GRADED RINGS OF RATIONAL TWIST IN PRIME CHARACTERISTIC
FLORIAN ENESCU AND YONGWEI YAO

ABSTRACT. We study the generating function associated to complexity sequence of the
twisted construction of a N-graded ring. We regard this as an object reflecting the properties
of the ring and its grading and perform a detailed analysis of the case of the polynomial ring
with general N-grading. Applications to the Frobenius complexity of determinantal rings
are provided.

1. INTRODUCTION

This paper is dedicated to the study of certain generating functions associated naturally
to a novel concept in commutative algebra in positive characteristic, the twisted construction
of a N-graded ring, where N denotes the set of all non-negative integers. Katzman, Schwede,
Singh and Zhang have introduced this concept in their paper [KSSZ]. The importance of this
construction is illustrated by its applications to the study of the ring of Frobenius operators
on the injective hull of the residue field of a local ring (R, m, k) in positive characteristic.
In this paper, we highlight some combinatorial features of graded rings that are inherently
present in positive characteristic and are due to the twisted construction.

Unless otherwise noted, in this paper we let R be a commutative ring of prime characteristic
p > 0. Let Z be an N-graded commutative ring with %, = R.

Definition 1.1. Define the twisted construction on & by
T(;@) = @620%1,@_1,
which is an N-graded ring by
axb=ab"
for all @ € Zpe 1, b € Z,_;. The degree e piece of T(Z) is To(Z) = RBpe 1.

Our research is centered around the following generating function.

Definition 1.2. Let {c.}.>0 be the complexity sequence for T' = T'(%). Let

Ca(z) = Zcez8 € Q[=],
e=0
which we call the twisted generating function of Z.
We are going to show that, for some classes of rings, this generating function is rational

and it carries additional interesting features connected to the grading of the ring. This
includes the class of polynomial rings, a case that brings forward some features connected
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to the Ehrhart polynomial of an integral convex polytope which are interesting in their own
right. We will state our main results now, but first we need to introduce more terminology.

Definition 1.3. We say that Z has a grading with rational twist, or simply that the graded

ring Z has rational twist, if C(z) = C4(z) = gg; with P(2), Q(z) € Q[z]. Furthermore, with

C(z) = 522 where P(z), Q(z) € Q[z] do not have common roots in C, if Q(z) has a unique
simple root 1/ of minimal absolute value, we say that the graded ring & has rational twist
with dominant eigenvalue (or, with dominant eigenvalue ).

With #Z having rational twist with dominant eigenvalue v, Theorem gives, for e > 0,

ce = py°© + lower order terms o(7).

In this case, we call the number p is the twisted complexity multiplicity of %, or simply
t-multiplicity.

Our main result is the following theorem, see Corollary

Theorem 1.4. Let R be a commutative ring of prime characteristic p.
(1) Let Z = Rlzy,...,xy] graded with deg(x;) = d; > 0, i = 1,...,m. Then % has
rational twist.
(2) Let Z = V.(R[x1,...,Tn]), where r > 1, be the rth Veronese subring of the standard
graded polynomial ring Rz, ..., xy]. Then Z has rational twist.

This statement is part of Theorem [2.10] which, in fact, is substantially more general.

Our interest stems from applications to the Frobenius complexity of local rings of prime
characteristic via the ring of Frobenius operators on the injective hull of the residue field.
So, let us review briefly these concepts.

1.1. Frobenius operators and Frobenius complexity. For an R-module M, an eth
Frobenius action, ¢ : M — M is an R-additive map ¢ : M — M such that ¢(rm) = ri¢(m),
forall r € R,m € M. Let Z#¢(M) be the collection of all eth Frobenius operators on M.

Definition 1.5. We define the algebra of Frobenius operators on M by
F(M) = @0 F*(M),

with the multiplication on .% (M) determined by composition of functions; that is, if ¢ €
Fe(M), € F(M) then ¢pop := ¢ o1p € Fe+¢(M). Hence, in general, ¢pip # 1.

The ring of Frobenius operators on the injective hull Eg(k) of the residue field of a local
ring of positive characteristic has been studied by many researchers in commutative algebra.
The twisted construction appears naturally in this context as shown by the theorem stated
below.

Theorem 1.6 ([KSSZ|). Let (R, m, k) be a normal, complete local ring of positive character-
istic. Let w™! denote the inverse of the canonical module of R, E = Er(k) the injective hull
of k and Z(w™') = @,=ow ™™ the anticanonical cover of R. Then we have an isomorphism
of graded rings

F(E)2T(ZR(w™)).
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Let (R,m,k) be a local ring and £ = Eg(k) the injective hull of k. One of the most
important investigations on .# (F) regards its generation as ring over R. To this end, the
notion of Frobenius complexity of R, cxp(R), has been introduced in [EY1].

We are now in position to state the definition of the Frobenius complexity of a local ring
of prime characteristic.

Definition 1.7. Let (R, m, k) be a local ring of prime characteristic p. Denote by E the
injective hull of the residue field of R. Denote k.(R) := k.(.# (FE)), for all e, and call these
numbers the Frobenius growth sequence of R, as per Definition [1.10, Then ¢, = c.(R) :=
ke(R) — ke—1(R) defines the Frobenius complezity sequence of R.
The complezity of Z (E) is
inf{n € R.g:c. = O(n°)}
and it is denoted by cx(#(E)). Therefore, if there is no n > 0 such that ¢.(.Z (E)) = O(n®),

then cx(Z#(F)) = oc.
We define the Frobenius complexity of the ring R by

cxp(R) = 10gp(CX(9(E)>)>

if cx(.# (F)) is nonzero and finite. If the Frobenius growth sequence of the ring R is eventually
constant (i.e., cx(.Z(F)) = 0), then the Frobenius complexity of R is set to be —oo. If
cx(Z (F)) = oo, the Frobenius complexity if R is set to be oo.

Corollary 1.8. Let (R,m, k) be a normal, complete local ring of prime characteristic p. If
the graded ring Z(w=') has rational twist with dominant eigenvalue v, then

cxp(R) = log, (7).

In [EY2], we observed that the complexity of the twisted construction for the anticanonical
cover of the determinantal rings of 2 x 2 minors in a matrix of indeterminates is given by the
twisted construction of the Veronese ring of the polynomial ring. Hence our computations
in Section 3 provide insight in how to compute the Frobenius complexity of determinantal
rings, using methods different from those in the aforementioned paper. In particular, we
obtain the following result, according to Example [3.19(1).

Theorem 1.9. Let K be a field of characteristic p and m > 3 be an integer. Consider the
determinantal ring of 2 X 2 minors in a matriz of indeterminates of size m X (m — 1) over
K, and denote by S, the completion of the ring at its maximal homogenous ideal. Let v be
the dominant eigenvalue of K[xy,...,x,) considered with standard grading. Then

(1) exp(Sm) = log,(v),

(2) pm2 <y <pTh,

(3) hmpﬁ\oo<CXF(S )) =m—1,

(4)

hmp*)oo T — =1- ﬁ

Proof. This follows from Example [3.19(1) and [EYT, Theorem 5.6] as well as [EY2, Theo-
rem 4.1]. It is proved in [EYIl Theorem 5.6] and [EY2, Theorem 1.20] that the Frobenius

complexity of S, is directly related to the complexity of T(K|x1,...,z,]). Specifically, if
the dominant eigenvalue of K[zy,...,7,,] is 7, then cxp(S,,) = log, 7. O
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Let us put our results in a larger context. In our previous work ([EY1,[EY2]), we examined
the dominant eigenvalue of the polynomial ring with standard grading and the Veronese ring
of a polynomial ring with standard grading, although without using this terminology and
with different methods. Boix, in his thesis [B], and Alvarez Montaner, in [A], have associated
various generating functions to Cartier algebras or rings of Frobenius operators. In particular,
Alvarez Montaner has defined the generating function associated to the complexity sequence
for a skew algebra and studied it for the ring of Frobenius operators on the injective hull
of the residue field of a local ring for the examples in the literature where the complexity
sequence was understood. Our point of view is that the twisted construction of a graded ring
is what should be investigated combinatorially, and hence the systematic investigation of the
fundamental case of polynomial rings in relation to this concept. Theorem connects the
two objects and explains, from our point of view, the reason why the generating functions
of rings of Frobenius operators have remarkable structure (as they are directly connected
to the twisted construction). The fact that the generating function of twisted construction
is rational in full generality for polynomial rings shows that this behavior goes potentially
beyond that of rings of Frobenius operators. For the convenience of the reader, we add here
that the complexity sequence for the ring of Frobenius operators on a Stanley-Reisner ring
has been investigated, although not using this terminology, by Alvarez Montaner, Boix and
Zarzuela in [ABZ], and, subsequently, Boix and Zarzuela in [BZ], and, more recently, Ilioaea
in [I].

The bulk of our paper surrounds the complexity concept which we will review now.

1.2. Complexity of skew algebras. Let us review the definition of the complexity of a
graded ring. A detailed introduction, with proofs, can be found in [EY1].

Definition 1.10. Let A = @.>¢A. be a N-graded ring, not necessarily commutative.

(1) Let G¢(A) = G, be the subring of A generated by the elements of degree less or equal
to e. We agree that G_; = Ay.

(2) We use k. = k.(A) to denote the minimal number of homogeneous generators of G,
as a subring of A over Ay. (So k_y = ko = 0.) We say that A is degree-wise finitely
generated if k. < oo for all e > 0.

(3) For a degree-wise finitely generated ring A, we say that a set X of homogeneous
elements of A minimally generates A if for all e, X, = {a € X : deg(a) < e} is a
minimal set of generators for G, with k. = || X<.|| for every e > 0. (Here ||| denotes
cardinality in the sequel.) Also, let X, = {a € X : deg(a) = e}.

Proposition 1.11. Let A be a degree-wise finitely generated N-graded ring and X a set of

homogeneous elements of A. Then

(1) The minimal number of generators of (GL

e—l)e
e > 0.
(2) If X generates A as a ring over Ay then || Xc|| = ke — ke—1 for all e > 0.

as an Ag-bimodule is k. — k._1 for all

Let f(n) and g(n) be real-valued functions defined on the set of natural numbers. We
say that f(n) = O(g(n)) if there exists M > 0 and a nonnegative integer no such that
|f(n)] < M -|g(n)| for all n > ny.
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Definition 1.12. Let A be a degree-wise finitely generated ring. The sequence {k.}. is called
the growth sequence for A. The complezity sequence is given by {c.(A) = ke — ke_1}es0- The
complezity of A is

inf{n € R.g:c.(A) = O(n)}
and it is denoted by cx(A). Therefore, if there is no n > 0 such that c.(A) = O(n°), then
cx(A) = 00,

In fact, for a particular type of algebras, called R-skew algebras, one can say even more.
Let us review this concept.

Definition 1.13. Let A be a N-graded ring such that there exists a ring homomorphism
R — Ay, where R is a commutative ring. We say that A is a (left) R-skew algebra if aR C Ra
for all homogeneous elements a € A. A right R-skew algebra can be defined analogously. In
this paper, our R-skew algebras will be left R-skew algebras and therefore we will drop the
adjective ‘left” when referring it to them.

One should note here that .7 (F) is a left R-skew algebra.
Proposition 1.14. Let A be a degree-wise finitely generated R-skew algebra such that R =

Ap. Then c.(A) equals the minimal number of generators of (GAfl)e as a left R-module for

all e.

2. RATIONAL TWIST

Let Z be an N-graded commutative ring of prime characteristic p with %y, = R. As
before, let T(Z) := @e=0Hpe—1 denote the twisted construction associated to Z. Denote the
following:

o T :=T(Z%).
o G.:=G.(T).
o 1. :=T.(R) = Rpe_1.

We also let {c.}eso equal the complexity sequence of T, and consider the generating
function

Ca(z) = Z Ce’ = Zceze € Q[z],
e=0 e=1
which we call the twisted generating function of Z.

Definition 2.1. Let # be an N-graded commutative ring of prime characteristic p, finitely
generated over Z, = R. We say that graded ring & has rational twist (or that the grading

on % has rational twist) if
oo o0
Ca(z) = Z A Zceze
e=0 e=1

is a rational function, that is, C4(z) = P(z)/Q(z) for some P(z), Q(z) € Q|x].
The leading question of our research is

Question 2.2. Assume that Z is finitely generated as an R-algebra. When is C(z) a rational
function in z? That is, when does % have rational twist?
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2.1. Affine semigroup rings with rational twist. Let R be a commutative ring of prime
characteristic p, and let m, dy, ..., d,, be positive integers. Also let A be a finitely generated
semigroup of (N, +), with the assumption (0, ..., 0) € A. Consider the polynomial ring
Rlzy, ..., ), with general grading deg(z;) = d; for all i = 1,...,m. Let R[A] denote the
semigroup ring of A over R, so R[A] is a graded subring of R[xy, ..., x,,]. In this section, we
study T'(R[A]) and, (sometimes, in particular, T'(R[x1, ..., ,])). We are interested in the
sequence {c}eso of this ring, as well as its generating function, i.e., the twisted generating
function.

In addition, we plan to study the dominant eigenvalue and t-multiplicity, when they exist,
and consider their behavior when p — oo, in the case where dy, ..., d,, are fixed.

To simplify notation, denote the following (with R, p, m, di, ..., d,, and A understood):

o % = R[A], with its grading described as above.
o d:=(dy, ..., dp).

e Let ay, ..., ap be a mininal generating set for A, with total degrees f1, ..., fn. That
is, || = fi, where for a = (aq,...,a,) € N™, |a| lalg == ardy + - - - + amdp,.

e For every i € N, denote A; = {a € A: |a] = @}

o T:=T(Z%).

o G.:=G.(T).

o T, :=T.(R) = T.(R[A]) = Hpe—1 = (R[A])pe—1. As there are several gradings going

on, when we say the degree of a monomial, we agree that it refers to its (total) degree
in Z = R[A]. Thus a monomial in 7, is a monomial of (total) degree p® — 1. For
every e € N, denote the set of all monomials in T, by 7., and denote the set of all
monomials in (G._1). by Ge.

e For every e > 0, denote C, := 7. \ G.. Note that C; = () and C; = Ti. Clearly,
Te, G. and C. give rise to the monomial bases of T, = Zpe_1, (Ge—1). and T
respectively. Thus ¢, = ¢.(T) = ||C||, the cardinality of C.. Note that c¢o(T") = 0,
to(T') = rankg(Tp) = rankg(R) = 1 and ¢1(T) = t1(T") = rankg(T1) = rankg(%,_1).

e The twisted generating function of R[A] is

C(z) = Cppa(2 Zcez —Zce

e We also denote

T(2) = Tria (2 th € Q[z

Notation 2.3. As in [EY1], we will also use the following notation in the sequel: For an
integer a € N, if a =c,p" +---+c1p+co with 0 < ¢; <p—1 for all 0 <7 < n, then we use
a = ¢, - - - ¢y to denote the base p expression of a. Also, we write al. to denote the remainder
of a when dividing to p®. Thus, if a = ¢, - ¢y and n > e — 1 then a|. = ¢._1 -~ ¢y, which

we refer to as the eth truncation of a. Put differently, a|. = a — L%J p¢, in which L%J is

the floor function of #. When adding up integers a; € N with 1 < ¢ < m, all written in
base p expressions, we can talk about the carry over to the digit corresponding to p®, which
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is simply LWJ All the notation depends on the choice of p, which should be clear

from the context.

Definition 2.4. Let A be an affine semigroup, that is A C N™, for some m € N.
(1) We say that A is CD if A is closed under differences in the following sense:

(e ANPBeAN(a—peN") = a—-pecA
(2) We say that A satisfies the CLTD condition (or A is CLTD) is A is closed under left

twisted differences in the following sense: for all ¢/ > 0, ¢’ > 0,
(@ €A )N (@ EN")A (o +p7d € Aprir_y) = o € A.

(3) We say that A satisfies the CRTD condition (or A is CRTD) is A is closed under
right twisted differences in the following sense: for all ¢/ > 0, " > 0,

(@ eN") A (" € Apr ) A(d +p ") € Apreen_y, => o € A
Lemma 2.5. Fvery affine semigroup A that is CD satisfies CRTD.

Proof. With the notation as in the Definition part (3) above, if o/ +p“o” € A, o/ € N™
and o € A (hence p® o € A), then o = (o/ +p®a”) —p“a” € A by CD. O

Example 2.6. (1) It is clear that N™ satisfies CD, CRTD and CLTD.

(2) Let V,, = {a € N" : r | |a|}, the r-Veronese sub-semigroup of N™. Then V, satisfies
CD, CRTD and CLTD. Indeed, as V,. satisfies CD, it satisfies CRTD. For CLTD, we
consider the following two cases: If p | r, then there is no a € V. such that |a| = p*—1
with e > 0 and hence the CLTD condition is trivially satisfied. Now assume p { r,
¢, e >0, a €V, with |o/| = p¢ — 1, o € N™ such that |o/ 4+ p®a”| = p*+¢" — 1
(and hence |o| = p® — 1) and o/ 4 p®a” € V.. Then

I/|: I/|: I/|—|O/”

pe’|a ’pe’a ’&/+pe’a

which is a multiple of . Hence r | ||, since ged(p, 7) = 1.

Let us consider an affine semigroup A C N™. Let a = (aq,...,a,) € A such that |a| :=
lalg := a1dy + - - -+ ayd,, = p¢ — 1, which corresponds to the fact that x® := z{* --- 2% € T,.
Fix any positive integers €', €’ such that e = ¢’ +¢€”. Then x® € T, x T, if and only if it can
be decomposed as

/
o 1" Ol/erE Oé”

2 =2 x 1 =2
for some 2% € To/, 2" € Ton, if and only if there is an equation
o=a + pe’ o
for some o’ € A o, and o” € A v, which is equivalent to the existence of equations
a; =a,+pal forall ie{l,... m}

for some (ay,...,a,,) € A, and (af,...,ay) € A,r ;. We denote this situation by

(). Observe that, when (x) holds, a; and a! are uniquely determined by a; = a;| and
a! = (a; — agle)/p¢ for alli =1, ..., m. We have two cases:
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(1) If A satisfies CLTD, then the above (x) holds if and only if
Oé‘e/ = (al, ceey am)|e/ = (alle/, Ceey am\ex) S Apel—l

which simply means

m

(a1, ...,am)le € Aand |(a1,...,an)|e| = Z(ai|e/)di =p° —1
i=1
(see Notation [2.3|for the meaning of a;|.) if and only if
$a|e' = m‘;ﬂe’ .. .:Lv?nm|e’ I 7;,‘
(2) If A satisfies CRTD, then the above (x) holds if and only if
(o —ale)/p” € Aprs
if and only if /
glo—ele)/v® ¢ T,
With the argument above, we establish the following results.
Proposition 2.7. Consider T' = T(R[A]), in prime characteristic p. Let e, €', ¢’ > 0 such
that e = ¢’ + € and let 2 = 7" --- 2% € Te.

(1) If A satisfies CLTD, then 2 € Ty * T,n <= % € T,. If this is the case, then x°
can be expressed as a twisted product of a unique monomial in T (namely x"‘le’) and
a unique monomial in Tor (namely x(a*a‘e/)/pe,).

(2) If A satisfies CRTD, then x® € Ty x T <> pla—al)/r ¢ Ter. If this is the case,
then z® can be expressed as a twisted product of a unique monomial in To (namely
ze ) and a unique monomial in T (namely x(a_o“e’)/pe/).

Proof. The equivalences have been proved in the discussion above. The uniqueness (in both

(1) and (2)) follows from how twisted multiplication works in light of base p expressions of
the components of « = (ay, ag, ..., apy). O

Thus we have the following:

Proposition 2.8. Let T' = T(R[A]) in prime characteristic p and e > 1. Then
(1) If A satisfies CLTD then T, = {5 _, Cer % Te—er, in which ¢ denotes disjoint union.
(2) If A satisfies CRTD then T, = Ho_ Te—er * Cer.
(3) If A satisfies CLTD or CRTD thent. =Y ¢_ Cerleer.
Proof. (1) For any x® = z{* --- 2% € 7., denote ¢/ = min{i > 1| z® € T;*7T._;}, which exists
and is at most e. So )
20 — g0l g pla—olu)/of
with z%e € T, and la—al)/r € To_o. By the minimality of ¢/, we see 2 € C.. Thus
7:3 = UZ’:I Ce’ * 7;—6’-
It remains to show that UZ':1 Co * To_er is a disjoint union. Suppose that there exist
1<e <e +ey<eand x® € T, such that

xa € (Ce1 * 7;761) N (C€1+62 * 7;761762)'
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By Proposition (1), we see that z®let € C,, and z®e+e2 € C.4.,. Observing that
p(@letella = goles € T we apply Proposition (1) to xerte: € T2\, to conclude

ol € T« T,

which contradicts z®eitez € Ceytey- Thus Uz'71 o % To_e is a disjoint union.
(2) For any z® = ' --- 2% € T, denote ¢/ = min{i > 1|z* € T._; x T;}, which exists
and is at most e. So

e—e!

xa f— ‘Ta|e e * x(a a|€ 6/)/p

with z®le-e € T,_. and 2(@=le-e)/P""° ¢ T, By the minimality of ¢/, we see x(@=le—e)/P e
Cer. Thus U 1y Te—er % Cor. The assertion that (JS,_; Te—er * C , is a disjoint union can
be proved sunllarly to (1) above, relying on applications of Proposition [2.7/(2).

(3) If A has CLTD, then in light of (1) above, we have

te = IITII—ZHC/* ||—Z||C I 7ee |I—Zcefte_ef,

e'=1

—e’

1n which the equality ||Co % Te—er|| = ||Cer|| || Te—e’ || holds because the map from Co X Te—or to
o * To_er defined by tw1sted multlphcatlon is bijective. The proof for the case of A being
CRTD is similar, which relies on (2) above. O

Proposition allows us to state the following:

Theorem 2.9. Let T' = T(R[A]) be as above. Assume that A satisfies CLTD or CRTD.
Then

C(2)T(z)=T(z) —1 or equivalently C(z) =1-—

T(2)
So C(z) is rational if and only if T (z) is rational.

Proof. By Proposition [2.8 we have

— (i ceze> (2 tef) Zt 2° = —1. O

Theorem 2.10. Let T = T(R[A]) be as above (with R having prime characteristic p, A an
affine semigroup in N, and deg(z;) = d; > 1). Then T (z) is rational. If A satisfies CLTD
or CRTD, then C(z) is rational hence the graded ring # = R|A] has rational twist.

Proof. We may assume that R is a field without loss of generality. Because of Theorem [2.9]
it suffices to show that 7(z) is rational. As T' = T(Z) = T(R[A]), we see t, = rankg(Fpe_1)
for all e > 0.

Let aq,...ap be a minimal generating set for A with total degrees fi, ..., fn. Let
D = lem(fi,...,fn). For every n € N, let h(n) := dimg((R[A]),), the Hilbert function
of # = R[A], with the grading induced by the total degree. It is known [BI] that there exist
polynomials of degree at most m — 1

hi(x) € Qlz|, i=0,...,D—1,
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such that
h(n) = rankg(%,) = hi(n) if n=1i¢ mod D.
for all n > 0.
In the remaining of the proof, we assume

h(n) = rankg(%,) = hi(n) if n=¢ mod D

for all n > 0 (which is the case when #Z = Rz, ..., ,,]), as we can change finitely many
values of £, without affecting the rationality of T (z).

The sequence {p® — 1 mod D}.>¢ is eventually periodic (which is actually periodic when
p 1 D). Let E be the eventual period. For each i = 0, ..., E — 1, let k(i) be the unique
integer such that 0 < k(i) < D — 1 and p"#* — 1 = k(i) mod D for n > 0 (in the case of
p1 D, we actually have p"F+* — 1 = k(i) mod D for any n > 0, e.g., n = 0), and define the

function
m—1

ni(z) = hk(i)(pix —1) = Z aijxj € Q[x].

=0
Now, for all e > 0 (for all e > 0 when p{ D) such that e =i mod E with 0 <i < F — 1,
we have

te = h(p® — 1) = hi(iy (0° = 1) = by (' (p°') = 1) = mi(p° ™).
Without affecting the rationality of 7(z), we assume that {p* —1 mod D}. is periodic

with F being the period (which is actually the case when p 1 D).
Finally, given what has been covered above, we have

th —th —1)z
.

— Z h(an-l-i o 1)ZnE’+i

which is rational. O

In particular, we obtain the following
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Corollary 2.11. Let R be a commutative ring of prime characteristic p.

(1) Let #Z = R[x1,...,xy] graded with deg(x;) = d;, i = 1,...,m. Then the graded ring
X has rational twist.

(2) Let Z = V. (R[z1,...,Tm)), where v = 1, be the rth Veronese subring of the graded
polynomial ring R[xq,. .., %,] with deg(x;) = d;, i =1,...,m. Then the graded ring
X has rational twist.

Proof. Both (1) and (2) follow from Theorem in light of Example [2.6] O

3. DOMINANT EIGENVALUE

In this section let R be a commutative ring of prime characteristic p and Z be an N-graded

R-skew left algebra.
We remind the reader a standard result on generating functions and recurrence relations

necessary in this paper.

Theorem 3.1 (see [St], page 464, Theorem 4.1.1). Let oy, ..., aq be complex numbers, d > 1
and ag # 0. Let f: N — C a function. The following assertions are equivalent:

(1) The generating function of the sequence f satisfies

n_ Plz)

where Q(x) = 1+ aqx + - - + agr? and P(x) is a polynomial of degree less than d.
(2) For alln >0,

fn+d)+a1fin+d—1)+ -+ agf(n) =0.

(3) For alln >0,
k
fn) =>"Pin)y,
i=1
where 1 + oz + -+ 4+ agz? = Hle(l —;x)™, the v;’s are distinct and nonzero, and
P;(n) is a polynomial of degree less than m;.

Remark 3.2. Let »_ _, f(n)a" = %, Q) = 1+ arx + - + age? = [, (1 — yz)™
and f(n) = Y2F | Pi(n)y}" satisty the conditions in Theorem [3.1|above. Further assume that
P(z) and Q(z) do not have common roots in C. We claim that each P;(n) must have degree
m;—1. (Here we agree that a polynomial has degree —1 if and only if the polynomial is zero.)

Indeed, if deg(P;) < m;—1 for some j, then Theoremwill imply that 2@0 f(n)a™ = %

where Q(z) = [T, (1 — v2)%eP)+1 with deg(Q(z)) < deg(Q(z)), which is a contradiction.
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Remark 3.3. Let »_ o f(n)z" P@) satisfy the conditions in Theorem above. Further

~ Q@
assume that P(z) and Q(z) do not have common roots in C. From Theorem [3.1]2), we see
f(n+1) 0 1 0 .. 0 0 f(n)
f(n+2) 0 0 1 .. 0 0 f(n+1)

: I o fn+2)
fin+d=2) | o 0 0o ... 1 0 :
f(n+d—-1) 0 0 0 .. 0 1 f(n+d—2)

f(n+d) —Qy —Og_1 —Qg_o9 ... —Qy —O f(n+d—1)
for all n > 0. Note that the d x d matrix
0 1 0 ... 0 0
0 0 1 .0 0
0 0 0 A | 0
0 0 0 oo 0 1
—0qg —Og—1 —Qg—2 ... —09 —OQq

is precisely the (transpose of the) companion matrix of the polynomial
C(z) =2+ a1z + - 4 g1z + ag = 27Q(1/x).

In fact, C(z) is called the characteristic polynomial of the (recursive) sequence f in the
literature. Similarly, we may call the roots of the characteristic polynomial C'(x), which are
the reciprocals of the roots of Q(z), the eigenvalues of the sequence f.

With Theorem [3.I] and Theorem [2.10]in mind, we give the following definition.

Definition 3.4. We say that & has rational twist with dominant eigenvalue if C(z) is a
rational function of the form C(z) = gg;, where P(z) € Q[z] and Q(z) € Q[z] do not have
common roots in C, such that either Q)(z) is constant or )(z) has a unique simple root 1/
of minimal absolute valuel[l

In the case where (Q(z) has a unique simple root 1/ of minimal absolute value, Theo-
rem [3.1] gives, for e > 0,

ce = py°© + lower order terms o(7¢).

We call the number p is the twisted complexity multiplicity of %, or simply t-multiplicity,
and we call v the dominant eigenvalue of Z. E|

ISince ¢; = 0 for all 4 < 0, it is guaranteed that Q(0) # 0.

2More generally, assume that Q(z) = Hf: (1 —~;2)™ with v := v, having maximal absolute value (i.e.,
|v| > |v:| for all ¢ > 2) and m; > 1. Theorem [3.1|indicates that ¢, = Zle Pi(e)vs = O(Py(e)v®) as e — o0,
in which each P; is a polynomials of degree m; — 1 by Remark Let p be the leading coefficient of P;.
Since the sequence {c.} is non-negative and not eventually zero, it follows that p > 0 and v = cx(#) > 0. In
this case v is the unique root (with multiplicity m;) of the characteristic polynomial of the sequence {c; }een
of maximal absolute value.
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The following question is long reaching and refines the leading Question See also
section 5 in [A].

Question 3.5. Let R be a Noetherian ring and assume that Z is a finitely generated N-
graded R-algebra with %, = R.

(1) Does the graded ring % have a rational twist?
(2) If graded ring # has rational twist, is it with dominant eigenvalue?

Remark 3.6. (1) When Q(z) is of degree 1 and has the form Q(x) = 1 — vz, then p =

P(1/7). Indeed, P(z) = (1 —yz)R(2) + r, where r € C and so C(z) = R(z) + 1=,

which gives C(z) = R(2) +>_..,77°2° So, for e > deg(R), c. = r° and hence p = r.
But r = P(1/7).

(2) If Q(z) = (1 —yx)(1 — 0x) with |y| > |J], we write the decomposition of C(z) in
partial fractions

P(2) b p
C(z) = _R(Z>+1—5z+1—7z’

where p is indeed the t-multiplicity. So, P(z) = R(z)(1 —62)(1 —v2z) + b(1 — vz) +

p(1 —dz) and hence P(1/v) = p(1 — %) Therefore,
P(1/v)
p= 1_3 "
~

In general, for a local normal complete ring (R, m, k), the study of the Frobenius complexity
of R reduces to the study of the complexity sequence for the anticanonical cover Z of R.
The Frobenius complexity of R is given by log,(7), where v is the dominant eigenvalue of
X .

When the anticanonical cover of R is finitely generated, then it is a homomorphic image
of a polynomial ring over R in finitely many variables with non-standard grading. Therefore,
it is natural to study in detail the twisted generating function of the polynomial ring over R
with nonstandard grading.

In our previous papers [EY1l [EY2], we examined the dominant eigenvalue of the polyno-
mial ring with standard grading and the Veronese ring of a polynomial ring with standard
grading.

Theorem 3.7 ([EY2, Corollary 3.13, Subsection 3.2]). Let R be a a Noetherian ring,
r =1 and m > r + 2 be integers, and # = V.(R|x1,...,2Ty,]) be the r-th Veronese ring
of Rlxy, ...,y with standard grading. Then, for large p, % has rational twist with dom-
inant eigenvalue. If v, denotes the dominant eigenvalue of % in characteristic p, then

lim,, o0 log, (7)) = m — 1.

3.1. The polynomial case. Let Z = Rz, ..., x,,) with deg(z1) = dy, ..., deg(x,) = dpn-
Under the considerations in Section [2] about semigroups, this means that we take A = N"™.
As before, let D = lem(dy, . .., dy,). Further assume p 1 D, which implies that the congruence
class of p (mod D) is contained in ZJ, the group of units of Zp. We will assume without
loss of generality that R is a field.
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We use the same notation as in the proof of Theorem [2.10, For every n € N| let h(n) :=

rankp(%,). There exist h;(z) € Q[z], =0, ..., D — 1, such that

h(n) = rankg(%,) = hi(n) if n=¢ mod D.
for all n > 0. Let E be the order of p in Z}. For i =0,...,E — 1, let

ni(z) = higy (p'x — 1)
where 0 < k(i) < D — 1 and p* — 1 = k(i) mod D. Write
m—1

ni(z) = ai;r’ € Qz], i=0,...,E—1.
=0
Finally, for j =0,...,m — 1, let
E-1
Gi(z) == Z a2
=0

These are polynomials of degree at most £ —1, with leading coefficient ag_, ;, when nonzero.
We state a couple of useful facts about the quasi-polynomial h(n); see Proposition 12 and
Proposition 18 in [CM].
Proposition 3.8. Assume that ged(dy, ..., d,) = 1.
(1) Fori=0,...,D — 1, the leading term of h;(n) is m -nm L
(2) Fork=0,...,m—1, let
0 = lem(ged(d; :i€I): ||I||=k+ 1,1 C{1,...,m}).
Ifi—j =6, mod D, then the coefficients of n* in h; and h; are equal to each other.

The following result plays a crucial role in investigating the rational twist of %, for small
values of F, the order of p in Z7.

Proposition 3.9. The rational function T (z) can be written in the form ?{Ez; where
z
m—1 A m—1
R(z) = H(l —pJEZE) and Q(z) = Z [Cj(z) H(l _szZE)]
7= j= i#]

Moreover,

(1) Q(2) = az™F=1 + ... + 1, where a = (—1)™"Ipm=YmE2y . (1/pF), and Q(0) = 1.
In particular Q has degree mE — 1 if and only if 1/p” is not a root of np_1.

(2) R(z) has degree mE and its roots are € - 1%’ where € is any Eth roots of unity, for
any j =0,...,m— 1.

(3) R(z) and Q(z) do not have common factor if and only if (;(e - I%) # 0 for any Eth
root of unity € and j =0,...,m — 1.

- R

Q(z)
any Eth root of unity € and any j =0,...,m — 1.

is an irreducible rational function if and only if (;(e- z%) # 0 for
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Proof. As in the proof of Theorem [2.10, we have

2ai=0 %ij= 0 aw ' Z;:Ol G () I1; j(l_ B2 z
Z Z Cp]EZE _ [ # p ] Qr

1—piBzb 17, (1 = piB2E) R(z)
The Coe{‘ﬁment of 2™~ in Q(z ) equals
m— m—1
, 1
Z ap._ lj m lpzi;éj iE _ (_1)m—1p(m—1)mE/2 Z aE—l,j]ﬁ
=0 =0

_ (—1)m_1p(m_1)mE/277E—1(1/pE)-
Hence, the degree of Q(z) is mE — 1 if and only if ng_1(1/p¥) # 0. Also,

m—1 m—1
0)=>_¢(0)=> ap; =m(1) =ho(0) = 1.
=0 §=0
The rest of the proof is clear. O
Recall that ¢ =0, tyg = 1, ¢; = t; and, in Proposition [2.8] we have shown that
te = Coto + Cort1 + -+ + cite—q, forall e > 1.
Also, t. = h(p® — 1), for all e > 0.

Proposition 3.10. We have
(1) If m=1, thencg =1 and c. =0 for all e # E.
(2) If m=2 and dy = dy =1, then c. =0 fore > 2.

Proof. (1). Note that ¢,z = 1 for any nonnegative integer k£ while ¢, = 0 for all other e. A
computation based on Proposition shows that ¢y = 1 while ¢, =0 for all e # E.

(2). Note that D =1 and E = 1. Also, ho(z) = = + 1 which gives ng(x) = z, leading to
Q(z) =1—zand R(z) = (1 — 2)(1 — pz) which further gives C(z) = pz (cf. Theorem [2.9)),
hence establishing the claim that ¢, = 0 for all e > 2. O
Proposition 3.11. Let C(z) = 2620 ce.2¢ be the twisted generating function. Assume that
ged(dy, ..., dy) = 1. As the prime number p varies, we treat t. and c. as functions of p by
writing te =: te(p) and ce =: c.(p). Leti be an integer such that 0 < i < D and ged(i, D) = 1,
and let P(i) denote the set of all prime numbers p such that p =i mod D.

Then, for every fized e = 1, c.(p) is a polynomial in p of degree e(m — 1), for all p € P(i),
with leading coefficient equal to

(m —11)!D (1 ~(m —11)!19)61 ;
1

(m—1)!D

or equivalently, c.(p) is a polynomial of degree e in (1 — ) p™ Y for allp € P(1),

with leading coefficient

1 1 - 1
(m—1)D (1_ (m—l)!D) T m—-1ID-1
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Therefore, for every given e, lim, o pf(i(fi)l) = (m—ll)!D (1 - (m_11)!D>e 1.

Proof. With the restriction p € P(i), we prove the first claim about c.(p) by induction on
e > 1. When e = 1, the claim is a consequence of Proposition as ¢ =t = h( 1).
For e > 2, note that ¢, =t — (Ce—1t1 + - -+ ¢1te—1). By Proposmon 8l te = h(p® —1)is a
polynomlal in p of degree ¢’(m — 1) with leading coefficient m, for all p € P(i ) Thus
the degree of c.(p) as a polynomial in p is e(m — 1) and the leading coefficient is

1 ¢t 1
—1'D Z —1'D (1_(m—1)!D) “(m—1)ID’

1

e—1
which equals to m <1 — I D) after some computation. Thus, with the restriction

(m—1)!
e—1
p € P(i), we have lim,_,, pfg@l) = (m_ll)!D <1 — m> , which is independent of i.
e—1
Without the restriction of p € P(4), the claim lim, ., p;i,(ﬁ)l) = (mill)! - (1 — m>

follows from the fact that there are only finitely many P(¢) to be considered.

Remark 3.12. In the proof above, one can notice that c. is a polynomial in p which is
determined by the polynomial expression of h(p’ — 1) as a polynomial in p, with 1 < i < e.
This expression is hence dependent on the congruence class of p modulo D.

3.2. The polynomial case when E = ord(p) = 1 in Z}. The following are the assump-
tions we make in this subsection.

Assumption 1. (1) m=2and D > 1, orm > 3.
(2) E =1, or equivalently, p=1 mod D.
(3) The positive integers dy, ..., d,, are pairwise relatively prime.
(4) The coefficients of no(x) = ho(x — 1) = Z;:()l ap ;27 are nonnegative.

Note that when E = 1, the polynomials (;(z) = ao; are constants for all j =0,...,m—1.
In addition, ny(z) = ho(x — 1) = ZT:_OI a2’ is a polynomial with coefficients that do not
depend on p.

We introduce first a few other notations that will be useful a little later. Let {ao, ..., a;}
be positive numbers and by < b; < - -+ < b;. Define

l

F(z)=) |a; [] -2

j=0 0<i<l
i#]
Lemma 3.13. The polynomial F(z) has degree | and has | many distinct roots z1, ...,z € R
with by < z1 < by < --- < 21 < b_1 < 21 < b;. Moreover,
> (a D iz bi
21+t 2= ]O(IJ 7J )

ijo aj
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Proof. For each i =0,...1 — 1, we have F(b;)F(bi+1) < 0. O

More generally, let ag, ..., a,,_1 be nonnegative numbers and by < by < --- < b,,_1. Let
F:{j:aj 7&0}:{]0,,]1}7&®, Wlthj0< <jl- Define

Fr(z)=Y (o [] ;=2

jET ieT\{j}
Lemma 3.14. Using the notation above, we have

m—1

a; [ bi—2)| =F@)]]0:-2).
Ogiimfl igl’
17

Moreover, Fr(z) has degree | and has | many distinct roots in R.

Il
o

J

Recall that, as in Proposition , we set Q(z) = Z;n;ol [Cj(z) [[i;(1 —p*2")|. With
this, as well as Assumption [I in mind, we state the following

Corollary 3.15. Let I' = {j : ap; # 0} = {Jjo, ..., i} with jo < ... <j. Let

Fr(z) =) |aogp™ ] (/' =2)

jer i€\{j}
Note that ag -1 =
(1) We have

m and hence j; = m — 1. The following assertions hold:

Q(z) = pm PR (2) [ J(1/p - 2);
i@l
(2) Fr(2) has degree | with leading coefficient (—1)"tno(1/p) when no(1/p) # 0, Fr(0) =
p~h, with h = Zjepj; and has | many real simple roots 1/v1,...,1/y such that
P <y < forallh =0, —1; _
Fr(z)—[],cp(1/p) — 2
(3) The irreducible form of C(z) is 0@ = [ Ler (/7 )
y Fr(2)
1

— =1- m. Here, when we take limit as p — 0o, we subject

(4) We have lim,,_,
p to the restriction that p =1 mod D.

Proof. (1) In light of Lemma [3.14] we have
m—1 m—1
X oo v [awpﬂﬂﬂ/ﬂ%i
j=0 i#£] Jj= i#£j

=p UM R (2) - [ - 2).

i€l
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(2) Since 1 = Q(0) = p™=D™/2. F.(0)-p~ Zier | we see that F(0) = p~", with h = > jerd-
The rest follows from Lemma B.13]

(3) For the second part, C(z) = % and
m—1 m—1
= [ =pz) =prm0m2 T/ - 2).
=0 =0

Hence, after simplifying, we conclude
_ Fr(z) — Hjer(l/pj - 2)
Fr(2) '
To verify that we get an irreducible form of C(z), note that, for all j € T,
Fe(1/p) = aos/0’ ] (/0" —1/07) #0.
i€l {j}

(4) The condition 7y(1/p) # 0 holds for all but finitely many values of p, so we will

work under this assumption, since we are considering p approaching infinity. Consider

> jer (@0 [lier gy (@0 = 2)) = p""D2 - 2! Fp(1/2), which has degree I and has i, ...,y
as distinct roots. We have

Z'F(GO,"Zz’F pz)) ;
YAy = TS i e T YAl
jer 40, jer iem{5)

since Y _ e ao,j = 1o(1) = 1. Note that j; = m — 1, since 7 is a polynomial of degree m — 1

with leading coefficient ag,,—1 = m. Moreover, we observe that lim, . v;/p™ * = 0,
since v;/p™t < 1/p, for j = 2,...,1. So, from what is proved above, we see
. S & B R e} 1
lim = lim ——— = E ap; =1—ag;, =1 — ———. ([l
-l m—1 o m—1 5J sJl _ |
p—oo P p— P o (m —1)D!

We are ready now to state the main results about the T-construction of the polynomial
ring with general grading when the order of p is 1 in Z7,.

Theorem 3.16. Recall that # = R[x1,...,%,] with grading given by deg(z;) = d;, for
1=1,...,m. Under the conditions stated in Assumption|l| the following assertions hold.

(1) The complexity sequence is given by

Ce:pl’ﬁ"""""pl%&?

with p' < y_p, < p+1, for allh =0,...,1—1, for alle > 1
(2) Z has rational twist of dominant eigenvalue.

m—1 gk — 1 1

pm—l (m—-1)D!"
In general, for p > 0, we have that p™ ? < ~;. Additionally, if agm-2 # 0, then
p™ 2 < 1, for all p. Here all considerations regarding p are for values of p such that
p=1 mod D.

(3) The dominant eigenvalue is v, with v1 < p and lim,_,.
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Proof. (1) Theorem [3.1| and Corollary immediately give the statement
(2) Corollary shows that ~; is positive and strictly greater than the other v;, with

J=2.010
(3) ThlS is also immediate from Corollary [3.15( (4) and (2), noticing that 1 — (m+1)D! > %
for p > 0 and that 5,1 =m — 2, if ag,—2 # 0. O

3.3. The polynomial case when E = ord(p) = 2 in Z}. We are now assuming that
ord(p) = 2 in Z}. We will further assume that dy,...,d,, are pairwise relatively prime.
Since E = 2, we have two polynomials no(x) and n;(z).
Note that ng(x) = ho(x —1) = Z;:Ol ap 2’ is independent of p while 9 (x) = hy(pr —1) =
Z;’L:Bl ay 27, where p— 1=k mod D with 0 < k < D — 1, and hence it does depend on p.
The following are the assumptions we make for the remainder of this section:

Assumption 2. (1) m > 2.

(2) The positive integers dy, ..., d,, are pairwise relatively prime.
(3) E =2 (which forces D > 1).
(4) The coefficients of no(z) = ho(x — 1) = Z?:Ol apjx’ are positive, and moreover

ao,o0 = 10(0) > a0 =n(0) > 0.
Lemma 3.17. There exists a constant C' depending upon p such that
m(x) —no(pr) = C,
so we have that p’ - ap; = a1 for all j=1,...,m — 1.

Proof. Since dy, ... ,d,, are pairwise relatively prime, this is a consequence of Proposition
which shows that all h; have the same coefficients in each degree, with the possible exception
of their constant terms. The conclusion can be verified via studying 79 and 7;. O

Let us recall that when E = 2 we have

1 m-1 m—1
-3 Satas
2322 - 1_p2j22 :

=0 7=0 7=0
Since Lemma gives ay; =p’ ~apj for j=1,...,m—1, we get
Qo,0 + aq 07 Qo,; (Z)

T(z) = =

(2) = C1-—22 +Zl—pﬂz p(z)’

where

m—1
p(z) = (1 - 2% Hl—p72
7=1

m—1 m—1
q(z) = (app + a10%) H 1—p7'z)+Zao,j H (1—p'2)(1 - 2%).
j=1 j=1 1<i<m—1

i#]

Proposition 3.18. With the same notation as above, the following assertions hold:
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(1) The polynomials p(z) and q(z) are relatively prime.
(2) C(z) = %)p(z) is irreducible.
q(z
(3) The polynomial q(z) has degree m and simple roots 1/, ..., 1)y, where p™ =1 <
v <p™ forj=1,....m—1and =1 <, <O0.

(4) The ring Z has rational twist of dominant eigenvalue. The dominant eigenvalue is
7 1
m—1 1 - (m—1)D!"

values of p such that E =2 (or rather, for p> =1 mod D).

(5) The complexity sequence is given by

m—1

v with p™2 < v < p and limy, Here the limit is for

Ce =P+ PV
foralle > 1.

Proof. (1) We see that p(z) and ¢(z) do not have common roots, because ago > a1 > 0 and
ap; >0forall j=0,1,...,m—1.

(2) This is an easy consequence.

(3) We see that ¢(0) = no(1) = ho(0) =1 and ¢(—1) > 0. The leading term of ¢(z) is

m—1
G <G1,opz?:11j + Z Go,jp<zﬁ_11i)_j) 2™,
j=1

As such, we see that ¢(z) is negative for z < 0. Therefore, ¢(z) has a real root that is
strictly less than —1. Sincg the coefficients of 770(35)‘: Z;:Ol ap j2’ are assumed positive and
aro = 0, the sign of ¢(1/p?) is the same as (—1)™7~!, for each j =0,...,m — 1.

Summarizing, the roots of ¢(z) are Ay, ..., A1, Ay, with
o <A< e and A, < —1,
where j =1,...,m — 1. If we write v; = )\;1 for j =1, ..., m, we obtain the statement.

(4) Note that 74, ..., v, are the roots of

2"q(1/2) = (apoz + aip) 1:[ (z—p) + Z_: (ao,j H (z —p")(2* — 1))

=1 j=1 1<i<m—1
i#£]

The first Viéte relation for the above polynomial (with leading coefficient ¢(0) = 1) gives

m—1 m—1
1+t Y = —a1,0+ao,ozpj+z (aO,j Z pi)'
j=1 j=1

1<i<m—1
i#]
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Finally, we see

hmll: 1m 71+72+1+7m:a00++a0m_2
p—roo P p—00 pmT ’ ’
1
= 1) —agme1 = ho(0) —aom-1=1—agme1=1— ——-—. O
770( ) a0,m—1 0( ) a0,m—1 ao,m—1 (m— 1)!D

Next, we are going to carry out some computations of 7(z) and C(z). The examples below
involve the cases where E =1 or F = 2.

Example 3.19. Consider the following examples.
(1) Let dy =dy = -+ =dp, =1. SoD =1and £ = 1. If m =1 or 2, Proposi-

tion shows that ¢, = 0 for e > 2. Assume now that m > 3. Then hy(z) =
(z+m—1)---(z4+2)(z+1

(=11 ) and hence

(x4+m—=2)---(x+1)x
(m —1)!
Note that the coefficients of 7y are all nonnegative. In fact, using the notations

from Corollary |3.15, we have | = m — 2, j; = m — 1, and ag;m—1 = (mil)!. Hence
1

lim, ]% =1- =y

(2) Let us start with the case m = 2, ged(dy,d2) =1, D = dydy and p=1 mod D. So
E = 1. One can see that ho(z) = x + 1 since hg is a polynomial of degree one with
leading coefficient 1/D and ho(0) = 1. Hence no(z) = ho(z — 1) = Sz + £5* and this

leads to
D—(pD—(p—1)=
D(1—2)(1—p2)

no(x) =

T(z) =

and
D — (D = (p—=1))z = D(1 = 2)(1 - pz)
D—(pD—(p—-1)z ‘
Therefore the root of the denominator of C(z) is
p(D;)l)-l—l

C(z) =
Iﬁ, which shows that we
have dominant eigenvalue v = and the complexity sequence {c.}. is given
by c. =p- (%))6 for e > 2, where p is a constant. Note that lim, logp(y) =1

as well as lim, (1) =1 - -, as p — oo with the restriction p =1 mod D.

To compute the t-multiplicity, i.e. the value of p, we will consider 1— ﬁ and write
this rational fraction to exhibit denominator Q(z) = 1— %z. The numerator is
P(z) = —(1—2z)(1—pz). Since the degree of Q(z) is 1, we note that the t-multiplicity

equals P(1/7), by Remark [3.6] and so it is equal to

‘(Hﬁ)(““ﬁ)’

(D—1)(p—1)
(pD — (p—1))*

which equals
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Note that this equals 0 if D = 1. As p — oo, with the restriction p =1 mod D, we
have lim,(p) equals 5=, when D # 1.
Let us examine the case m = 3 and p =1 mod D in detail. In general, for m > 2

and F = 1, we have seen in the proof of Theorem that

m—1

TE =35 foéjz.

J=0

Therefore, we need to find the coefficients of the polynomial ny(z) = Z?:o ag;?, or,
equivalently, of ho(z) = no(x + 1), which can be determined from the relation

ho(kD) = rank(%Zyp) for k> 0.

In other words, ho(kD) equals the number of nonnegative vectors (nq,...,n,,) such
that Y n;d; = kD. These numbers are difficult to compute in general for arbitrary
m, so let us specialize further.

Let m =3,d; =2,dy, =3, ds =5 and p = 31. Note D = 30. By direct inspection,
we see hy(0) = 1, ho(30) = 21 and hg(60) = 71. Then ho(z) = g2°> 4+ 32 + 1 and
no(z) = g5a? + Zx + 3. Hence

1 — 972z + 2545122
(1 —2)(1—312)(1 —961z2)

and the denominator of C'(z) is 254512% — 972z + 1 with simple roots approximately
equal to 0.001058 and 0.037133. So the dominant eigenvalue - is approximately equal
to 1/0.001058 & 945.179. Compare this value to (59/60) - (31)? ~ 944.983 obtained

by specializing
1 1 m—1
m-1) P

per Theorem [3.16] Note that logs, (945.179) ~ 1.995166.
Let us consider now the general case where m =3 and p =1 mod D. As before,
2

_ Qo
T(Z) - —~ 1 —ij,

J

T(z) =

where ng(x) = ho(x — 1) = 2]2.:0 ag;z?. Now the leading coefficient of hg is known to
equal 1/(2D). Let ho(D) = s, and with this notation one can compute hy and get

1 2s — D —2

and furthermore

1
no(x) = E({EQ +(2s—D —4)xr+3D+ 3 —2s).

So,

1 3D+3—28+2S—D—4+ 1
1—2z 1—pz 1—p?z
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Then the denominator of C(z) is
(8D +3—2s)p” + (2s — D — 4)p*> + p) 2* — bz + 2D,

where
b=p*(2D — 1) +p(3D +4—2s) +2s — D — 3.

If we denote the roots of C'(z) by 1/v and 1/6, where v > || and ~ is hence the
dominant eigenvalue, then a direct computation confirms that

lim log, v = 2.

p—+00

(4) Let us consider an example with £ = 2. Let us take m = 3, dy = 2,dy = 3,d3 =5
and p = 29. Since D = 30, we see that F = 2 for this choice of the prime p.

In the preceding example, we computed ho(z) = g52? + gz + 1 and no(z) = a* +
£x + 35. To compute 71 (x) = hes(292 — 1), we need to find first hog(z). We know
that hog(x) differs from ho(x) by a constant which can be determined by finding the
value of h(28) = hog(28) = |[{(a1,az,a3) € Z=o : 2a1 + 3as + baz = 28}||. By direct
inspection, we get h(28) = 18, and so hyg(x) = g5a® + g + 7. Then ni(z) =
hog(292 — 1) = %xz + %x + %. All the conditions in Assumption are satisfied. We
have q(z) = 29582 + 2062922 — 852z + 1, with roots approximately equal to —7.0150,
0.0012091 and 0.039857. The dominant eigenvalue is v; ~ 1/0.0012091 ~ 827.0614.

The reader should note that this is greater than (59/60) - (29)* & 826.98, which is

obtained by specializing
1
1 — = ). m—1
( (m — 1)!D) e

the value appearing in the leading term of the polynomial describing ¢, obtained
in Proposition also see Proposition |3.18| concerning the ratio of the dominant
eigenvalue v, to p™ 1. Moreover, log,,(827.0614) ~ 1.9950368.

4. FURTHER QUESTIONS

Let Z = R[xq, ..., xp), with deg(z1) = dy, ..., deg(z,,) = d,, and ged(dy, ..., dy,) = 1.
The computations in the previous section make the case for the following conjecture.

Conjecture 4.1. The grading on % has rational twist with dominant eigenvalue. If v(p) is
the dominant eigenvalue of % in prime characteristic p, then lim,_, log,vy(p) = m — 1.

We have already established that the grading on % has rational twist in Theorem [2.10]
Let D =lem(dy, ..., dy). Let E be the order of p in Z3. Our investigations in Section 3 show
that, under additional assumptions on p, D and E, the conjecture is true. These assumptions
have in common one statement that we would like to highlight in this discussion. We need
to recall the notations in that section.

For every n € N, let h(n) := rankgr(%,), and denote

hi(x) € Qlz|, i=0,...,D—1,
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such that
h(n) = rankg(%,) = hi(n) if n=1i mod D.
foralln > 0. Fori=0,...,F —1, let
mi(x) = hi(p'e — 1)
where 0 < k<D —-1landp'— 1=k mod D. Write

m—1
ni(z) = Zaija:j €Q[z], i=0,...,FE—1
=0
For 7 =0,....m—1, let
E—-1
CJ(Z) = Zazjz’.
i=0

These are polynomials of degree at most £/'—1, with leading coefficient ag_; ;, when nonzero.
The following statement was essential in our investigations and we highlight it now as a
conjecture.

Conjecture 4.2. The polynomial 7g(x) = ho(x — 1) has positive coefficients.
Conjecture 4.2 implies the following conjecture
Conjecture 4.3. The polynomial hg(x) has positive coefficients.

Conjecture 4.3 appears as if it is a statement that should have been settled by now in the
literature, since the polynomial hg(x) sits at the confluence of combinatorics, commutative
algebra and discrete geometry. However, perhaps due to our own limitations, we do not
know of any relevant results in this direction.

One can reformulate this two conjectures in terms of Ehrhart polynomials, which might
put the statement in a different light. We close with a few comments along these lines.

Let P be the convex polytope with vertices at the following lattice points in R™:

v = (D/dl,0,0...,0,0),Ug = (0,D/dg,O,...,0,0),...,’Um = (0,0,0,...,O,D/dm).
Let Ep(t) be the Ehrhart polynomial associated to P. Since ho(z) has the property that
ho(nD) = |{(ay,...,an) € N :a1dy + ...+ apdy, = nD}|,

we see that Ep(x) = ho(xD), or ho(z) = Ep(%). Furthermore, no(z) = Ep(%5h).

Using this interpretation, J. Louis has written a Sage procedure in [L] that checks the
validity of Conjectures and for specific values of m, di,...,d,. In all examples
that we considered, the statements were verified. In addition, using the formulas from [BR]
on page 15 for the general expression of hy for m < 3, stated in terms of the restricted
Frobenius partition function, one can see that these conjectures hold in these cases. Using
similar ideas, in [J], J. Jaramillo has derived the formula for hy(z) for m = 4 (which is
routine) and m = 5; and the conjectures can be verified in the case m = 4 as well, while
for m = 5 the general formula proved to complicated to be used in direct computation. We
think that the connections of our work to this concept in discrete geometry will be found
intriguing by others as well.
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