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ABSTRACT. We extend the notion of Frobenius Betti numbers to large classes of finitely
generated modules over rings of prime characteristic, which are not assumed to be local.
To do so, we introduce new invariants, that we call Frobenius Euler characteristics. We
prove uniform convergence and upper semi-continuity results for Frobenius Betti numbers
and Euler characteristics. These invariants detect the singularities of a ring, extending two
results from the local to the global setting.

1. INTRODUCTION

Throughout this article, R will denote a commutative Noetherian ring with unity, and of
prime characteristic p > 0. For e € Z~q, let F'* : R — R be the e-th iterate of the Frobenius
endomorphism, that is, the p®-th power map on R. Moreover, let F¢R denote R as a module
over itself, under restriction of scalars via F°. Unless otherwise stated, we assume that R is
F-finite, that is, the Frobenius is a finite map.

A clear methodology for globalizing measurements of singularities associated with the
Frobenius endomorphism is established in [DSPY19]. In [DSPY19], these authors extended
the definitions of Hilbert-Kunz multiplicity and F-signature to rings that are not neces-
sarily local by combining strong convergence results unique to prime characteristic rings
with techniques of basic element theory. We follow closely the methodology/philosophy of
[DSPY19] in order to globalize Frobenius Betti numbers (see [DSHNB17]). However, the ex-
plicit differences in the numerical invariants considered in this paper, as compared to those
of [DSPY19], requires unique attention to verify that they can indeed be defined and provide
useful measurements of singularities for rings which are not assumed to be local.

When (R, m, k) is a local ring, Frobenius Betti numbers provide an asymptotic measure
of the Betti numbers of the modules F¢R. More explicitly, the i-th Frobenius Betti number
of R is defined as

. Ar(Torf(k, F¢R))
F _ R 7 9 *
G (R) = Jim rank(F¢R)

Here, Ag(—) denotes the length of an R-module. To prove our results about Frobenius Betti
numbers, we introduce certain auxiliary invariants, that we call Frobenius Euler character-
istics, and we denote by ' (R). If (R, m, k) is local, these invariants are defined as

i — Ap(Torf(k, F¢R))
F(R) = lim > (=1) g0 *
Xi () =l (=1) rank(FeR)

Jj=0
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Our first main result consists in proving upper semi-continuity results and uniform con-
vergence results for the sequences converging to these two invariants (see Proposition 3.1
and Theorem 3.4). As a consequence, we obtain upper semi-continuity of such invariants.

Theorem A (See Corollary 3.5). Let R be an F-finite domain of prime characteristic p > 0.

The functions P +— B (Rp) and P+ xF(Rp) are upper semi-continuous functions as maps
from Spec(R) to R.

Next, we define Frobenius Betti numbers and Frobenius Euler characteristic for rings that
are not necessarily local, giving an appropriate interpretation of the numerators in the limits
above as minimal number of generators of syzygies in appropriate resolutions, which we call
minimal.

Theorem B (See Theorem 4.10). Let R be an F-finite domain of prime characteristic p > 0,
not necessarily local. Then

(1) The limits I (R) and xI'(R) exist.

(2) We have equality xF(R) = max{xI(Rp) | P € Spec(R)}.

We are stating Theorem B only for global Frobenius Betti numbers and Frobenius Euler
characteristic of the ring R. In Section 4, however, we obtain more general results for global
Frobenius Betti numbers of any finitely generated R-module.

We also point out that part (2) of Theorem B shows how global Frobenius Euler charac-
teristics are related to local Frobenius Euler characteristics. An analogous relation does not
hold in full generality for global Frobenius Betti numbers (see Example 4.12).

Our third result is a way to detect the singularities of a ring using global Frobenius Betti
numbers and Euler characteristics. This extends analogous statements, that were previously
known only for local rings [ALO8, PS19].

Theorem C (See Theorems 4.17 and 4.18). Let R be an F-finite domain of prime charac-
teristic p > 0. The following conditions are equivalent:

(1) R is regular.
(2) BF(R) =0 for some (equivalently, for all) i > 0.
(3) R is strongly F-reqular and xI'(R) = (—=1)" for some (equivalently, for all) i > 0.

Finally, we also show an associativity formula for Frobenius Betti numbers, that generalizes
that for Hilbert-Kunz multiplicities (see Corollary 4.16), and we show that if R is a positively
graded algebra over a local ring (Ry, mp), then 87 (R) = 87 (Ry) and xF(R) = xF(R,,), where
m = mgy + R~y (see Proposition 4.19).

2. BACKGROUND ON FROBENIUS BETTI NUMBERS OF LOCAL RINGS

Let (R,m, k) be an F-finite local ring of dimension d. For an R-module M, we denote
by F¢M the module structure on M induced by restriction of scalars via F°: R — R, the
e-th iterate of the Frobenius endomorphism on R. For any R-module L of finite length,
and any finitely generated R-module M, the R-module Tor®(L, F*M) has finite length, for
all i > 0 and all e € Z-y. For a prime ideal P of R, let x(P) denote the residue field
Rp/PRp = (R/P)p of the local ring Rp. We set v(R) = max{«a(P) | P € Spec(R)}, where
a(P) = log,[F.k(P) : k(P)]. Moreover, given a finitely generated R-module M, we set
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Y(M) =~(R/ann(M)). In [Sei89], Seibert proves that the limit

Mg (Tor®(L, FeM
B (L, M,7) = lim n (Tor )

e—00 pe’Y

exists for every integer v > y(M). When L = R/m, we simply denote 5 (R/m, M,~) by
BE(M,~). In addition, if v = (M), we only write S (M), omitting v from the notation,
and we call this invariant the i-th Frobenius Betti number of M. We warn the reader that, in
[DSHNB17], the normalization factor in the denominator of the i-th Frobenius Betti number
is chosen to be p®'®)_ rather than pe’™).

Observe that, for all e, the length Ag(Tor(R/m, FM)) in the numerator of 8F (M) is
the ¢-th Betti number of the R-module FYM. Moreover

. Ar(R/m®p FEM)
F . R R L,
Bo (M,~(R)) = lim (@

= eHK(M)

is the Hilbert-Kunz multiplicity of M, with respect to the maximal ideal m.
To ease up the notation, we often write f;(e,m, M) for Ag(Tor®(R/m,F¢M)). More
generally, for P € Spec(R) and integers e, > 0, we define

6i<67 Pu M) = )\RP (TOI‘ZRP(H(P>7 F*E(MP)))
With this notation, the ¢-th Frobenius Betti number of Mp as an Rp-module is
i\& P7 M
BF(Mp) = lim 22 M)

e—00 pE’Y(MP)

Remark 2.1. We warn the reader about a potential source of confusion with our notation.
If we view Mp as an R-module, 37 (Mp) is equal to lim B;(e, m, Mp)/p*™r)  On the other
hand, viewing Mp as an Rp-module, 3F(Mp) is equal to elgrgoﬁi(e,P, Mp)/pYMr) . We
could fix the problem by specifying the underlying ring; however, when writing 5 (Mp) for
a finitely generated R-module M, we will always view Mp as an Rp-module, to guarantee

that the module stays finitely generated. Therefore, we will not specify the underlying ring,
to avoid making the notation heavier.

3. UNIFORM CONVERGENCE AND UPPER SEMI-CONTINUITY RESULTS

A key ingredient that is used in [DSPY19] for developing a global theory of Hilbert-
Kunz multiplicity and F-signature are certain semicontinuity results. In particular, to relate
the global Hilbert-Kunz multiplicity to the invariants in the localization, the upper semi-
continuity of the functions

Ae : Spec(R) R

Arp(Mp/PPIMp)

P e ht(P)

for locally equidimensional excellent rings, and the uniform convergence to their limit, play a
crucual role. The upper semi-continuity was first established in [Kun76] (Kunz claimed that
this result was true for an equidimensional ring, but Shepherd-Barron noted in [SB79] that

the locally equidimensional assumption is needed). The uniform convergence was established
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in [Pol18, Theorem 5.1]. An immediate consequence of these two facts is that the Hilbert-
Kunz function is upper semi-continuous on the spectrum of a locally equidimensional ring
[Smil6, Poll8].

As for the Hilbert-Kunz multiplicity, 87 (—) is additive on short exact sequences, there-
fore for several arguments we can reduce to the case M = R/q, where q is a prime. We
warn the reader that this does not allow us to reduce to the case when R is a domain, as
for the Hilbert-Kunz multiplicity. In fact, we still have to compute the lengths modules
Tor/” (k(P), F¢(R/q)p) over the rings Rp. This complicates the arguments for the Frobe-
nius Betti numbers, and adds some technical work to the proofs of uniform convergence and
upper semi-continuity in this section.

We now recall some general notions regarding semi-continuity. Let X be a topological
space. A function f : X — R is upper semi-continuous if for all x € X, for all € > 0, there
exists an open set U C X containing x such that f(y) < f(z) 4+ ¢ for all y € U. We say
that f is dense upper semi-continuous if, for all x € X, there exists an open set U C X
containing x such that f(y) < f(z) for all y € U.

In what follows, it will be helpful to consider an Euler characteristic version of the Frobe-
nius Betti numbers, in part inspired by Dutta multiplicities [Dut83]. For integers i,e > 0,
a finitely generated R-module M, and a prime P € Spec(R), recall that we have defined
Bi(e, P, M) = \g,(Torl™ (k(P), F*(Mp))). In the same setup, we let

Xi(ev P, M) = Z(_Dli]ﬁj(e? P, M)
j=0
Proposition 3.1. Let R be an F-finite ring, and M be a finitely generated R-module. For
1 € Lo, and e € Z~g, the functions

P € Spec(R) — Bi(e, P,M) and P € Spec(R) — x;(e, P, M)
are dense upper semi-continuous. In particular, they are upper semi-continuous.

Proof. Let P € Spec(R), and let e > 0. Consider a minimal free resolution of F¢(Mp):

i(e i i—1(e) ¥i— e e
L —= REE P Rl 2L RP© 20 pe(Mp) — 0,

where ;(e) = Bj(e, P, M) is the j-th Betti number of F°(Mp) as an Rp-module. Since
the rank of each free Rp-module in the resolution is finite, for all j we can find lifts ¢; €
Homp (R, RA-1(9)) of ; from Rp to R, giving maps

s RBie) Vi RBi-1(e) Vi1 — . Rpole) Yo FeM —— 0.

Note that this is not even necessarily a complex. Fix an integer ¢ > 0. Since R is Noetherian
and all the free modules appearing above have finite rank, by inverting an element s € R~ P
we can assume that ker((¢;)s) = im((¢j4+1)s) for all j = 0,...,4, and that im((¢y)s) =
F¢(Ms). In other words,

R’fi+1(e) (¢i+1)5R§i(€) (wz)s Rfiil(e)(ibi—l)s Rfo(e) ('Q[}O)s FE(MS) O

is the start of a free resolution of F¢(M;) over the ring R,. In particular, by localizing at
any prime ) € Spec(R) not containing s, the complex is still exact, and it becomes a free

resolution of F(Mg) over Rg. However, it may not be minimal. That is, f;(e, @, M) < ;
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for all @ > 0. If we consider the Zariski open set D(s) = {Q € Spec(R) | s ¢ Q}, we
therefore have that 3;(e, Q, M) < Bi(e, P, M) for all Q € D(s). This shows dense upper semi-
continuity of the function P — S;(e, P, M). We now focus on the function P — x;(e, P, M).
Let P,¢;,v; and s € R\ P be as above. Let () € D(s), and denote €2; = ker((vj_1)¢q), for
all 7 =0,...,47. This gives short exact sequences of Rg-modules:

1(e)

O—>Qj—>Rf§* — Q1 — 0

for all j = 1,...,7. Tensoring with (@), we obtain long exact sequences
0 — Tory @ (k(Q), 1) — 2;/QQ; — K(Q)" 1 — Q;_1/QQ,_, — 0.

Let g, (—) denote the minimal number of generators of an Rg-module. For j = 1,...,7 the
exact sequence above gives

,URQ(QJ') = ARQ(Qj/QQj) = )\RQ(TOT?Q(K(Q% Q1)) + Bj-1(e) — #RQ(Qj—l)-

Because Tor @ (k(Q), Q1) = TOI‘fQ(Ii<Q>, F¢(Mg)), by repeatedly using the relation above
we obtain that

i—1 7

Hrg () + D (=1)B(e) = (= 1) Ay (Tor}' (5(Q), F£(Mg))) = xi(e, Q, M).

=0 =0
Since pir, (€2:) < Bi(e), we get the desired conclusion
i—1
xi(e, Q, M) < Bi(e) + > _(—1)"7B;(e) = xi(e, P, M). O
=0
We recall the following global version of a result due to Dutta [Dut83].

Lemma 3.2 ([Poll8, Lemma 2.2]). Let R be an F-finite domain. There exists a finite set of
nonzero primes S(R), and a constant C, such that for every e € Zsy

(1) there is a containment of R-modules ROP® FfR,

(2) which has a prime filtration with prime factors isomorphic to R/Q, where Q € S(R),

(3) and for each Q € S(R), the prime factor R/Q appears no more than Cp®'®) times
in the chosen prime filtration of RoP C FR.

Lemma 3.2 is used by the second author in [Poll8] to establish the presence of strong
uniform length bounds for all F-finite rings, and in [DSPY19] to show the existence of
global Hilbert-Kunz multiplicity and F-signature. Moreover, a weaker version of the uniform
length bounds of [Pol18] were provided by Smirnov in [Smil6] and were central to proving
the Hilbert-Kunz multiplicity function is upper semicontinuous. The reader is encouraged
to compare the following lemma and its proof techniques with [Poll8, Corollary 3.4] and
[Smil6, Key Lemma).

Lemma 3.3. Let R be an F-finite ring, q € Spec(R), i and vy be non-negative integers, with
v = v(R/q). There exists a constant A, that only depends on i and q, such that

Piler +es, P R/q)  fBiles, P R/q)| _ A
(4192) @ T
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for all ¢ = p®, g2 = p® and P € Spec(R). In particular, the sequence { o
p

5%'(67 °, R/q) }
e€Z>0

converges uniformly on Spec(R).
Proof. Let v/ :=~(R/q). Note that, for all P € Spec(R), the limit
(e, P
B, P.R/)

e—00 peW/

exists and it is finite by [Sei89]. We will first show that MLf/q) converges uniformly
to this limit. Let ¢ = p*. Consider a set of primes S(R/q) as in Lemma 3.2 for the
inclusion (R/q)% C F¢(R/q), and let C' be the constant given by the Lemma. For each
p € S(R/q), the ring R/p is an F-finite domain with v(R/p) < 7' — 1. Applying Lemma
3.2 to each R/p, we obtain lists S(R/p) and constants D,. Let S = Uesr/q S(R/P),

and let D = max{D, | p € S}. Note that, for all p € S(R/q) and all ¢ = p*, the
inclusion (R/p)q;m/p) C F22(R/p) has a filtration by cyclic modules of the form R/a, with
a inside S. Furthermore, each ideal in such a filtration appears at most Dqq (R/p) < Dqglf1
times. For an integer j > 0 and a prime p’ € Spec(R), let E;, be the minimal number

of generators of a j-th syzygy of R/p’ over R. Let E; := max{E;, | p' € S}. Note that
)\RP(TOI';-DLP(H(P), (R/p")p)) < Ej for all p’ € S and all primes P € Spec(R), since after
localizing a resolution of R/p’ over R at P it stays exact, but may not be minimal.

Now let P € Spec(R). After localizing everything at P we still have filtrations as before,
possibly with fewer factors, since some of them may have collapsed. We remove from the
lists S(R/q) and S prime ideals p such that pRp = Rp; we still call the new lists S(R/q)
and S. If (R/q)p = 0 there is nothing to show, so let us assume that (R/q)p # 0. Consider
the short exact sequence

0 — (Rj@)E — F(R/a)p — T(@)p — 0
where T'(q1)p are (R/q)p-modules of dimension at most dim(R/q) — 1. The functor F¢ is
exact, and yields a short exact sequence
0 — (F2(R/)p)T — F(Rfq)p — F2T(q1)p — 0
Applying Tor®™ (k(P), —) and counting lengths we obtain
I\ (Torf™ (5(P), FE 2 (R/q)p)) — p™ A (Tor™ (s(P), F22(R/q)p))| <

< max {\ (Tor/™ (k(P), F*T(q1)p) ) , A (Torf (5(P), F&T(q1)p)) } -
Equivalently, we obtain that

/6i(61 + e, Pv R/q) - pelvlﬁi(e% Pv R/q)’ S max {61'(62’ Pv T(ql))a 61'4—1(62’ Pv T(ql))} :

The modules T'(q1)p have filtrations 0 € 77 C ... C Tyq,) = T(q1)p as in Lemma 3.2, and
by exactness of > we then have filtrations 0 C F2T} C ... C F*Tyq,) = F2T(q1)p. The
relative quotients are isomorphic to F2(R/p)p, for some p € S appearing at most C’q?l times

in the filtration. Applying Torf" (k(P), =) to the resulting short exact sequences, for all j
we then have that

Bi(es, P, T(q1)) < C|S(R/a)| q] max {Bj(e2, P, R/p) [ p € S(R/q)} -




Y(R/p)
For p € S(R/q), the inclusion (R/p)3 ' C F2(R/p)p has a filtration by prime ideals in

S appearing at most Dg] ~! times. Applying Tor*” (k(P),—) to the resulting short exact
sequences, we obtain that for all p € S(R/q) and all j > 0

53‘(62,,[3, R/p> < D |8| q;lil max{ﬁj(O,P, R/p> ’ p € S} D |8| E]qQ 717

where 3;(0, P, R/p’) is just the j-th Betti number of the Rp-module F2((R/p")p) = (R/p)p,
that is, )\RP(TorfP(K;(P), (R/p")p)). Recall that the constants C, D, E; are completely inde-
pendent of ¢, ¢, and the prime P. Set A := CD|S||S’| max{E;, E;;1} and divide by (¢1¢2)",

to obtain
Bi(el +€27P7 R/q) BZ(GQaP R/q)
(q1g2)” qg CI2
for all ¢y, ¢, for all P € Spec(R). This shows that W converges uniformly.

If v =~/ then there is nothing else to prove. If v > +/, then the sequence

ﬁz(€7PaR/q) _ 5%(67P7R/q) X 1
pe'y - pe’Y' pe(’Y_’Y/)

converges to zero. Furthermore, the convergence is still uniform, and to see this it is enough
to show that the limit function Jim W is bounded on Spec(R). To see that, observe

that, combining uniform convergence of the sequence W with Proposition 3.1, we

obtain that P +— li_)m % is upper semi-continuous. Finally, by quasi-compactness of
e—00
Spec(R), we conclude that

sup {elggo W | P € Spec(R)} = max { lim M

e—00 peV

| P e Spec(R)} < 00.
U

Theorem 3.4. Let R be an F-finite ring, and let M be a finitely generated R-module. Let
v be an integer satisfying v = v(M). For any fized i € Z=q, the sequence of functions

Spec(R) R
)z ﬁi(ea P7 M)
P

is uniformly bounded over Spec(R), and converges uniformly to its limits as e — oo.

Proof. We proceed by induction on ~(M). If v(M) = 0, then Supp(M) consists of finitely

many maximal ideals my,...,m,. In addition, there exists ey, depending on M, such that
ann(FeM) =myN...Nm; for all e > ep. By the Chinese Remainder Theorem, we have that
FiM = @F_ FS(R/m m; ) m Mns) for all e > ep. Thus, for e > ey, we have
6(67.7 Z)\ Bi(67.7R/mj).
P P

£ ’(6 > M) then follows from Lemma 3.3, since the first ¢y — 1 terms do

Bi(e,0,M)
P

Uniform convergence o

not affect this kind of con81derat10ns. Furthermore, by Proposition 3.1, the function

is bounded on Spec(R) for every fixed e € Z~q, as a consequence of its upper semi-continuity
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and of quasi-compactness of Spec(R). It then follows that {&%}E/mﬂ} -
eCLi>0
Bi(e,o,M) }
peY GEZ>0‘
Now assume that v(M) > 0, and suppose that ann(M) is radical first. Consider a prime

filtration of M:

is uniformly

bounded on Spec(R) for each j, and thus so is {

0=MyC M CMC...CM=DM,
where M;/M;_y = R/P; for some P; € SpeC(R) for j =1,...,t. Consider the R-module
N =@, R/P;, and let W = R~ U{p | p € Min(M)}. Since ann(]\/[) is radical, we have
an isomorphism My = T entin(ar) k(p) 7 Me) 22 Ny of Ry-modules. Because M and N are
finitely generated over R, we can find an R-linear map ¢ : M — N that, after localizing at
W, becomes an isomorphism. In addition, if we write

0—K-—M-5N—C—0,

we have that by an observation of Kunz, [Kun76, Proposition 2.3], v(K) and v(C) are at
most 7(M) — 1. Denote by T the image of ¢. After applying the functors F¢(—) and
Tor*(r(e), —.), and comparing lengths, we obtain that

|Bie, 8, M) — Bi(e, 8, T)| < max{pBi(e, 8, K), Bi-1(c, 8, K)}
and that

’6i<€7.7T) Bl<€7.aN)| maX{ﬂl(ea.ac) ﬂl+1<€,0,c>}
By the triangle inequality, we get that

|6i(€7 o, M) - 6@'(67 o, N)l < ni(‘)?
where nz(.) = maX{Bi<67 o, K)a /Bi—l(ea e, K)} + max{ﬁi(a o, 0)7 Bi-l-l (67 o, C)} By the induc-
tive hypothesis, we have that the sequences
ﬂi(ea.aK) Bi—li(67.7K) 57;(67.70) ﬁi+1(67.a0)
pr pr T p p

are uniformly bounded, and converge uniformly on Spec(R) as e — oo. Therefore, the
sequence of functions "];S;)

same properties. In addition, since v(K) and v(C) are at most v(M) — 1 < 7, we have that

nl( )
peY

given by the sum of the maxima as defined above satisfies the

converges to zero uniformly. In particular, we have that

AT M . i\Cy @ N
BE(M,,v) = lim file. s, M) = lim M.
e—00 pe’Y e—00 pe’Y
Since FEN = &i_ F¢(R/P;), the sequence {W} converges uniformly by Lemma 3.3.
Therefore, for all € > 0, there exists e; > 0 such that for all e > e; we have

——= — [ (M, —.
o e pron)| <3
nie) €
P2
By the triangle inequality, we obtain
i\ 7M i\& 7N 7
oo D grang| < |22 R g 4 M) <
P P P




,Bi(e,o,M) }
P €€Z>0
bounded on Spec(R) follows from Proposition 3.1, as for the case y(M) = 0.

If R/ann(M) is not reduced, we can find eq > 0 such that ann(F¢fM) = y/ann(M) for all

e > eg. Consider M’ := FM, and note that FEM' = FeteM for all e > 0. In addition,
iev.vM i67.7M/
R/ann(M’) is reduced. We replace the sequence 5(7) with the sequence 5(7)
pe €
Since they only differ by finitely many terms, and by a correction term of p®7 uniform
convergence and uniform boundedness of the former would follow those for the latter. Given

that ann(M’) is radical, this has been proved above. O

that is, 2 i(‘;"M) converges uniformly. Finally, the fact that { is uniformly

ey

Let i > 0 be an integer, M be a finitely generated R-module, and v > v(M) be an integer.
Using the notation introduced in Section 2, we let 57 (M,,~) be the limit function of the
sequence considered in Theorem 3.4. Recall that, for P € Spec(R), the i-th Frobenius Betti
number of the Rp-module Mp is

BF (Mp) = lim & D),

e—00 pe’Y(MP)

The difference between 35 (Mp,v) and 87 (Mp) is a possibly different normalization in the
denominator. More specifically, let Zy,, = {P € Spec(R) | v(Mp) = v}. The set Zy;, in
the case M = R and v = 7(R) has been introduced in [DSPY19] to study relations between
local and global invariants for general F-finite rings. Clearly one has 8 (Mp,~y) = BF'(Mp)
whenever P € Zy.,. On the other hand, one has 3/ (Mp,7) = 0 if P ¢ Zy,. Similar
considerations hold for the sequence of functions

Spec(R) R
p xi(e, P, M)
pe’Y(R)

and its limit as e — oo, that we denote by xf(M,,~) : Spec(R) — R.

Corollary 3.5. Let R be an F-finite ring, M be a finitely generated R-module, and v be an
integer satisfying v = ~y(M). For any fizxed i € Zo, the functions

Spec(R) ——R and  Spec(R) ——R
P — Bf(Mp,~) P ——x{ (Mp,7)
are upper semi-continuous.

Proof. Since dividing by p®? does not affect semi-continuity of the functions P € Spec(R) —
Bi(e, P, M) and P € Spec(R) — xi(e, P, M), Proposition 3.1 gives that ’Bi(;’:;M) and (&)
are upper semi-continuous for all e > 0. Because the second sequence is built as a finite
alternating sum of elements from the first, Theorem 3.4 gives uniform convergence over
Spec(R) as e — oo for both sequences. It then follows that P € Spec(R) + BF'(Mp,~)
and P € Spec(R) — x!'(Mp,~) are upper semi-continuous, as they are the uniform limit of
upper semi-continuous functions. [l
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4. MINIMAL FREE RESOLUTIONS AND EXISTENCE OF GLOBAL LIMITS

In this section, we introduce and justify the notion of global Frobenius Betti numbers and
Frobenius Euler characteristic. In what follows, pr(—) will denote the minimal number of
generators of an R-module.

We start with an easy consequence of Schanuel’s lemma.

Lemma 4.1. Let R be a Noetherian ring of Krull dimension d, i > 1 an integer, and let M
be a finitely generated R-module. Let

Proof. By Schanuel’s lemma, we have that
Q @ RZ] odd b;*]—‘rzj even bsz ~ Q/ @ RZ] odd b17]+2j even bi*] .

By the Forster-Swan Theorem [For64, Swa67], we may choose m € Max Spec(R) such that
wr() < pg, () + d. Consequently we see

Q) + Z b ;T Z bi—j = pr( Q@RZNM i J+Zjevenbi_j)

j odd j even

= /’LR(Q/ @ RZ] odd bZ,]-‘rZ] even b'IL—j)

2 ILLRHI((Q/ @ RZJ odd biij—i_zj even b§7j>m)

= pRn () + D b+ Y b

j odd j even
—d+ Z bi—j+ Z b;_j,
Jj odd j even

Therefore (NR(Q/) +Z§':1(—1)jb§_j) - ( r(£2 )+ZJ (=1)b; ]) < d. Using a symmetric
argument we establish the Lemma. -

Remark 4.2. In the notation of Lemma 4.1, let v > min{1l,d} be an integer. For every
e € Z~g, fix a free resolution

. Rh@ ¥ ) #0(<)

of F¢M. It follows from Lemma 4.1 that
M) = T PAImEE) F Tt (1B ()

e—00 pe’Y

F°M —0

is independent of the choices of resolutions for FEM. When v = (M), we omit vy from
the notation, and call xF' (M) the i-th (global) Frobenius Euler characteristic of M. At the
moment, we are not claiming that the limit exists.

To study global Frobenius Betti numbers, we need a version of Lemma 4.1 that compares
minimal number of generators of the modules im(p;(e)) in different resolutions. First, we

record the following special case of Lemma 4.1.
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Lemma 4.3. Let R be a Noetherian ring of Krull dimension d, and let M be a finitely
generated R-module. Let 0 — Q2 — R* — M — 0 and 0 — ' — R" — M — 0 be short
exact sequences. Then |pur(Q)) — nr(Q)] < d.

Definition 4.4. Let M be a finitely generated R-module, and let e > 0 be an integer.
Consider a free resolution of F¢M

.y Rbite sz 1( ﬂ) ...... — Rbo(e) M FM — 0.

We say that the resolution is minimal if, setting Q;(e) := im(p;(e)), we have pg(2;(e)) = b;(e)
for all 7 > 0.

Lemma 4.5. Let R be a Noetherian ring of Krull dimension d, and M a finitely generated
R-module. Let

.y Rbile) #38) pbii(e) wiz1le) —y Rhole) 28 FiM — 0.
and
Ly RO B @ ) —s %O 2 pepr g

be minimal free resolutions of FEM. Then |bi(e) — bl(e)| < d2° .
Proof. This follows immediately from a repeated application of Lemma 4.3. U
Remark 4.6. In the notation of Lemma 4.5, let v > min{1, d} be an integer. We have that

BF (M, ) = tim PEEEE©) _yp pr(Sh(e)

6500 peY e—00 pe ’

and is therefore independent of the choice of a minimal free resolution for FZM. When
v = (M), we simply write 3 (M), and we call it the i-th (global) Frobenius Betti number of
M. Asin Remark 4.2, we are not yet claiming that the limits exist. We are only stating that
one limit exists if and only if the other one does and, in this case, they coincide. Observe
that 3 (M, ~v(R)) = egx (M) is the global Hilbert-Kunz multiplicity of M, therefore we know
the limit exists in this case [DSPY19].

Remark 4.7. For a finitely generated R-module M and integers i > 0 and 7 between (M)
and y(R), recall the notation Zy;, = {P € Spec(R) | v(Mp) = 7} introduced at the end
of Section 3. We have already observed that x!'(Mp,v) = xF(Mp) if P € Zy., while
Xi (Mp,~) =0if P ¢ Zy.

Proposition 4.8. Let R be an F-finite ring, M be a finitely generated R-module, 1 > 0
and vy be integers, with v = ~(M). For all integers e > 0, let P, € Spec(R) be such that
xi(e, P., M) = max{x;(e, P, M) | P € Spec(R)}. Then

i\ P67 M
tim XL M) i POg ) = max{xF(Mp, ) | P e Spec(R)}.
e—00 pe’Y e—00
Let x be the common value of the equation above. If either Zy., = Spec(R) or x # 0, we
also have
lim Xi(67 Pe7 M)
e—00 pe'y

= max{xf(Mp) | P € Zyo}-

11



Proof. Let Q € Spec(R) be such that xI'(Mg,~v) = max{x/(Mp,v) | P € Spec(R)}, and
let £ > 0. By Theorem 3.4, the sequence ;(e,e, M)/p® converges uniformly to its limit
xF(M,,~) on Spec(R). Therefore, there exists ey such that for all e > ¢

X’i(ea Pv M)
P
holds for all P € Spec(R). Then, for all e > eg we obtain
Xi(67P6aM) € Xi(ea QvM) €

F F F
Xi (Mq,7) = xi (Mp,,7) > e 2 2 e 2 > Xi (Mg,7) —e.

—xF(Mp,7)| <

DO ™

Since € is arbitrary, this completes the proof of the first part of the Proposition. The
second claim is now clear if Zy, = Spec(R), since in this case xI'(Mp,v) = xF(Mp) for
all P € Spec(R). On the other hand, if x # 0, by the first part there exists P € Spec(R)
such that x'(Mp,~) = x # 0. It then follows from Remark 4.7 that max{x!(Mp,v) | P €
Spec(R)} = max{x!(Mp,7) | P € Zunn}. Using that x!'(Mp,v) = xF'(Mp) for P € Zy;,,
we finally conclude that

Fle, P,, M
lim Xi \6 e ) (e, e, M)

e—00 pe’}’

= max{x/(Mp,) | P € Spec(R)}

= max{x; (Mp,7) | P € Zunn}
= max{xf(Mp) | P € Zyq} O

The assumptions for the second claim in the Proposition are needed, as the following
example shows.

Example 4.9. Let S = F,, and T" = F,(¢), and consider the ring R = S x T. Since
x1(e,S x 0,R) = —p® and x;1(e,0 x T, R) = —1, using the notation of Proposition 4.8 we
have P, = 0 x T for all e. Using v = y(R) = 1, it then follows that eli_{gow = 0.
However, one has max{x¥(Rp) | P € Zr1} = X} (Rsxo0) = x¥ (F,(t)) = —1. Observe that
there is no contradiction with the first part of the Proposition, since max{x!(Rp,1) | P €

Spec(R)} = Xf(ROXTa 1) = Xf(va 1) =0.

Theorem 4.10. Let R be an F-finite ring of prime characteristic p > 0, M be a finitely
generated R-module, and v = v(M) be an integer such that v > min{1l,dim(R)}. For every
e € Lo, fix any free resolution (Ge(€), pe(€)) of the module FEM :

wi(e) (e)

o Roie) L phiae o Rbole) L)

F*M — 0.
Fori e Zgo, let 91(6) = 1m(<702(€)) Then:
Qi(e)) + X (—=1)b;_;
(1) The limit xF(M,~) = lim pr($k(e)) + 351 (1) bi—j(e)

e—00 pe“/
(2) xF(M,~) = max{x! (Mp,7) | P € Spec(R)}. Moreover, if either this value is non-
zero or Zy, = Spec(R), then it is also equal to max{xf(Mp) | P € Zy~}.
(8) Assume further that, for alle € Z~q, the free resolution G4(€) is chosen to be minimal.

bi(e)
. . AF 1 i .
Then the limit 5; (M,~) = lim o exists.

exists.

12



Proof. For all P € Spec(R) and e € Z~o, localizing the resolution (Ge(e), gs(€)) at P gives
an exact sequence:

0— Qle)p — R%*I(e)

which gives
prp (Que)p) + D (=1)bi—j(e) = xi(e, P, M).
j=1
In particular, this shows that
max{/ig,((e)p) | P € Spec(R)} + > (—1)7b;_j(e) = max{x;(e, P, M) | P € Spec(R)}.
j=1
For all e € Z~g, let P, be a prime that achieves such maximum. Then, by the Forster-Swan
Theorem [For64, Swa67], we have that pg, (Qi(e)p.) < pr((e)) < prp, (Qie)p,) +dim(R).
Therefore, for all e > 0, we have
Xile, e, M) _ pr(€i(e)) + 5o (=1)"birj(e) _ xile, P, M) + dim(R)
T pe h p* '
Part (1) and (2) now follow from Proposition 4.8, since the difference between the two terms
on the sides of the inequality goes to zero because of our assumptions on . Given that

xF (M, ~) exists as a limit, for part (3) it is enough to observe that, if G, is minimal, then
we have

Remark 4.11. As a consequence of Theorem 4.10 (2), we have that x ' (M,~) = 0 for all
i € Z=o whenever v > v(M). Therefore, ' (M,~) = 0 for v > y(M) as well.

Unlike the case of x¥'(M,~), 5 (M,~) does not coincide with the maximal value of the
local invariants achieved on Spec(R).

Example 4.12. Consider the ring R = F, x F,, and the R-module M =F, x 0, so y(M) =0
and FEM = M for all e > 0. Since M is projective over R hence locally free, we see
max{ B (Mp,0) | P € Spec(R)} = 0 for all i > 1. On the other hand, for each e > 0, it is
easy to see a minimal free resolution of FfM (cf. Definition 4.4)

o+ —>R—R— -+ — R— FM — 0,

which yields 37 (M, 0) = 1 for all i > 0. More generally, if R = R; x R, with each R; a regular
F-finite local ring such that y(R;) > v(Ry) and if M = Ry x 0, then max{s} (Mp,~(R)) |
P € Spec(R)} = 0 for all 4 > 1 while 87 (M,v(R)) =1 for all i > 0.

Orlet R = Ry X Ry with each R; F-finite and regular local such that v(R;) # v(Rg). Then
max{ S (Rp,v(R)) | P € Spec(R)} = 0 for all i > 1 while 37 (R,~v(R)) =1 for all i > 0.

We ask the following question.
Question 4.13. Under what condition does the following equality hold:
B (M, ) = max{B (Mp,7) | P € Spec(R)}?

The following example provides evidence that studying Question 4.13 may lead to some

interesting consequences.
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Example 4.14. Let ) be an F-finite regular ring, and let f be an non-unit element of Q).
Let R = Q/(f), and assume that Zg gy = Spec(R). By [DSHNB17, Example 3.2], for all
P € Spec(R), we have
Rp) i=0
F(R,) — ek (Rp .
ﬁz ( P) eHK(Rp) — S(Rp) 1 >0
where s(Rp) is the F-signature of the local ring Rp. Therefore
P | enx(Rp) ieven
Xi (Ftp) _{ _s(Rp) iodd
By Theorem 4.10 we have that
i (R) = max{x} (Rp) | P € Spec(R)} = —min{s(Rp) | P € Spec(R)},
and
X&' (R) = max{x{ (Rp) |€ Spec(R)} = max{enk(Rp) | P € Spec(R)}.
Since BI'(R) = x¥'(R) + x5 (R), it follows that 8f'(R) = max{B'(Rp) | P € Spec(R)} =
max{egx(Rp) —s(Rp) | P € Spec(R)} if and only if
(x)  {P € Spec(R) | enx(Rp) is maximal} N {P € Spec(R) | s(Rp) is minimal} # ().
If we can find F-finite local hypersurface rings R; with v(R;) = v(R2) such that egk(R;) >

enk(Re) and s(Ry) > s(Rs), then R = Ry X Ry is a counterexample to (x). We are also
interested in whether () holds when Spec(R) is connected (e.g., R is a domain).

We now prove an associativity-type formula for global Frobenius Betti numbers and Frobe-
nius Euler characteristics. Given a finitely generated R-module M, we let Assh(M,~) denote
the set of associated primes P of M such that v(R/P) = ~. We first establish the behavior
of the invariants x(—,~) under short exact sequences.

Proposition 4.15. Let R be an F-finite ring, and 0 - A — B — C — 0 be a short
exact sequence of finitely generated R-modules, and v > v(B) be an integer such that v >
min{1,dim(R)}. Fori € Zso, we have

(1) xi(B.7) =xi (A& C.y).
(2) X (B,7) < x{ (A7) + Xf(Cz,'y))-
A(Bp
DB O @ RP 7).
PeAssh(Byy) =1
Proof. We prove (1). It follows from [Sei89, Proposition 1 (b)] that, for all P € Spec(R),
we have equalities x"(Bp,7) = x7(Ap,71) + xF(Cp.7) = XF(A® C)p,~). Using Theo-
rem 4.10 (2), we conclude that
Xi (B,7) =max{x; (Bp,7) | P € Spec(R)}
= max{x! ((A® C)p,7) | P € Spec(R)} = xF(A® C,~).
For (2), let P € Spec(R) be such that xF'(M,v) = xF(Mp,~v), which exists by Theo-
rem 4.10 (2). Using the result of Seibert mentioned above, we get
Xi (B.7) = xi (Bp,7) = xi (Ap.7) + xi (Cp,7) < xi (4,7) + i (C,).

Part (3) follows from a repeated application of (1), using a prime filtration of B. O
14



As a consequence of Proposition 4.15, we extend a version of associativity formula from
the global Hilbert-Kunz multiplicity [DSPY 19, Corollary 3.10] to all global Frobenius Betti
numbers.

Corollary 4.16. Let R be an F-finite ring, and 0 - A — B — C — 0 be a short
eract sequence of finitely generated R-modules, and v > ~(B) be an integer such that
v = min{l,dim(R)}. For i € Z-q, we have
(1) B (B,y) = BF(A@C 7).
(2) BF(B,7) < B (A7) + B (C,).
A(Bp)
) =

3) 4B, Bf( o @R/P,'y)-

PeAssh(B,y) =1

Proof. The proof follows at once from Proposition 4.15 and the relation 8 (—, ) = xF(—,v)+
F
Xi1(=57)- [

We now establish connections between the new global invariants and the singularities of
the ring, extending results that were previously applicable only to the local setting.
The first result concerns Frobenius Betti numbers, and extends [ALO8, Corollary 3.2].

Theorem 4.17. Let R be an F-finite ring such that Zp g = Spec(R). Then BF(R) = 0
for some (equivalently, for all) i > 0 if and only if R is regular.

Proof. Assume that 57 (R) = 0 for some i > 0. If ;(e) is the i-th syzygy module of any
minimal free resolution of FfR, we always have (;(e, P, R) < pgr,(Qi(e)p) < ur(Q2(e)).
Since ' (R) = lim ’“;g?i{éf)) = 0, we have 5 (Rp) = 0 for all P € Spec(R). By [ALOS], we
conclude that Rp is regular for all primes P, hence, R is regular. Conversely, if R is regular,
for all P € Spec(R) we have that 87 (Rp) = 0 for all i > 0, and egk(Rp) = & (Rp) =1.In
particular, x¥(Rp) = (—1)" for all P € Spec(R). By Theorem 4. 10, we have xF'(R) = (1)
for all i, and it follows that 8 (R) = xF(R) + xI"{(R) = 0. O

We recall that an F-finite ring R is said to be strongly F-regular if, for every ¢ € R that
does not belong to any minimal prime, the map R — FfR sending 1 to Ffc splits (as an
R-module map) for e > 0.

The second author and Smirnov proved a result analogous to [AL0S, Corollary 3.2] for
Frobenius Euler characteristics [PS19, Theorem B], under the additional assumption that
the local ring is strongly F-regular. We extend this result to the global setting.

Theorem 4.18. Let R be an F-finite and strongly F-reqular ring such that Zgp. g =
Spec(R). Then xF'(R) = (=1)" for some (equivalently, for all) i > 0 if and only if R is
reqular.

Proof. Assume that x/(R) = (—1)° for some i > 0. By Proposition 4.8 we have that
xF(Rp) < (1) for each P € Spec(R) and therefore R is regular by [PS19, Lemma 3.17 and
Theorem B|. Conversely if R is regular then x/(R) = (—1)? for all i > 0 as we have seen in
the proof of Theorem 4.17. O

We end this section by showing that, for positively graded algebras over a local ring
(Ro, myp), the global Frobenius Betti numbers coincide with the ones in the localization at

the irrelevant maximal ideal m = mgy + R~.
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Proposition 4.19. Let (Ry, mg, k) be an F-finite local ring and let R be a positively graded
algebra of finite type over Ry. Let R~q be the ideal of R generated by elements of positive
degree, m = my + R~q, and M be a finitely generated graded R-module. Let vy > v(M) be an
integer such that vy > min{1l,dim(R)}. For alli € Z=,, we have

BE(M,~) = B (Mw,v) and xi (M,7) = x!' (M, 7).

Proof. Tt is sufficient to show the equality 3/ (M,~) = BF'(My,v). Observe that F¢M is a
Q-graded R-module. Given any finitely generated graded R-module N, the minimal number
of generators of N is the length of N/mN, by the graded version of Nakayama’s Lemma.
Applying this observation to the Q-graded syzygies of F¢M for e € Z, one can construct
a graded exact sequence

bl pic1(0) oo 20(e)
(1) 0——=Qi(e) — Rlniy] == — @ Rlnoy] —= F*M —0,
j=1 j=1

where each syzygy Q;(e) = im(p;(e)) is graded, and bj(e) = ur(2;(e)) = Ar(2;(e)/m2;(e))
for all j. In the resolution, R[n, ;| denotes the cyclic Q-graded free module with generator
in degree —ny; € Q. In particular, this is a minimal free resolution of FM, and it follows

from Theorem 4.10 (3) that BF'(M,~) = lim %. On the other hand, since all the maps

ey
and all the modules in (1) are graded minimal, after localizing at m we obtain a minimal
free resolution of F¢(My,):

0 — Qi(e)m - Rﬁ;‘ﬂ(e) e Rg?(e) . Ff(Mm) ..

In particular, since Ag,, (Tor["(k, FS(Mnw))) = Ar(S2(e) /m;(e)) = b;(e), we have
AR, (Tor;(k, F¢( My bi
BF (M) = lim M (D05 EE(Mw))) ) BiCe)

¢ e—00 p€7 e—00 pe’Y

Corollary 4.20. Let R and m be as in Proposition 4.19. For all finitely generated R-modules
M, we have egx (M) = eux (My,) -

Proof. By Proposition 4.19, we have egx (M) = B (M,~v(R)) = B (My,v(R)). Since v(R)

V(Bw), we get enx (M) = B (M, Y(Bn)) = ek (Mn). 0
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