = Spec(R) and µR(M) = 1 = eR(M) while N is not free. On
the other hand, we have TorR

i (M,N)∼= M for all i ⩾ 0, making TorR
1 (M,N) torsion-free.

Next is an example where Theorem 3.4 applies, but Theorem 3.6 does not.

Example 3.10. Let R = k[[x,y,z]]/(xy,z2), so that M =m is a 4
3 -Ulrich module; see Example 2.10.

If M ⊗R N is Cohen-Macaulay with rankR(N) = 1 or 2, then N must be free by Theorem 3.4(ii).
Thus, for any m-primary ideal a of R that is not principal, m⊗R a must have torsion.

4. ON THE TEST AND RIGIDITY PROPERTIES OF c-ULRICH MODULES

In this section, we prove some Corollaries of our main theorems on the test and rigidity prop-
erties of c-Ulrich module. Each of these results can be established in more generality, in view of
Theorems 3.4 and 3.6 and Remark 3.5, but as these versions carry a great deal of technicality, we
propose simpler versions. In particular, we focus on modules that are c-Ulrich with respect to the
maximal ideal, rather than an arbitrary m-primary ideal I.

It follows from work of [22] (cf. [23]) that any c-Ulrich module for c < 2 is a test module for
finite projective dimension in the sense of [5]. Our next result shows that, at the expense of mild
hypotheses on rank, the number of vanishings required can be substantially reduced.

Corollary 4.1. Let R be a local ring, and let M,N be R-modules such that M is c-Ulrich for some
real number c < 2. Suppose that either M has positive rank or that N has rank and is free on
AssR(M). Set n = dimR(M), v = depthR(M⊗R N), and

t =

min
{

s−1 ∈ Z⩾0 | rankR
(
Ω

n−v
R N

)
· (c−1)s < 1

}
, if N has rank and is free on Ass(M).

min
{

s−1 ∈ Z⩾0 | eR
(
Ω

n−v
R N

)
· (c−1)s < 1

}
, otherwise.

If TorR
i (M,N) = 0 for all i = 1, . . . ,n− v+ t, then pdR(N)< ∞.

Proof. Assume TorR
i (M,N) = 0 for i = 1, . . . ,n− v+ t. Then there are exact sequences

(4.1.1) 0 → M⊗R Ω
i
R(N)→ M⊕β R

i−1(N) → M⊗R Ω
i−1
R (N)→ 0

for all i = 1, . . . ,n− v+ t. By applying the depth lemma to (4.1.1), we conclude that M⊗R Ωi
R(N)

is Cohen-Macaulay of dimension n for all i = n− v, . . . ,n− v+ t. Inductively, we see

(4.1.2) e(M⊗R Ω
n−v+i
R (N))⩽ (c−1)i · e(M⊗R Ω

n−v
R (N)) for all i = 0, 1, . . . , t.
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When N has rank and is free on Ass(M), the same is true for Ω
n−v+t
R (N). If Ω

n−v+t
R (N) = 0,

there is nothing to prove. So we assume Ω
n−v+t
R (N) ̸= 0 so that M ⊗R Ω

n−v+t
R ̸= 0. Since M is

Cohen-Macaulay, we see dim(M⊗R Ω
n−v+t
R ) = dim(M) from 4.1.1. Also, 4.1.2 indicates

r := rank(Ωn−v+t
R (N))⩽ (c−1)t · rank(Ωn−v

R (N)).

Hence (c− 1)t+1 · rank(Ωn−v
R (N)) < 1 which forces c < 1+ 1

r . By Theorem 3.4(ii), this forces
Ω

n−v+t
R (N) to be free, so that pdR(N)< ∞.
In the case where M has positive rank, it follows that R is unmixed since M is Cohen-Macaulay,

and (4.1.2) implies
eR(Ω

n−v+t
R (N))⩽ (c−1)t · e(Ωn−v

R (N)).

We thus have (c−1)t+1 · eR(Ω
n−v
R (N))< 1. Therefore c−1 < 1

eR(Ω
n−v+t
R (N))

which yields the free-

ness of Ω
n−v+t
R (N) in light of Theorem 3.4(iv). □

Next, we show that c-Ulrich modules for c< 2 can be used to test injective dimension under mild
hypotheses. We will use the following technical lemma, which is a direct improvement over [26,
3.4 (1)-(2)]. When R is Cohen-Macaulay with canonical module ωR, we set (−)† :=HomR(−,ωR).

Lemma 4.2. Let R be d-dimensional Cohen-Macaulay ring with canonical module ωR, let M be
an R-module, and let N be a maximal Cohen-Macaulay R-module. For some n ⩾ d, suppose
depth(Extn−i

R (M,N)) ⩾ min{i+ 1,d} for all i = 0, . . . ,n− 1 2. Then Tori(M,N†) ∼= ExtiR(M,N)†

for all i = 0, . . . ,n−d and they are maximal Cohen-Macaulay. In particular, M⊗R N† is maximal
Cohen-Macaulay.

Proof. Let · · · → Fi+1
di−→ Fi → ·· · → F1

d0−→ F0 → 0 be a minimal free resolution of M, and set
∂i := HomR(di,N) for each i. Applying HomR(−,N), we have a complex

(4.2.1) 0 → HomR(M,N)→ HomR(F0,N)→ ··· → HomR(Fn−d+1,N)→ im∂n−d+1 → 0

whose homologies, ExtiR(M,N) for i = 1, . . . ,n−d, are maximal Cohen-Macaulay by assumption.
We claim im∂i is maximal Cohen-Macaulay for i = 0, . . . ,n− d + 1 and that ker∂i is maximal
Cohen-Macaulay for i = 0, . . . ,n−d. Indeed, for each 0 ⩽ i ⩽ n, we have short exact sequences

(4.2.2) 0→ im∂i → ker∂i+1 →ExtiR(M,N)→ 0 and 0→ ker∂i →HomR(Fi,N)→ im∂i → 0.

As im∂n ↪→ HomR(Fn+1,N), we have depth(im∂n) ⩾ 1. Applying the depth lemma repeatedly to
the exact sequences in (4.2.2), we see that im∂i is maximal Cohen-Macaulay for i= 0, . . . ,n−d+1
and that ker∂ j is maximal Cohen-Macaulay for j = 0, . . . ,n−d. As HomR(M,N)∼= ker∂0, we have
in particular that HomR(M,N) is maximal Cohen-Macaulay as well.

We have then obtained that every term, cycle, boundary, and homology of (4.2.1) is maximal
Cohen-Macaulay. Thus applying (−)† to (4.2.1), we obtain another complex whose homologies
are ExtiR(M,N)† for i = 1, . . . ,n−d. This complex may be identified, via Hom-tensor adjointness,
with the complex

0 → (im∂n−d+1)
† → (Fn−d+1 ⊗R N†)†† → ··· → (F0 ⊗R N†)†† → HomR(M,N)† → 0

2By convention, we regard the zero module to have infinite depth, and consider it to be maximal Cohen-Macaulay.
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Since N is maximal Cohen-Macaulay, the natural maps induce an isomorphism of complexes

0 Fn−d+1 ⊗R N† · · · F1 ⊗R N† F0 ⊗R N† 0

0 (Fn−d+1 ⊗R N†)†† · · · (F1 ⊗R N†)†† (F0 ⊗R N†)†† 0

By above, the bottom row has homologies ExtiR(M,N)† in degrees i = 0, . . . ,n−d. Comparing
with the homologies of the top row, it follows that TorR

i (M,N†)∼= ExtiR(M,N)† for i = 0, . . . ,n−d,
and the claim follows. □

It follows immediately from combining Lemma 4.2 with [23, 2.1] that c-Ulrich modules for
c < 2 are test modules for finite injective dimension. But as with Corollary 4.1, our methods allow
us to greatly reduce the number of vanishings required, at the expense of mild hypotheses on rank.

We first consider the test behavior of Ulrich modules for finite injective dimension.

Corollary 4.3. Let R be a d-dimensional Cohen-Macaulay local ring and let M and N be R-
modules. Assume the following conditions hold:

(i) M is Ulrich.
(ii) M or N is maximal Cohen-Macaulay.

(iii) ExtiR(M,N) = 0 for all i = 1, . . . ,d.
(iv) Either (a) depthR

(
Extd+1

R (M,N)
)
> 0, or (b) SuppR(M) = Spec(R) and d > 0.

Then idR(N)< ∞.

Proof. We may assume R is complete so that R has a canonical module ωR. Consider the case
where M is maximal Cohen-Macaulay. Then we take a maximal Cohen-Macaulay approximation
0 → Y → L → N → 0, so that idR(Y ) < ∞ and L is maximal Cohen-Macaulay (see [25, 11.8]).
Since M is maximal Cohen-Macaulay and idR(Y ) < ∞, we have ExtiR(M,Y ) = 0 for all i > 0,
and idR(L) < ∞ if and only if idR(N) < ∞ [25, 11.3]. We may thus suppose that N is maximal
Cohen-Macaulay.

Now assume part (a) of condition (iv) holds. Then TorR
1 (M,N†) = 0 by Lemma 4.2. Hence

Theorem 3.6(ii)(b) shows that N† is free.
Next assume part (b) of condition (iv) holds. Let p ∈ Ass(R). As Ext1Rp

(Mp,Np) = 0, we use
Lemma 4.2 with Mp and Np over the Artinian ring Rp, and conclude that TorR

1 (M,N†)p = 0. This
shows that TorR

1 (M,N†) is torsion. Thus Theorem 3.6(ii)(c) shows that N† is free. □

Definition 4.4. Let R be a Cohen-Macaulay local ring and let M be an R-module. We say M has
dual rank r, denoted by d-rankR(M) = r, if M̂p

∼=
(
ωR̂

)⊕r
p

for all p ∈ Ass(R̂), where R̂ denotes the
m-adic completion of R and ωR̂ is its canonical module.

Note that if M has rank, then M has dual rank if and only if R̂ is generically Gorenstein, in which
case the rank and dual rank of M agree.

We now consider the behavior for c-Ulrich modules.

Corollary 4.5. Let R be a d-dimensional Cohen-Macaulay local ring and let M and N be R-
modules. Assume that the following conditions hold:
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(i) M is c-Ulrich for some c where

c <



1+
1

d-rank(N)
, if N has positive dual rank.

1+
1

rank(N)
, if M and N both have positive rank.

1+
1

eR(N)
, if M has positive rank, but N does not have positive rank nor dual rank.

(ii) N is maximal Cohen-Macaulay.
(iii) ExtiR(M,N) = 0 for all i = 1, . . . ,d.
Then idR(N)< ∞.

Proof. We may assume R is complete so that R has a canonical module ωR. By Lemma 4.2,
M⊗R N† is maximal Cohen-Macaulay, which forces dimM = dimR, so that M is maximal Cohen-
Macaulay. In the case where N has positive dual rank, we see rank(N†)= d-rank(N)> 0; otherwise
M has positive rank and eR(N†) = eR(N), where eR(N) = rankR(N)eR(R) if N has rank. In each
case, Theorem 3.4 implies N† is free, so that idR(N)< ∞. □

Remark 4.6. As in Corollary 4.3, the hypotheses that N be maximal Cohen-Macaulay in Corollary
4.5 can be exchanged for the hypotheses that M be maximal Cohen-Macaulay, but at the expense
of decreasing the value of c. Indeed, as in the proof of Corollary 4.3, one may take a maximal
Cohen-Macaulay approximation 0 → Y → L → N → 0 of N. The hypothesis on Ext-vanishing
will force ExtiR(M,L) = 0 for a i = 1, . . . ,d, and we have idR(L) < ∞ if and only if idR(N) < ∞.
So the conclusion that idR(N) < ∞ will still hold in this situation if c is assumed to be less than

1+
1

d-rank(L)
in the case when N has positive dual rank, 1+

1
rank(N)+d-rank(Y )

in the case

when both M and N have positive rank, and 1+
1

eR(L)
when M has positive rank and N does not

have positive rank nor dual rank.

Corollary 4.5 generalizes a well-known result of Ulrich [30, 3.1] that served as a jumping off
point historically for the theory of Ulrich modules, and that has been revisited several times in the
literature [16, 3.4], [26, 6.8], [22, 2.2, 2.4] (cf. [23, 2.2, 2.4]). Our approach unifies several of
these results, and allows for more flexibility in hypotheses.

Corollary 4.7. Let R be a d-dimensional Cohen-Macaulay local ring and let M be an R-module
that is c-Ulrich for some c < 2. Assume that either M has positive rank or R̂ is generically Goren-
stein. If ExtiR(M,R) = 0 for all i = 1, . . . ,d, then R is Gorenstein.

The case where M has positive rank in Corollary 4.7 recovers [30, 3.1], while the generically
Gorenstein case sharpens [23, 2.4] (when M is maximal Cohen-Macaulay).

Corollary 4.5 is easily seen to be sharp, as one can take R to be any Cohen-Macaulay local ring
of multiplicity 2 and take M = R. Then ExtiR(M,N) = 0 for all i > 0 and any R-module N, but there
are modules of infinite injective dimension, since R has multiplicity 2 and thus cannot be regular.
It is more difficult to see that Corollary 4.7 is sharp, due to the fact that if R is Cohen-Macaulay
with e(R) = 2, then R must be Gorenstein. The existence of such a nonfree M withnessing this
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sharpness is significant in light of the peviously mentioned results of Ulrich and others in the litera-
ture. We provide the following general construction for producing c-Ulrich modules in dimension
1, for controlled values of c, which have Ext1R(M,R) = 0. Using this construction, we provide
Example 4.9 demonstrating the sharpness of Corollaries 4.5 and 4.7 in a strong way; we present a
nonfree 2-Ulrich module M over a one-dimensional complete domain of minimal multiplicity with
Ext1R(M,R) = 0, but with R not Gorenstein.

We recall that if N is an R-module with minimal presentation R⊕b A−→ R⊕a → N → 0, the Aus-
lander transpose TrR(N) of N is the R-module presented by the transpose matrix AT .

Proposition 4.8. Let R be a one-dimensional Cohen-Macaulay local ring, N be a maximal Cohen-
Macaulay R-module with rank such that µR(N) = rankR(N)+1, and let M = TrR(N)/ΓmTrR(N).
Then M is a nonzero maximal Cohen-Macaulay R-module such that eR(M) = e(R) · (β R

1 (N)−1),
µR(M) = β R

1 (N)⩾ 2, and Ext1R(M,R) = 0. Moreover, if e(R)⩾ 4, then eR(M)⩾ 2 ·µR(M).

Proof. Set a = µR(N) and b = β R
1 (N). Then there is an exact sequence R⊕b → R⊕a → N →

0. This exact sequence yields the exact sequence 0 → N∗ → R⊕a → R⊕b → TrRN → 0. Hence
we have rankR(TrR(N)) = rankR(N∗)+ (b− a). Set L = ΓmTrR(N) and consider the short exact
sequence 0 → L → TrRN → M → 0. Applying HomR(−,R) to the exact sequence, we obtain the
exact sequence L∗ → Ext1R(M,R) → Ext1R(TrRN,R), where L∗ := HomR(L,R) = 0 as ℓR(L) < ∞.
Also note that Ext1R(TrRN,R) = 0 (as Ext1R(TrRN,R) is the kernel of the canonical map N → N∗∗).
This forces Ext1R(M,R) = 0. Note that, since depth(R) = 1, Ext1R(L,R) ̸= 0; see [4, 1.2.10(e)].
Hence L ≇ TrR(N) which implies M ̸= 0, due to the exact sequence 0 → L → TrR(N)→ M → 0.
Moreover, since rankR(TrR(N)) = rankR(L)+ rankR(M) = rankR(M) and rankR(N∗) = rankR(N),
we conclude that

rankR(M) = rankR(N)+(b−a) = (a−1)+(b−a) = b−1.

Hence eR(M) = e(R) · rankR(M) = e(R) · (b−1). Note that b ⩾ 2 since 0 ̸= M is torsion-free.
The surjections R⊕b → TrR(N) and TrR(N)→ M imply that

b ⩾ µR(TrR(N))⩾ µR(M)⩾ rankR(M) = b−1.

Hence µR(M) is either b−1 or b. If µR(M) = b−1, then µR(M) = rankR(M), which forces M to be
free; If M is free then TrR(N)∼= L⊕M and so the vanishing of Ext1R(TrRN,R) forces Ext1R(L,R)= 0,
contradicting Ext1R(L,R) ̸= 0. Therefore µR(M) = b. As b ⩾ 2, one can observe that, if e(R) ⩾ 4,
then eR(M) = e(R) · (b−1)⩾ 2 ·µR(M). □

Example 4.9. Let R = k[[t3, t4, t5]]. Then R is a one-dimensional local domain with canonical
module ωR = (t3, t4) and e(R) = 3. It follows that µR(ωR) = 2 and β R

1 (ωR) = 3. Set N = ωR and
M = TrR(N)/ΓmTrR(N). Then, by Proposition 4.8, M is a maximal Cohen-Macaulay R-module
such that Ext1R(M,R) = 0 and eR(M) = 6 and µR(M) = 3. So M is 2-Ulrich, but R is not Gorenstein.

Example 4.9 also demonstrates that the vanishing of Extd+1
R (M,R) in [26, 6.8] cannot be re-

moved.
Proposition 4.8 allows us to obtain examples similar to 4.9 whenever R is a local domain such

that e(R)⩾ 4 and I is an ideal of R such that µR(I) = 2.
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Example 4.10. Let R = k[[t5, t6, t8, t9]] and let M = TrR(N)/ΓmTrR(N), where N = (t5, t6)R. Then
R is not Gorenstein and M is a nonzero maximal Cohen-Macaulay R-module with Ext1R(M,R) = 0.
Also one can check that M is (15/4)-Ulrich since eR(M) = e(R) · (β R

1 (N)− 1) = 5 · (4− 1) = 15
and µR(M) = β R

1 (N) = 4; see Proposition 4.8.

Next, we show if c is smaller than a specific threshold, then the rigidity of a c-Ulrich module M
sharpens to an extreme, and M can be used as a test module for the same homological dimensions
detected by k. More precisely, we will show the following:

Theorem 4.11. Let R be a local ring and let M be a c-Ulrich module for some c < 1+ 1
v , where

v = codim(R/AnnR(M)).
(i) If |k| = ∞, then there is an M-regular sequence {x} ⊆ m such that k is a direct summand of

M/xM.
(ii) If N is an R-module and ExtiR(N,M) = 0 for all i = n, . . . ,n+dimR(M) for some n ⩾ 0, then

pdR(N)< ∞.

In order to prove Theorem 4.11, we prepare a lemma which will also be used later to establish
Theorem 4.16.

Lemma 4.12. Let R be a local ring and let M,N be R-modules with ℓR(N)< ∞.
(i) We have ℓR(ExtiR(M,N))⩽ β R

i (M) · ℓR(N) for all i ⩾ 0.
(ii) If µR(N)> ℓR(mN) ·µR(m), then there is a socle element of N which is a minimal generator

of N, and hence k is a direct summand of N.

Proof. (i) We prove the claimed inequality by induction on ℓR(N). Fix i ⩾ 0. If ℓR(N) = 1, then
N ∼= k, and so we have ℓR(ExtiR(M,N)) = ℓR(ExtiR(M,k)) = β R

i (M). Suppose ℓR(N)> 1, and that
the result holds for modules that have length less than the length of N. There is an exact sequence
of R-modules of the form 0 → k → N → C → 0. By applying HomR(M,−) to this short exact
sequence, we obtain:

ℓR(ExtiR(M,N))⩽ ℓR(ExtiR(M,k))+ ℓR(ExtiR(M,C))

⩽ β
R
i (M)+ ℓR(C) ·β R

i (M) = β
R
i (M) · (1+ ℓR(C)) = β

R
i (M) · ℓR(N).

(ii) Suppose no minimal generator of N is in Soc(N), hence Soc(mN) = Soc(N). Applying
HomR(k,−) to the exact sequence 0 →mN → N → N/mN → 0, we get an exact sequence

0 → HomR(k,mN)→ HomR(k,N)→ HomR(k,N/mN)→ Ext1R(k,mN).

As dimk(HomR(k,mN)) = dimk(Soc(mN)) = dimk(Soc(N)) = dimk(HomR(k,N)), the first map
is an isomorphism. Thus HomR(k,N/mN) ↪→ Ext1R(k,mN). Note that dimk(HomR(k,N/mN)) =
µR(N). Hence it follows from (i) that

µR(N)⩽ ℓR(Ext1R(k,mN))⩽ β
R
1 (k)ℓR(mN) = µR(m) · ℓR(mN). □

The following explains the connection between Lemma 4.12 and Theorem 4.11.

Remark 4.13. Let R be a Artinian local ring that is not a field. Set v = codim(R) = µR(m). If M
is an R-module, then µR(M)> ℓR(mM) · v if and only if eR(M)<

(
1+ 1

v

)
·µR(M) if and only if M

is c-Ulrich for some c such that c < 1+ 1
v ⩽ 2.
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Proof of Theorem 4.11. (i) With |k|=∞, we choose a system of parameters x of M which generates
a minimal reduction of the maximal ideal of R/AnnR(M). Then x is M-regular and Lemma 4.12(2)
forces k to be a direct summand of M/xM.

(ii) If needed, we may extend the residue field and hence we may assume |k|= ∞. Then, by part
(i), there is a regular sequence x on M such that k is a direct summand of M/xM. The hypothesis
on the vanishing of Ext shows ExtnR(N,M/xM) = 0, hence ExtnR(N,k) = 0. So pdR(N)< ∞. □

Theorem 3.6 gives a quick proof of the following fact: if R is a local ring and N is an Ulrich R-
module such that pdR(N)< ∞, then R is regular. To see that, set M = Ωn

R(k) for some n ≫ 0. Then,
as pdR(N)< ∞, TorR

i (M,N) = 0 for all i ⩾ 1. We see, by using the depth lemma, that dimR(N) =
depthR(N) = depthR(M ⊗R N) ⩽ dimR(M ⊗R N) ⩽ dimR(N). So Theorem 3.6 implies that M is
free, and hence R is regular. Theorem 4.11(i) implies more, that any such module behaves in the
same fashion with any suitable homological dimension. For instance we record the following:

Corollary 4.14. Let R be a local ring and let M be a c-Ulrich module for some c < 1+ 1
v where

v = codim(R/AnnR(M)). If M has finite projective or injective dimension (respectively, finite
Gorenstein dimension), then R is regular (respectively, R is Gorenstein).

Proof. We may assume, without lost of generality, that |k| = ∞. Hence Theorem 4.11(i) shows
that k is a direct summand of M/xM for a general M-regular sequence x ⊆ m. Hence the claims
follows from [4, 2.2.7], [4, 3.1.26], and [28, 17]. □

Corollary 4.15. Let R be a one-dimensional local domain and let M and N be R-modules such
that M is Ulrich and Ext1R(M,N) = 0. Then idR(N)< ∞. Therefore, if M = N, then M is free and
R is regular.

Proof. If depthR(M) = 0, then ℓR(M) < ∞ so that µR(M) = eR(M) = ℓR(M) and hence M ∼= k⊕n

for some n ⩾ 1. In that case, the vanishing of Ext1R(M,N) shows that idR(N) < ∞. Suppose
depthR(M) = 1. Then M is maximal Cohen-Macaulay and so M has positive rank. Therefore
SuppR(M) = Spec(R) and hence Corollary 4.3 implies that idR(N)< ∞.

If Ext1R(M,M) = 0, then M is maximal Cohen-Macaulay since Ext1R(k,k) ̸= 0. Thus idR(M)< ∞

and Corollary 4.14 shows that R is regular, and hence M is free. □

In [22, 2.1] (cf. [23, 2.1]), Jorgensen-Leuschke use a particular numerical deviation from a
module being Ulrich to provide an upper bound on the growth of successive Betti numbers of
an R-module N under certain conditions on vanishing of TorR

i (M,N) or ExtiR(M,N†). We pro-
vide a variation on their result by using this numerical deviation to provide a lower bound on the
growth rate of the successive Betti numbers of M, with analogous conditions on the vanishing of
ExtiR(M,N). In a sense, while their results are deduced from homological information, ours are
cohomological in nature.

Theorem 4.16. Let R be a local ring and let M and N ̸= 0 be R-modules. Assume that N is
Cohen-Macaulay with n = dim(N). If ExtiR(M,N) = 0 for t ⩽ i ⩽ t +n for some t ⩾ 1, then

β
R
t+1(M)⩾

µR(N)

eR(N)−µR(N)
·β R

t (M).

Proof. Extending the residue field if needed, we may suppose that the residue field k is infinite.
There exists an N-regular sequence x = x1, . . . ,xn ∈ m such that the ideal (x) = (x1, . . . ,xn) is a
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minimal reduction of m modulo Ann(N) [4, Section 4.6]. Denote N = N/xN. As x is a regular
sequence on N, it follows that ExttR(M,N) = 0 [4, Proof of 1.2.4]. Applying HomR(M,−) to
the short exact sequence 0 → mN → N → k⊕µR(N) → 0, we get an injection ExttR(M,k⊕µR(N)) ↪→
Extt+1

R (M,mN). This, combined with Lemma 4.12(i) gives us that

ℓR(ExttR(M,k⊕µR(N)))⩽ ℓR(Extt+1
R (M,mN))⩽ β

R
t+1(M) · ℓR(mN) = β

R
t+1(M) · (eR(N)−µR(N)).

As ℓR(ExttR(M,k⊕µR(N))) = β R
t (M) ·µR(N), the result follows. □

Applying Theorem 4.16 when N is the canonical module, we immediately recover a general
result of Avramov; see [1, 4.2.7].

Corollary 4.17. Let R be a Cohen-Macaulay local ring and let M be a nonfree maximal Cohen-

Macaulay R-module. Then β R
i+1(M)⩾

r(R)
e(R)− r(R)

·β R
i (M) for all i ⩾ 1. In particular,

(i) If e(R)⩽ 2r(R), then the Betti sequence of any module is nondecreasing after at most d steps.
(ii) If e(R) < 2r(R), the the Betti sequence of any module of infinite projective dimension has

exponential growth after at most d steps.

Proof. We may suppose R is complete so that it admits a canonical module ω . As eR(ω) = e(R)
and µR(ω) = r(R), the result follows from Theorem 4.16. □

Example 4.18. If R = k[[x,y]]/(x2,xy,y2), then µR(ω) = r(R) = 2 and e(ω) = ℓ(R) = 3 so ω is
(3/2)-Ulrich. Applying Corollary 4.17 is one (of many) ways to see that every nonfree module
over R has a Betti sequence that grows exponentially.

5. ADDITIONAL APPLICATIONS

In this section we record several additional consequences of our main theorems. We also provide
additional examples to demonstrate their sharpness.

Corollary 5.1. Let R be a local ring and let M and N be nonzero R-modules such that either M is
faithful or N has rank. If M is Ulrich and M⊗R N is maximal Cohen-Macaulay, then N is free.

Proof. Note that, since M is Cohen-Macaulay and M ⊗R N is maximal Cohen-Macaulay, M is
also maximal Cohen-Macaulay. So dimR(M ⊗R N) = dim(R) = dimR(M) and this implies that
Assh(M)⊆ Min(R)⊆ Ass(R).

In the case where M is faithful, Theorem 3.6(ii)(a) shows that N is free.
Next assume N has rank. Then TorR

1 (M,N)p = 0 for each p ∈ Assh(M). Thus Theorem 3.6(i)
shows that N is free. □

Corollary 5.2. Let R be a d-dimensional Cohen-Macaulay local ring that has minimal multiplicity
and let M and N be R-modules, either of which has rank. If Ωn

R(M)⊗R N is nonzero and maximal
Cohen-Macaulay for some n ⩾ d +1, then N is free.

Proof. Note that Ω
n−1
R (M) is maximal Cohen-Macaulay so that Ωn

R(M) = Ω1
R(Ω

n−1
R (M)) is Ulrich

[24, 1.6]. Hence the result follows from Corollary 5.1. □

As a consequence, we show that the Huneke-Wiegand conjecture (see [21, page 473]) holds
true for Ulrich modules, or over rings with minimal multiplicity. The minimal multiplicity case
recovers a result of Huneke-Iyengar-Wiegand, obtained through different methods [20, 3.5].
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Corollary 5.3. Let R be a one-dimensional Cohen-Macaulay local ring and let M be a torsion-free
R-module such that M has rank and M⊗R M∗ is torsion-free. If R has minimal multiplicity or M is
Ulrich, then M is free. In fact, R is regular when M is Ulrich.

Proof. Note that M⊗R M∗ is maximal Cohen-Macaulay. If M is Ulrich, then Corollary 5.1 yields
that M∗ is free. Since depth(R) = 1 and M is torsion-free, we see that M is free by [6, 2.13].

Next, assume that R has minimal multiplicity. Note that M∗ ∼= Ω2
R(A)⊕R⊕n for some R-module

A and n ⩾ 0. If Ω2
R(A) = 0, then M∗ is free and hence M is free by [6, 2.13]. If Ω2

R(A) ̸= 0, then
we can apply Corollary 5.2 to M⊗R Ω2

R(A) to conclude that M is free. □

In the following observation tor(M) denotes the torsion submodule of the module M.

Lemma 5.4. Let R be a local ring and let M be a Cohen-Macaulay R-module. If M/ tor(M) is a
nonzero free R-module, then M is free.

Proof. We have an exact sequence 0 → tor(M)→ M → R⊕n → 0 for some n > 0, which implies
that M ∼= R⊕n ⊕ tor(M). Suppose tor(M) ̸= 0. Then it follows that

dim(R)−1 ⩾ dimR(tor(M))⩾ depthR(tor(M))⩾ depthR(M) = dimR(M) = dim(R),

a contradiction. Consequently, tor(M) = 0, and hence we have M ∼= R⊕n. □

Corollary 5.5. Let R be a local ring and let M be an Ulrich R-module such that M ⊗R M∗ is
Cohen-Macaulay. Assume at least one of the following conditions holds:

(i) M is faithful.
(ii) TorR

1 (M,M∗) is torsion and SuppR(M) = Spec(R)

Then M∗ is free. Moreover, if depth(R)⩽ 1, then M is free and R is regular.

Proof. As dim(M ⊗R M∗) = dim(M), Theorem 3.6 implies that M∗ is free. Let M := M/ tor(M)
denote the torsion-free part of M. Then it follows that M∗ ∼= M∗, and hence M∗ is free. If
depth(R) ⩽ 1, since M is torsion-free, it follows from [6, 2.13] that M is free. Now Lemma 5.4
implies that M is free. But as M is Ulrich, R must be regular. □

The following examples show that Corollary 5.1 is sharp:

Example 5.6. Let R = k[[x,y]]/(xy) and M = N = R/(x). Then R is reduced, and M and M ⊗R M
are maximal Cohen-Macaulay Ulrich modules, but M is not free. Note that M does not have rank.
Note also that SuppR(M) = {(x),(x,y)} ̸= Spec(R). This example also shows that full support
assumption in Theorem 3.6(ii)(c) is needed: TorR

1 (M,N)∼= k and hence it is torsion.

Example 5.7. ([21, 4.3]) Let R = k[[t4, t5, t6]], I = (t4, t5) and J = (t4, t6). Then R is a one-
dimensional complete intersection domain and I, J and I ⊗R J are non-free maximal Cohen-
Macaulay R-modules, each of which has rank. Note that I and J are not Ulrich modules as
eR(I) = eR(J) = e(R) = 4 > µR(I) = µR(J) = 2.

Let L = IJ. Then, since I ⊗R J is torsion-free, it follows that IJ ∼= I ⊗R J. Therefore L is an
Ulrich module since µR(L) = 4 = eR(L). However L⊗R L has torsion, that is, it is not maximal
Cohen-Macaulay.
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Example 5.8. ([14, 7.3]) Let R = k[[t9, t10, t11, t12, t15]], I = (t9, t10) and J = (t9, t12). Then R is a
one-dimensional domain which is not Gorenstein, and I, J and I ⊗R J ∼= ωR are non-free maximal
Cohen-Macaulay R-modules, each of which has rank. Note that I and J are not Ulrich modules as
eR(I) = eR(J) = e(R) = 9 > µR(I) = µR(J) = 2.

Finally, we examine the Ulrich properties when tensoring an Ulrich module with iterated tensor
products or exterior powers. For this result, we recall that, if M is an R-module, then the anti-
symmetrization map ι i

M :
∧i

R(M)→
⊗i

R M is given on elementary wedges by

x1 ∧ x2 · · ·∧ xi 7→ ∑
σ∈Si

(−1)sgn(σ)xσ(1)⊗R xσ(2)⊗R · · ·⊗R xσ(i).

It is well known that ι i
M is a split injection for any i when M is free. We provide a proof of this fact

for lack of a reference in sufficient generality.

Lemma 5.9. Let R be a local ring. If N is a free R-module, then ι i
N is a split injection for each i.

Proof. Let e1, . . . ,en be a basis for N. We may assume i ⩽ n. We first claim that ι i
N is injective.

Pick r := ∑ j1<···< ji r j1··· ji(e j1 ∧·· ·∧ e ji) ∈ ker(ι i
N). Then we have

∑
j1<···< ji

∑
σ∈Si

(−1)sgnσ r j1··· ji
(
eσ( j1)⊗R · · ·⊗R eσ( ji)

)
,

where the terms eσ( j1)⊗R · · · ⊗R eσ( ji) that appear in this sum are all distinct basis elements of⊗i
R N. It follows that each r j1··· ji = 0. Thus r = 0, so ι i

N is injective. We thus have a short exact

sequence 0 →
∧i

R N
ι i
N−→

⊗i
R N →C → 0. Applying −⊗R k, we obtain an exact sequence

0 → TorR
1 (C,k)→

( i∧
R

N
)
⊗R k

ι i
N⊗Rk
−−−→

( i⊗
R

N
)
⊗R k →C⊗R k → 0.

But there is a commutative diagram:(∧i
R N

)
⊗R k

(⊗i
R N

)
⊗R k

∧i
k(N ⊗R k)

⊗i
R(N ⊗R k)

ι i
N⊗k

ι i
N⊗k

whose vertical arrows are the natural isomorphisms. From above, we know that ι i
N⊗Rk is injective,

so commutativity of the diagram implies that ι i
N ⊗k is injective as well. Thus TorR

1 (C,k) = 0, which
implies that C = coker(ι i

N) is free over R. Thus ι i
N is a split injection. □

Proposition 5.10. Let R be a local ring and let M, N1, . . . ,Nt be nonzero R-modules. Assume:
(i) M is unmixed and eR(M) = µR(M).

(ii) dimR(M) = dimR(M⊗R Ni) for all i = 1, . . . , t.
(iii) M⊗R Ni is Cohen-Nacaulay for all i = 1, . . . , t.
Then the following hold:
(a) M⊗R

(⊗t
i=1 R⊕µR(Ni)

)∼= M⊗R
(⊗t

i=1 Ni
)
.
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(b) M⊗R N1 ⊗R · · ·⊗R Nt and M⊗R
(∧r

R Ni
)

are Ulrich for all i = 1, . . . , t and all r ⩾ 0.
(c) If TorR

1 (M,N1 ⊗R · · ·⊗R Nt) = 0, then Ni is free for all i = 1, . . . , t.

Proof. For each i, choose a surjection pi : R⊕µR(Ni)↠Ni. By Lemma 3.3(i), since M is unmixed, we
see ker(M⊗ pi) = 0. Thus M⊗ pi is an isomorphism, which implies that M is Cohen-Macaulay and
hence Ulrich. Inductively, we see that M⊗

(⊗t
i=1 pi

)
: M⊗R

(⊗t
i=1 R⊕µR(Ni)

)
→ M⊗R

(⊗t
i=1 Ni

)
is an isomorphism, from which it follows that M ⊗R

(⊗t
i=1 Ni

)
is Ulrich. For the claim about

modules M⊗R
(∧r

R Ni
)
, we set N := Ni and p := pi. There is a commutative diagram:

∧r
R R⊕µR(N) ∧r

R N

⊗r
R R⊕µR(N) ⊗r

R N
⊗r p

∧r p

ιr
R⊕µR(N) ιr

N

Applying M⊗R − to this diagram, we obtain another commutative diagram:

M⊗R
(∧r

R R⊕µR(N)
)

M⊗R
(∧r

R N
)

M⊗R
(⊗r

R R⊕µR(N)
)

M⊗R
(⊗r

R N
)M⊗(

⊗r p)

M⊗(
∧r p)

M⊗ιr
R⊕µR(N) M⊗ιr

N

From Lemma 5.9, we have that ιr
R⊕µR(N) is a split injection, so M ⊗ ιr

R⊕µR(N) remains injective.
Consequently, it follows from above that M ⊗

(⊗r p
)

is an isomorphism. The commutativity
of the diagram then forces M ⊗

(∧r p
)

to be injective, and hence it is an isomorphism. Thus
M⊗R

(∧r
R N

)
is Ulrich as well.

Next, assume TorR
1 (M,N1 ⊗R · · ·⊗R Nt) = 0. Then we have the following short exact sequence:

0 → M⊗R Ω
1
R(N1 ⊗R · · ·⊗R Nt)→ M⊗R

( t⊗
i=1

R⊕µR(Ni)
) M⊗(

⊗t
i=1 pi)−−−−−−−→ M⊗R

( t⊗
i=1

Ni

)
.

As we know M⊗
(⊗t

i=1 pi
)

is bijective, it follows that M⊗R Ω1
R(N1 ⊗R · · ·⊗R Nt) = 0. As M ̸= 0,

this forces Ω1
R(N1 ⊗R · · ·⊗R Nt) to be zero, which forces each Ni to be free. □

The next example shows the hypothesis that M is Ulrich in Proposition 5.10 cannot be relaxed
to even assuming M is 2-Ulrich.

Example 5.11. Let R = k[[x,y,z]]/(xy) and let M = N = R/(z). Then M ⊗R N ∼= M is Cohen-
Macaulay, but not Ulrich since µR(M) = 1 ̸= 2 = eR(M).
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