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Math 8220 (Fall 2024) Homework Set #01 (Due 09/06) Solutions

Problem 1.1. Consider f(z) =22° — 2 + 2+ 1, g(z) = 2® + 22 + 3z + 1 € Z[z] C Q[z].
(1) Determine whether f(x) has a root in Q.
(2) Determine whether f(x) is irreducible in Q[z].
(3) Is f(z) is irreducible in Z[z]|? If not, find a non-trivial factorization of f(x) in Z[z].
(4) Determine whether g(z) has a root in Q.
(5) Determine whether g(z) is irreducible in Q[z]. Is g(z) irreducible in Z[z]?

Solution. (1) By the Rational Root Theorem, the (possible) rational roots of f(x) must be
from {£1, £11. Direct computation (of f(£1) and f(+1)) shows

FW#0. f(=1D)#0, f(3)#0, f(=3) =0
Therefore f(z) has a root —3 € Q. (In fact, —3 is the only rational root of f(x).)
(2) Since deg(f(x)) > 1 and f(x) has a root in Q, we see f(x) is not irreducible in Q[z].
(3) Since f(x) € Z[z] is not irreducible in Q|z], it is not irreducible in Z[z]. By long
division, we get f(z) = (x + )(22® — 22 + 2) over Q. Correspondingly, we obtain
fl)= Qe+ 1)(2* -z +1),
which is a non-trivial factorization of f(x) in Z|x].
(4) By the Rational Root Theorem, the (possible) rational roots of g(x) must be from
1, —1}. However, g(1) # 0 and g(—1) # 0. So g(z) has no root in Q.
(5) In light of (4) and the fact deg(g(z)) = 3, we see g(z) is irreducible in Q[z]. Moreover,
because g(z) is primitive, g(z) is irreducible also in Z[z].

(1) Determine whether h(x) has a root in Zs.

(2) Determine whether h(x) is irreducible in Zs[z].

(3) Write h(z) as a product of monic irreducible polynomials in Zs[z]. Explain why each
of the factors is irreducible.

Solution. (1) By computing h(0), h(1), h(2), h(3) and h(4) directly, we see
h(3) = 0.
(2) Since deg(h(x)) > 2 and h(x) has a root in Zjs, we see h(z) is not irreducible in Z;[z].
(3) Dividing h(x) by x — 3 via long division, we get h(x) = (x — 3)(2?+ 3). By exhaustion,
we see 2 4+ 3 has no root in Zs, which implies z? + 3 is irreducible in Zs[z]. Thus
h(z) = (v — 3)(2® + 3),
which is a product of monic irreducible polynomials in Zs|x], as required.

Problem 1.3. Show that each the following polynomials is irreducible in Q|x].
(1) fi(z) =32t — T3 + 72?2 + 7.
(2) fa(z) = 22* — 9023 + 632% — 84z + 105.

(3) fz(z) = 22" — 2423 + 482% — 122 + 28.

Proof. (1) Applying Eisenstein’s Criterion with p = 7, we see fi(x) is irreducible in Q|x].
(2) Applying Eisenstein’s Criterion with p = 3 to fao(x), we see fo(z) is irreducible in Q[z].
(3) As f3(x) = 2(x* — 1223+ 2422 — 62+ 14), it suffices to show x? — 1223 + 2422 — 6x+ 14 is

irreducible in Q[z]. Applying Eisenstein’s Criterion with p = 2 to 2* — 1223 + 242% — 62 + 14,

we see xt — 1223 + 242 — 6z + 14 is irreducible in Q[z]. Thus f3(z) is also irreducible in

Q[z]. (Note that f3(z) is reducible in Z[z| though.) O
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Problem 1.4. Consider the polynomial p(z) = x* + 22® — 4z + 6, which is irreducible in
Q[z] by Eisenstein’s Criterion. Let u € C be a (fixed) root of p(z). (Such a root exists in
C. In fact, p(z) has at least one root in R by the Intermediate Value Theorem in calculus.)
Consider Q[u] = {ag + ayu + asu?® | a; € Q}, which is a ring. In fact, Q[u] is a field. This
exercise illustrates how to find the inverse of a (typical) non-zero element in Q[u]. (Here u
is not an indeterminate, and Qu] is not a polynomial ring.)
As an example, we compute the inverse of 2 + 3u and illustrate that it is indeed in Q[u].
Consider the polynomial f(z) =3z + 2 € Q[z]. Complete the following:
(1) Find ged(p(x), f(z)) by the Euclidean Algorithm (repeated division) for polynomials.
(Note that ged(p(z), f(x)) should be 1 as p(z) 1 f(x) and p(z) is irreducible in Q[z].)
(2) Use your work in (1) to express 1 as a linear combination of p(x) and f(z). That is,
find a(z), b(z) € Q[z] such that 1 = a(z)p(x) + b(x) f(x).
(3) Show that b(u)f(u) = 1, so that (f(u))™! = b(u). Finally, show (2+ 3u)~! € Q[u] by
writing (2 + 3u)~! in the form of ag + aju + ayu? with a; € Q.
Solution. (1) To find ged(p(x), f(z)), we apply the Euclidean Algorithm as follows
p(x) = (32° + 5z — 3) (@) + 57,
f@) = (555f ()5 +0.
The monic polynomial associated with 22 is 1. Thus ged(p(x), f(x)) = 1.

(2) From the work in (1) above, we have 22 = p(x) — (32% + 52 — 37) f (). Therefore

_ 27 250 _ 27 1.2 4 44
1= 2520 =20 [p(x) — (327 + 5o — 32) f(2)]
= Zp(x) — 25(22” + 4z — 32) f(x)
= 2ZLp(z) + (—g22” — o=z + ) f(w).

(3) Evaluating 1 = 25p(2) + (— 55527 — 19=2 + 72 ) f(x) at © = u and observing p(u) = 0,
we see

1=2Lp(u) + (—ot” — u+ Z2) fu) = (—ost® — 22u+ 22)(2 + 3u).

Thus | (2 4+ 3u)™' = 2 — Ly — 2u? € Qu]|, as required.

125 125 250
PROBLEMS HINTSI SOLUTIONS
FCKCE....... M, F(T) oo Ey=K < Gal(E/K)=H....... C=C....... [G:N(P)]=|C(P)l=np=1 modp
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Math 8220 (Fall 2024) Homework Set #02 (Due 09/13) Solutions

Problem 2.1. Let F' C K be a field extension such that [K : F] < co. Let a € K and p(z)
be the minimal polynomial of a over F.

(1) Prove that if deg(p(z)) > [K : F] then F(a) = K.

(2) Prove that if [K : F] is a prime number and « € K \ F then F(a) = K.

Proof. (1) Note the equation [K : F| = [K : F(a)|[F(«) : F]. Suppose F(a) C K on the
contrary. Then [K : F(«)] > 2 and hence

deg(p(x)) = [F(a) : F] =

which is a contradiction.

(2) The equation [K : F| = [K : F(«)][F(«) : F] implies that [F(«) : F] is a (positive)
divisor of [K : F]. Now that [K : F] is prime, we conclude that either [F(«) : F] = 1 or
[F(a) : F] = [K : F]. Moreover, since a ¢ F, we see F' C F(a) and hence [F(«) : F] > 1.
Consequently, [F(«) : F] = [K : F|, which implies F'(a) = K. O

K : F] 1
(K F(a)] S FL

Problem 2.2. Let F' C K be a field extension, w € K and p(z) € F[z]|. Prove that, if p(z)
is monic and irreducible in F'[z] such that p(w) = 0, then p(z) is the minimal polynomial of
w over [

Proof. We first note that w is algebraic over F' as p(w) = 0 while p(x) # 0. Let m(x) be the
minimal polynomial of w over F' (so m(z) is monic and is in F[z]). Now, as p(w) = 0, we
see m(z) | p(z) by a property about minimal polynomials. Thus p(x) = m(x)n(x) for some
n(x) € Flz]. Now, since p(z) is irreducible, either m(z) or n(z) is invertible. Moreover,
m(z) is not invertible because it is the minimal polynomial of w over F. (In fact, m(x) is
irreducible.) Thus n(x) must be invertible, hence n(z) = ¢ € F. Thus

p(x) = c-m(z).
Finally, since both p(z) and m(x) are monic, we must have ¢ = 1. Therefore p(x) = m(x),
meaning that p(x) is the minimal polynomial of w over F'. 0

Problem 2.3. Consider Q C Q(v/2,v3) C R. Show Q(v/2 + v3) = Q(v/2,V3).
Proof. Here is a direct approach: Direct computation shows
(V2 +V3)? = 11vV2 + 9V/3,
which is clearly in Q(\/_ V3 3). Thus
V2 = HV2+ V3 —9(vV2+3)] € QW2 + V3)
V3 =311(V2+V3) — (V2+ V3)'] € Q(vV2 + V3),

showing Q(v/2,v/3) € Q(v/2 4 +/3). Moreover, it is obvious that Q(v/2 4 +/3) € Q(v/2,V3).
Thus Q(v2 4 v3) = Q(v2, V3).
Here is another approach: Note that v/3 — v2 = (V2 + v3)™! € Q(v/2 + v/3). Thus

V2 =1(V2+V3) - (V2+V3) e Q(V2+V3)

V3 =1(V2+ V) + (V2+V3) T e Q(V2 + V3).

This shows Q(v/2, v3) € Q(v2 + v/3). Thus Q(v2 + v3) = Q(v2, V3). O
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Problem 2.4. Consider the field extension Q C Q(u) C C in which u € C is a (fixed) root

of p(z) = 2% + 22? — 4z + 6 and Q(u) = Q[u] = {ag + ayu + asu? | a; € Q}; see [Problem 1.4

Express (3 — 2u + u?)~! in the form of ag + aju + asu® with a; € Q.

Solution. (1) Dividing (322 — 2z + 1)(62% — 5z + 4) by p(z) via long division, we
Applying the Euclidean Algorithm to p(z) and f(z) = 2% — 2z + 3, we get

p(z) = (z +4)f(z) + (z - 6),
flz)=(x+4)(x—6)+27,
$—6:2—17(x—6)-27+0.
Thus ged(p(z), f(z)) = 1. To write 1 as a linear combination of p(x) and f(z), we have
122%'2722—17[f($)—($+4)( 6)]
= o= [f(z) = (x +4)[p(z) — (z +4) f(2)]
= 2% [—(x +4)p(x) + (2° + 8z + 17)f (m)]
= —(z+4)p(x) + (F2° + Zo + 3) f(2).
Thus
1=—E(u+4)pu) + (5u” + Su+ 1) f(u)
= (5" + Fu+ ) (3 — 2u + u?).

Hence, we obtain | (3 — 2u + u?)™" = u? + Su + L |, as required.

PROBLEMSI HINTS SOLUTIONS

FCKCE....... M, F(T) oo Ey=K < Gal(E/K)=H....... C=C....... [G:N(P)]=|C(P)l=np=1 modp



Math 8220 (Fall 2024) Homework Set #03 (Due 09/20) Solutions

Problem 3.1. Prove the following lemma: Let FF C K be a field extension, w € K and
p(z) € Flz] such that p(w) = 0. If p(x) is monic and deg(p(z)) = [F(w) : F], then p(x) is
the minimal polynomial of w over F.

Proof. Note that w is algebraic over F' as p(w) = 0 while p(x) # 0. Let m(x) be the minimal
polynomial of w over F. So m(z) is monic in F[z] with deg(m(x)) = [F(w) : F]. Now, as
p(w) =0, we see m(x) | p(x) by a property of minimal polynomials. Thus p(z) = n(z)m(x)
for some n(z) € F[z]. Now, since deg(p(x)) = [F(w) : F] = deg(m(x)), we see

deg(n(z)) = deg(p(x)) — deg(m(z)) = 0.

This means that n(z) is a non-zero constant, i.e., n(z) = ¢ € F'\ {0}. Thus p(z) = ¢-m(x).
Finally, since both p(z) and m(z) are monic, we must have ¢ = 1. Therefore, we conclude
p(z) = m(z), proving that p(x) is the minimal polynomial of w over F. (Alternatively,
the assumption on p(z) implies that p(x) is a minimal polynomial of w over F. Given the
uniqueness, we see that p(z) is the minimal polynomial of w over F'.) O

Problem 3.2. Consider the field extension Q C Q(v/2 +v/3) C C.

(1) Show Q € Q(v3) CQ(V2 + V3).
(2) Prove v/2 4 /3 ¢ Q(v/3), so that Q(+/3) € Q(v/2 + V/3).
(3) Determine [Q(\/ 2++/3) Q(\/g)} and [Q(\/ 2++/3) : Q}

Proof/Solution. (1) Clearly, Q C Q(v/3). Also, as v/2 4+ /3 € Q(v/2 +V/3), we see
V3=02+V3)-2=(V2+v3)? -2 Q(vV2+3),

which proves Q(v/3) € Q(v/2 + V/3).
(2) Suppose, on the contrary, V2 + /3 € Q(v/3). Then V24 /3 = a + by/3 for some
a, b € Q. Hence (a + bv/3)? = 2 4+ /3, which expands to
a? + 3b* 4 2abV/3 = 2 + V3,

which gives a® 4+ 3b*> = 2 and 2ab = 1 since 1 and /3 are linearly independent over Q. Thus
b = (2a)7!, and then a® + 3(2a)~2 = 2. Clearing the denominator, we see 4a* + 3 = 8a?,
or simply 4a* — 8a® + 3 = 0. So a is a rational root of 42* — 822 + 3 € Z[x]. However, the
polynomial 42* — 822 + 3 has no root in Q since none of :l:%, :I:%, :l:%, :I:%, :l:}l, :I:% is a root.
(Or, solving 4x* — 822+ 3 = 0 directly, we see that its roots are i\/m and i—m, none of
which is rational.) So we get a contradiction. Therefore v/2 + /3 ¢ Q(v/3), which implies

QV3) S Q(V2+ V3). 0
(3) Let p(z) = 22 — (2 ++/3) € Q(v/3)[z]. (Here z is the indeterminate and Q(v/3) is the

base field for coefficients.) Clearly, p(v/2 + v/3) = 0. The work in (2) above shows that p(x)
has no root in Q(v/3), which implies p(x) is irreducible in Q(v/3)[x] as deg(p(z)) = 2. Thus
p(z) = 22 — (2++/3) is the the minimal polynomial of v/2 + /3 over Q(v/3) by [Problem 2.2,
Hence [Q( 2++/3): Q(\/g)} = deg(p(z)) = 2 and

a2+ v3) Q| - a2+ va)iave) - [ave) i) -2z
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Problem 3.3. Consider v/2 ++/3 € R as in . Find the minimal polynomial of
\/m over Q with rigorous justification.
Solution. Denote u = m Then
=243 = u?-2=3
— (u®—2)%=(V3)?, which expands to u*—4u®+4=3
— u'— 4?4+ 1=0.

Let p(z) = 2* — 422 + 1 € Q[z], so that p(v/2+ v/3) = 0. Moreover, p(z) is monic with
deg(p(z)) = 4 = [Q(v/2 + V/3) : Q]; see [Problem 3.2, Thus, by [Problem 3.1, we conclude
that is the minimal polynomial of v/2 + v/3 over Q.

Problem 3.4. Let @ € R\ {0} be a (fixed) real number such that o= € Q[a]. To be
concrete, suppose o~ ! = %oz4 — o+ 202 — 3o+ 4. Show that « is algebraic over Q and find
the minimal polynomial of o over Q.

Proof/Solution. From a™! = 2a* — a® + 2a® — 3a + 4, we see

5
a(6a4—a3+2o¢2—3a—|—4) =1,

which simplifies to 5a® — 6a* 4+ 120 — 18a2 +24a — 6 = 0. Hence « is algebraic over Q since
a is a root of 5x° — 6z + 1223 — 182” + 242 — 6 € Q[z] \ {0}.
Moreover, the polynomial 5z° — 62* + 1223 — 1822 + 24x — 6 is irreducible over Q by

Eisenstein’s Criterion (with p = 2 or p = 3). Therefore, by [Problem 2.2| the minimal
polynomial of a over Q is

m(z) =a° — Sat 4 1255 18,2 4 Uy 6 ¢ Q[a].

PROBLEMS] HINTS SOLUTIONS

FCKCE....... M, F(T) .o Eg=K < Gal(E/K)=H....... C=C....... [G:N(P)]=|C(P)l=np=1 modp
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Math 8220 (Fall 2024) Homework Set #04 (Due 09/27) Solutions

Problem 4.1. Consider /2 + v/4, which is algebraic over Q.
(1) Determine [Q(+v/2) : Q], with justification.
(2) True or false: Q(+v/2 4+ v/4) = Q(v/2). Please justify your claim.
Solution. (1) Let p(x) = x* — 2, which is irreducible over Q satisfying p(+/2) = 0. Thus p(z)
is the minimal polynomial of /2 over Q by So [Q(v/2) : Q] = deg(p(z)) = 3.
(2) True. Indeed, as v/2 4 v/4 € Q(v/2) \ Q and [Q(¥/2) : Q] = 3 (that is prime), we must
have Q(+/2 4+ v/4) = Q(+/2) by [Problem 2.1(2)|

Problem 4.2. Find the minimal polynomial of 2 + /4 over Q.
Solution. Denote u = /2 + /4. By direct computation, we have

1 = 11 + 0-v2 + 0-V4
v = 0-1 + 1-¥2 + 1-V4
o= 4.1 4+ 2-V2 + 1-94
W = 6-1 + 6-V2 + 6-V4

Thus, finding ay, . . ., ag such that Z?:o a;u’ = 0 is equivalent to solving the following system
of linear equations

104 6\ (% 0

01 26|["l=]o

0116/ |*® 0
as

Solving the system directly, we find a solution of
az=1, ay=0, a;=-6 and ay= —6,

which means u® — 6u — 6 = 0.

Let p(z) = 2% — 62 — 6 € Q[z]. Since deg(p(z)) = 3 = [Q(¥/2) : Q] = [Q(V2 + V/4) : Q),
p(x) is monic and p(+/2 4 v/4) = 0, we conclude that the minimal polynomial of /2 4 /4
over Q is ’x3 — 6x — 6‘ by [Problem 3.1} also see [Problem 2.2 as p(x) is irreducible.

Problem 4.3. Prove the following theorem: For field extensions F C K C L, if L 1is
algebraic over K and K 1s algebraic over F', then L is algebraic over F'.

Proof. Let u € L be arbitrary. (It suffices to show that w is algebraic over F.)

As u is algebraic over K, there exists p(z) € K[z|\{0} such that p(u) = 0. (We may just as
well choose p(z) to be the minimal polynomial of u over K.) Say p(z) = a,2"+---+a1x+ao
so that a; € K. Denote K; = F(ag,aq,...,a,). As a; € K and K is algebraic over F, all a;
are algebraic over F'. Thus K is a finite field extension of F, that is, [K; : F] < oc.

Now consider K;(u). Clearly, p(x) € Ki[z] and, of course, it still holds that p(u) = 0.
Thus wu is algebraic over K; and hence [K(u) : K] < oc.

In summary, we see [K; : F| < oo and [K;(u) : K] < oo. Therefore,

[Kl(U) : F] = [Kl(U) : Kl][Kl : F] < 00,
which implies that K (u) is algebraic over F. In particular, u is algebraic over F'. Thus L is

algebraic over F', which completes the proof of the theorem. O
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Problem 4.4. Let FF C K be a field extension such that every irreducible polynomial in
F[z] remains irreducible in Kz|. Prove that F' is algebraically closed in K (that is, prove

that F' = {u € K | u is algebraic over F'}). (See|Problem E-5 for the converse.)

Proof. Clearly, F' C {u € K | u is algebraic over F'}. Conversely, let u € K be an (arbitrary)
element that is algebraic over F. (It suffices to show u € F.)

Let mp(x) be the minimal polynomial of u over F', and mg(x) be the minimal polynomial
of uw over K. Then mg(x) is monic and irreducible in F'[x] with mp(u) = 0. By assumption,
mp(x) remains irreducible in K[x]. (Clearly, mp(x) is still monic and satisfying mg(u) = 0.)
Thus mp(z) is the the minimal polynomial of u over K by [Problem 2.2l Thus mg(z) =
mp(z) € Flx].

On the other hand, since u € K, the minimal polynomial of u over K is

mi(z) =x —u € K[zl

Now, putting it all together, we see x — u = mg(x) = mp(x) € F|x], which implies u € F.

This establishes that F' is algebraically closed in K, as required. 0
PROBLEMS] HINTS| SOLUTIONS
FCKCE....... M, F(T) oo Ey=K < Gal(E/K)=H....... C=C....... [G:N(P)]=|C(P)l=np=1 modp
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Math 8220 (SemesterYear) Midterm Exam I (10/02) Review Problems

Irreducible polynomials, roots: Problems[I.1] [I.2] [I.3]

Computing products, quotients: Problems[1.4] 2.4

Field extensions & extension degrees: Problems [2.1] [4.2] [4.3] (4.4
Minimal polynomials & extension degrees: Problems 2.2 3.1] 3.2} 3.3} 3.4
Abstract problems on field extensions: Problems [2.1] 2.2] [4.4]

Lecture notes and textbooks: All we have covered in class.

Note: The above list s not intended to be complete. The problems in
the actual test may vary in difficulty as well as in content. Going over,
understanding, and digesting the problems listed above will definitely help
However, simply memorizing the solutions of the problems may not help you
as much.

You are strongly encouraged to practice more problems (than the ones
listed above) on your own.



Math 8220 (Fall 2024) Midterm Exam I (10/02) Review Topics

Irreducible elements. Let R be a commutative ring with 1 and 0 # r € R\ U(R). We
say 1 is irreducible if, for a, b € R, r = ab necessarily implies a € U(R) or b € U(R).

Irreducible polynomials over fields. Let K be a field and f(z) € K[z]. Then f(x) is
irreducible iff f(z) ¢ K and f(x) is not a product of polynomials in K[z] of lower degrees.
Polynomials in Z[z] and Q[z]. Let f(z) = a,a™ + -+ a1x + ag € Z[x].

e We say f(x) is primitive iff ged(ay, ..., a1, ap) = 1.

e The product of primitive polynomials is primitive.

o f(z) reducible in Q[z] = f(x) reducible in Z[z]. If f(z) is primitive, then <= .

o All rational roots of f(z) are contained in {% : r, s € Z, r | ag, 5 | a,}.

e If there exists a prime p € Z such that p{ a,, p | a; for alli < n—1 and p*{ ag, then

f(z) is irreducible in Q[z]. (This is Eisenstein’s Criterion.)

Field extensions. Let /' C K C L be field extensions. Let v € K.

e The extension degree of K over F, [K : F/, is the vector space dimension of K/F.
e We say u is algebraic over F if there exists f(x) € F[z] \ {0} such that f(u) = 0.
e We say that K is algebraic over F' if all elements of K are algebraic over F.

o If [K : F] < oo, then K is algebraic over F.

e The algebraic closure of F'in K is defined as Fr = {a € K |a is algebraic over F'},

which is known to be a field. If B = F , we say F'is algebraically closed in K.
e We have [L: F] =[L: K|[K : F].
o If L is algebraic over K and K is algebraic over F', then L is algebraic over F'.

Minimal polynomials. Let F' C K be a field extension and u € K algebraic over F'. The
minimal polynomial of u over F'is the monic m(x) € F[x] of least degree such that m(u) = 0.
o For f(z) € F(x), f(u) =0 < m(z) | f(z). Also, m(z) is irreducible in F[z].

e We have F'(u) = Flu] = F[z]/(m(x)), and [F(u) : F| = deg(m(z)).
e If deg(m(z)) = n, then F(u) = Flu] = {ag + aju+ -+ + a,_1u" 1 |a; € F}.
Constructing roots. Let F' be a field and p(x) € F|x] be irreducible with deg(p(x)) = n.

Consider K = F[x]/(p(x)), which is a field. Denote f(z) = f(x) + (p(x)) € F[z]/(p(z)).
e The map h: F — K defined by h(r) =7 is an injective ring homomorphism.
e Identify F' as a subfield of K via h, we see T is a root of p(y) € F|[y].
e In fact, p(y) (up to the leading coefficient) is the minimal polynomial of T over F.
e We have [K : F]=nand K = {ag+ a1T+ -+ a,_17"" | a; € F}.

Algebraic closure. Let F' C (' be a field extension.

e We say C' is algebraically closed if one (or all) of the following holds

— There is no proper field extension of C' that is algebraic.

— All irreducible polynomials in C[z]| have degree 1.

— Every f(z) € Clz] \ C is a product of linear factors.

— Every f(z) € C[z] \ C has (at least) one root in C.
e (' is a algebraic closure of F'iff C' is algebraic over F' and C' is algebraically closed.
e Every field has an algebraic closure, and it is unique up to isomorphism.

Note: The above list is not intended to be complete.
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Math 8220 (Fall 2024) Midterm Exam I (10/02) Solutions

Solutions

have been withdrawn

from the site

PROBLEMSI HINTS SOLUTIONS

FCKCE....... M, F(T) .o Ey=K < Gal(E/K)=H....... C=C....... [G:N(P)]=|C(P)l=np=1 modp
11



Math 8220 (Fall 2024) Homework Set #05 (Due 10/11) Solutions

Problem 5.1. Let FF C K, C L be field extensions such that each K is normal over F’,
where A € A # &. Denote K = Nycp K. Prove that K is a normal extension of F.

Proof. Since K is algebraic over F', for each A € A # &, we see that K is algebraic over F'.

Let p(z) be any irreducible polynomial in F[x] such that p(z) has a root in K; say
deg(p(x)) = n. Fix any A € A. Since K, is normal over F' and p(z) has a root in K,
p(z) can be factored completely over K, (according to a result covered in class); say

p(z) =alx —r))(z—ry) - (x—ry,) with a € F\ {0} and r; € K, C L.

The roots of p(x) are uniquely determined in L (up to re-ordering). Thus, the roots

1, T2y ..., Iy € K are independent of A € A (since they are all the roots of p(x) in L).
Consequently, we see {ry, 19, ..., r,} C K, for all A € A. This allows us to establish
{ri, ra, ooy} © Nyen Kn = K. Therefore

plz)=alx —r)(x—1ry) - (x—7,) with r, € Kforalli=1,..., n.

In summary, if a polynomial p(z) € F[z] that is irreducible over F' has a root in K then
p(z) factors completely over K. This proves that K is a normal extension of F'.

Here is another approach (sketch): Fix any algebraic closure C' of L. Suppose that
K is not normal over F'. Then there exists an embedding ¢: K — C such that ¢|r = idp
and p(K) € K; so p(K) € K, for some A € A. Let ¢: Ky — C be any extension of ¢,
which exists (details omitted). Then ¢|r = idr and ¢(K,) € K, which is a contradiction.
(Note that C' is not necessarily an algebraic closure of K. But this is not an issue.) U

Problem 5.2. Let F' be any field and f(z) € Flz] with deg(f(z)) = n > 0. Let K be a
splitting field of f(x) over F. Prove [K : F] < nl.

Proof. We prove the statement by induction on deg(f(z)). In case deg(f(x)) =1, it is clear
that f(z) has precisely one root that is in F.. Thus K = F hence [K : F| =1 =1
Assume that the statement holds for n = k—1 > 1. (This means that the statement holds
for the splitting fields of any polynomial of degree k — 1 over any field.) Let f(x) € F|x]
with deg(f(x)) = k. (We must show [K : F| < k! in order to complete the induction.)
Since K is a splitting field of f(z) over F, we have
fl@)=alx —u)(z —uz) - (x — uy) with a € F\ {0} and u; € K
and K = F(uy, ug, ..., ug) by definition.
Denote Fy = F(uy). Since f(u1) = 0 and deg(f(z)) = k, we see
(%) [F: F) <k
Also, as f(z) € Fi[z] and u, is a root of f(z) in F}, we have
f(z) = (x —w) fi(2) with  fi(z) = a(x —ug) - - - (v — ug) € Fiz].
Hence K = Fy(ua, ..., ug) is a splitting field of fi(x) over F;. Now, as deg(fi(z)) =k — 1,
the induction hypothesis (applied to fi(z) over the field F}) implies
(xx) (K : F] < (k-1
Combining (%) and (xx), we see
[K:F]=[K:F]|[F:F] <k

as required. This concludes the induction. The proof is complete. 0
12



Problem 5.3. Let K be a splitting field of 2™ —a over Q, in which a € Q\{0} and 1 < n € Z.
Prove K = Q(u,v) for some u,v € K. Assume K C C without loss of generality.

Proof. Let u € C be a/any root of 2™ — a (which exists); and let v = ewi € C. Then, as

00 ol Lo, v ! are the distinct roots of " — 1 € Q[xz], we see that u, uv, ..., uv""! are
distinct roots of ™ — a. As z" — a have at most n distinct roots in C, we conclude that
u, uv, ..., wv" ! must exhaust all the roots of 2 — a. Thus
K = Q(u, uv, ..., uwv" ).

Finally, note that Q(u, uv, ..., uv"!) = Q(u, v). (Indeed, as uv' € Q(u, v) for all t € Z,
we get Q(u, uv, ..., uwv™ ) C Q(u, v). Conversely, as both v and v = u~!(uv) are in
Q(u, uv, ..., uwv™ ), we see Q(u, uv, ..., uv" ') O Q(u, v).) Therefore K = Q(u, v) as
required. (In fact, there exists w € K such that K = Q(w). Stay tuned.) O

Problem 5.4. Let K be a splitting field of 2% — 2 over Q. Determine [K : Q] as follows.
Assume K C C without loss of generality. Let u = v/2 and v = e3".

(1) True or false: K = Q(u,v). Explain why.

(2) Determine [Q(u) : Q] with rigorous justification.

(3) Determine [Q(u,v) : Q(u)] with rigorous justification.

(4) Find [K : Q). (Feel free to find [K : Q] without going through (1)-(3).)

Solution. (1) It is true that K = Q(u,v), as this has been just shown in [Problem 5.3]
(2) As u% — 2 = 0 while 2% — 2 is monic and irreducible over Q (by Eisenstein’s Criterion
with p = 2), we see 2 — 2 is the minimal polynomial of u over Q (cf.|[Problem 2.2)). Hence

[Q(u) : Q] = deg(2® — 2) = 6.
(3) Note that v = 1 + i and v ' = ¢ 5 = L — ¥3; (Indeed, for all z € C with |2| =1,
271 =z, the conjugate of z.) Consequently, we see
v+vt=1 which implies v  —v+1=0.

So the minimal polynomial of v over Q(u) has degree at most 2; hence

(1) [Q(u, v) : Qu)] < 2.
Moreover, as v ¢ R while Q(u) C R, we see v ¢ Q(u); hence
(1) [Q(u, v) : Q(u)] = 2.

Combining (1) and (1), we see [Q(u,v) : Q(u)] = 2.
(4) Putting (1), (2) and (3) together, we see

K : Q] = [Qu,v) : Q] = [Qu,v) : Qu)][Qu) : Q] = 2-6 = 12.

In summary, [K : Q] = 12. The solution is now complete.

PROBLEMS HINTS SOLUTIONS
FCKCE....... M, F(T) oo Ey=K < Gal(E/K)=H....... C=C....... [G:N(P)]=|C(P)l=np=1 modp
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Math 8220 (Fall 2024) Homework Set #06 (Due 10/18) Solutions

Problem 6.1. Let F be a field of characteristic p > 0 and f(x) = Zj:o a;z' an irreducible
polynomial in F[z]. Prove that the following statements are equivalent to one another.

(1) All roots of f(x) in all splitting fields of f(x) over F' are multiple.
(2) f(z) has a multiple root in some extension field of F'.

(3) a; =0 for all 0 < i < d such that p 1.

(4) f(x) = g(«P) for some g(z) € F[x].

Proof. (1) = (2): This is clear.
(2) = (3): Suppose that f(z) has a multiple root in an extension field of F. Then

fl(x) =0, thatis, dagz®'+(d—1)ag_12*%+ -+ 2as2 + a; = 0.

Thus ia; = 0, which implies p | i or a; = 0, for 1 < i < d. Note that p | 0. Hence a; = 0 for
all 0 < i < d such that p 1.
(3) = (4): Assume a; = 0 for all 0 < i < d with pti. Then f(x) can be written as

f(z) = ap + apa? + a2px2p 4+ -+ a(s,l)px(s_l)p + agpz®  for some s € Z with s > 1.

Let g(x) = aop + apx + agpx® + - - - + a(s_1)p2° 1 + agmpr® € Flz]. It is clear that f(z) = g(aP).
(4) = (1): Suppose f(z) = g(aP) with g(z) = cs2® + - - + 12 + ¢o € F[z]|. Thus

f(z) = g(a?) = csa™® + co 12 + o 4 1 + 013" + ¢,

It is routine (and easy) to see f'(z) = 0 as char(F) = p. (Or by chain rule, f'(z) =
g (xP)(zP) = ¢'(xP)(pxP~') = 0.) Now, for every root 7 of f(z) in any field extension of F,

f(r)=0=f(r).

Consequently all roots of f(x), in all extension fields of F, are multiple. O

Problem 6.2. Let F be a field of characteristic p > 0. Consider f(x) = 2" — a where
0<n€Zanda€ F. (Here 27" stands for z(?").) Let K be a splitting field of f(z) over F'.
Prove that 2" — a has precisely one root, with multiplicity p”, in K.

Proof. As K is a splitting field of f(z) over F', there exists (at least) one root of f(z) in K;
that is, there exists u € K such that f(u) = 0, which gives

uw’ = a.

Now, due to prime characteristic p, we have

n

fx)=a" —a=2a" —u"" = (z —u)”".
This shows that u is the only root of 2”" — @ in K, with multiplicity p". O

Problem 6.3. Let F' be a field of characteristic 0, » € F' and f(z) € Fx] \ F. Let m € N.
Prove that the following statements are equivalent to each other:

(1) ris a root of f(x) with multiplicity m.
(2) f(r) =0 and r is a root of f'(x) of multiplicity m — 1.
e agree that r is a root o x) of multiplicity 0 if and only 1 T 0.
W h f f f multipl f and only if f'(r) #
14



Proof. (1) = (2): Assume that r is a root of f(z) of multiplicity m. By definition,

f(@) = (@ —r)"g(z) with g(r) £0.
Thus, we have f(r) = (r —r)™g(r) = 0. Moreover, we see

fi(@) =[x —r)"g(x)]
=m(z —r)""g(z) + (z — )" (z)
= (z— )" Hmg(z) + (z —r)g'(2)],
with mg(r) + (r —r)g'(r) = mg(r) # 0, since m # 0z, g(r) # 0r and char(F) = 0. This
proves that r is a root of f'(x) of multiplicity m — 1.

(2) = (1): Assume that f(r) = 0 and r is a root of f’(x) of multiplicity m — 1. Since
f(r) = 0, we see that r is a root of f(x), say of multiplicity s > 1. By (1) = (2) above
(which has been established), we see that r is a root of f’(z) of multiplicity s — 1. Note
that the multiplicity of r as a root of f/(x) is uniquely determined (as F'[z] is a UFD). Thus
s —1 =m — 1, which yields s = m, meaning that r is a root of f(x) with multiplicity m.
This completes the proof. 0
Problem 6.4. Let F' be a field of characteristic 0, » € F and f(z) € F[z]\ F. Let m € N.
Prove that the following statements are equivalent to each other:

(1) ris a root of f(x) with multiplicity m.

(2) fO(r)=0foralli=0,1,...,m—1and f™(r) #0.
(Here fO(x) = f(z) and, recursively, f™+Y(z) = (f(x)) for all n > 0; so f) = f'(z).)
Proof. We proceed by induction on m. The case where m = 1 has been proved in class (and

is also proved in |[Problem 6.3| above).

Let £ > 1 be an integer and suppose that the equivalence (1) < (2) holds for m = k.
(Stated explicitly, the induction hypothesis says that, for every polynomial g(z) € Flz|\ F,
7 is a root of g(z) of multiplicity & if and only if ¢ (r) = 0 for all i = 0, ..., k — 1 and
g®(r) # 0. This is labeled (*).) Now we have

r is a root of f(z) of multiplicity k + 1
EL f(r) =0 and r is a root of f'(x) of multiplicity k

<(i—)> f(i)(’f’) =0forallz=0,1,..., kand f(kﬂ)(r) # 0.

So the desired equivalence holds for m = k£ + 1. By induction, the desired equivalence

(1) < (2) holds for all m € N. The proof is now complete. O
PROBLEMS] HINTS] SOLUTIONS
FCKCE..... M, () .. Ey=K < Gal(E/K)=H....... C=C....... [G: N(P)] = |C(P)| =np =1 mod p
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Math 8220 (Fall 2024) Homework Set #07 (Due 10/25) Solutions

Problem 7.1. Let F' be a field of characteristic p > 0 (hence p is prime) and let a € F.
Prove that 2P — a either factors completely in F'[x] or is irreducible in F[z].

Proof. Write 2P — a = py(z) - - - po(z) with each p;(z) monic and irreducible in F[z]. Also,
let C' be an algebraic closure of F', so that 2 — a has a root r € C'. Consequently,

(1) pr(z) o pu(z) =2 —a=aP —rP = (x —r)P € C[x].

In particular, r is a root of p;(x) for all i = 1...,n. (In fact, it follows from () that each
pi(x) is a power of x — r, since C|x] is a UFD.)
By |Problem 2.2} each p;(z) is the (unique) minimial polynomial of r over F'. Thus, by the

uniqueness of minimal polynomial, we see pi(x) = - -+ = p,(x). Consequently,

2P —a=p(x) - pplx) =m(x) --m(x) =m(x)"

in which m(x) denotes the minimial polynomial of r over F'. Thus p = ndeg(m(z)).
As p is prime, we get deg(m(z)) € {1, p}. If deg(m(z)) = 1, then 2P —a factors completely
in Flz|; If deg(m(x)) = p, then 2P — a = m(z), which is irreducible in F[z]. O

Problem 7.2. Let F' C K be an extension of fields of characteristic p > 0 (hence p is prime).
Define £ = {a € K | a*" € F for some integer n > 0}. Determine whether the following
statements are true or false, with justifications.

(1) FCECK.
(2) E is a field (under the operations of (K, +, -)), that is, E is a subfield of K.

Solution/Proof. (1) True. Indeed, the inclusion £ C K is clear by the construction of E.
For F' C E, observe that every a € I satisfies a?" € F, which yields a € E.

(2) True. To prove it, let us first note that F # @& because @ # F C E. (This also shows
lx = 1p € E.) Next, let a, b € E. There exist non-negative integers m, n such that

a?" € F and W €F.
Let t = max{m, n} (or choose any ¢t > max{m, n}). By the Frobenius, we see
(a . b)pt _ apt _ bpt _ (apm>pt—m _ (bpn)pt—n E F7
(ab)pt _ aptbpt _ (apm)ptfm (bpn)ptfn 6 F’
(a™)P" = (@) e F if a#0,
which impliesa —b € E, ab€ E, and a™! € E if a # 0. Given E C K, this shows that F is
a subfield of K. O
Problem 7.3. Let F' be a fields of prime characteristic p > 0. Prove (1) = (2).
(1) All algebraic field extensions of F' are separable over F'.
(2) F={u"|ueF}.
Proof. Suppose F' # {u? | u € F'}. This necessarily means {u” | u € F} C F, so there exists
a € F such that a ¢ {u? | u € F'}. Consider the following polynomial
p(x) =aP —a € Flx].

By the assumption above, p(z) has no roots in F' and, hence, p(z) does not factor completely

over F'. By |Problem 7.1} we conclude that p(z) is irreducible over F'. Let K be a splitting
16



field of p(x) = 2P — a over F, so that there exists r € K such that r is a root of p(x), which
simply means r? = a. Thus, in K|[z|, we have

plx)=aP —a=2aP —rP = (z —r)P.
Moreover, p(z) is the minimal polynomial of r over F'; see |Problem 2.2 Therefore, the
element 7 is not separable over F', because r is a multiple root of its minimal polynomial

over F' (namely p(z)). Altogether, we get an algebraic field extension F' C K such that K
is not separable over F'. This completes the proof. 0

Problem 7.4. Consider Q C Q(v/2) C Q(v/2), all subfields of C.

(1) True or false: Q C Q(+/2) is a Galois extension. Show your justification.
(2) True or false: Q(v/2) C Q(v/2) is a Galois extension. Show your justification.
(3) True or false: Q C Q(v/2) is a Galois extension. Show your justification.

Solution/Proof. (1) True. The field extension Q C Q(v/2) is separable since char(Q) = 0.
Also, Q(v/2) is normal over Q since Q(v/2) = Q(v/2, —v/2) is a splitting field of z2 — 2 over
Q. Therefore Q(v/2) is Galois over Q.

(2) True. The field extension Q(v/2) C Q(v/2) is separable since char(Q(v/2)) = 0. Also,
as Q(v/2) = Q(v/2, —v/2) is a splitting field of 22 — v/2 over Q(v/2), we see that Q(v/2) is
normal over Q(v/2). In conclusion, Q(+/2) is Galois over Q(v/2).

(3) False. Indeed, consider z* — 2, which is irreducible in Q[x] (by Eisenstein’s criterion).
Clearly, z* — 2 has roots £v/2 € Q(+/2). But Q(v/2) does not contain the other roots 4+v/2

of 2* — 2, since Q(+/2) C R. Thus Q(+/2) is not normal, hence not Galois, over Q. O
PROBLEMS HINTS SOLUTIONS
FCKCE....... M, F(T) oo Ey=K < Gal(E/K)=H....... C=C....... [G:N(P)]=|C(P)l=np=1 modp
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Math 8220 (Fall 2024) Homework Set #08 (Due 11/01) Solutions

Problem 8.1. Consider the Galois extension Q C E where E = Q(v/2,v/3). We have seen
in class that Gal(E/Q) = {01, 02, 03, 04} where o; are determined by

=0 : V2 V2, V3 V3 o3 V2= —V2, V3 V3;
02 V2 V2, V3 —V3:; o1 V2= —V2, V3 —V3.
(1) Compute oa(1 — 2v/2 + 3v/3 — 41/6).
(2) Let H = {01, 04}. Find u € Q(v/2,/3) such that By = Q(u).
(3) Let K = Q(5v/2 + 8V/3). Determine Gal(E/K).
(4) Prove Q(5v/2 + 8v/3) = Q(v/2,v/3). (Compare with [Problem 2.3])

Solution/Proof. (1) It is straightforward to see
o2(1 —2v2+3V3 — 4V6) = 1 — 2v/2 — 3V/3 + 4V/6.

(2) By inspection (details skipped), we see By = {a +bv6|a, b € Q} = Q(\/6).

(3) By definition (and also because 5v/2 + 8/3 generates K over Q), o; € Gal(E/K) if
and only if 0,-(5\/5 + 8\/§) = 5v/2 + 8v/3. Direct checking reveals (details skipped)

o1(5v2 +8V3) = 5v2 +8V3  while 0;(5v2 +8V3) #5V2+8V3 for all i = 2, 3, 4.

That is, only o, keeps 5v/2 + 8v/3 fixed. Thus Gal(E/K) = {0}

(4) By the fundamental theorem of Galois theory, K = Egai(g/k)- Since Gal(E/K) = {01},
we must have K = Fy, y, the fixed field of {o7}. On the other hand direct calculation reveals
that F{,y = E. (Indeed, 0, is the identity map on F, so every element of F is fixed by o;.)

Thus K = E, which verifies Q(5v/2 4+ 8v/3) = Q(v/2, V/3). O

Problem 8.2. Let F = Q(v/2,/3) and Gal(E/Q) = {01, 02, 03, 04} be as in Problem .

(1) Determine the group structure of Gal(E/Q). Explain why.
(2) Find all (proper and improper) subgroups of Gal(F/Q) explicitly.
(3) Find all intermediate fields K between Q and E explicitly, including Q and K.

Solution. (1) The Galois group Gal(E/Q) has order 4. And direct computing shows
o2(vV2)=+v2 and o2(V3)=+V3 forall i=1,2 3, 4.

That is, 07 = oy for all i. Thus Gal(E/Q) is the Klein four-group (cf. Problem [3.4)).
(2) There are precisely five subgroups of Gal(E/Q), which are listed as follows

Hy={o1}, Hy={0o1, 02}, Hy={o1, 03}, Hyi={o1, 04}, H;=Gal(E/Q).

(3) By the fundamental theorem of Galois theory, the intermediate fields must be the fixed
fields Ey,, 1 < i < 5, precisely. Studying each Ey, directly (details skipped), we see

= @(\/57 \/§>> EH2 = Q(\/ﬁL EH3 = Q(\/g)v EH4 = @(\/6)7 EH5 - Q
So there are precisely five intermediate fields: Q, Q(v/2), Q(v/3), Q(v/6) and Q(v/2, v/3).
Problem 8.3. Consider the Galois group of 2* — 2 over Q, Gal(E/Q) where E = Q(v/2,1).

It can be shown that Gal(E/Q) = {01, 09, ..., s} in which o; are determined by
B, V2RV B d V2B V2 0B, V2BV2 B i V25 -V
P30, V2RV i V2 V2 0% i V2R V20 i i, V28 V20

[y
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(1) Let H = {01, 0g}. Find u € Q(+/2,4) such that Ey = Q(u).

(2) Let K = Q(v/2 +1i). Determine Gal(E/K).

(3) Prove Q(v/2 + i) = Q(v/2,4). (Compare with [Problem 2.3/ and [Problem 8.1
Solution/Proof. (1) For w = ci4cyi+csv/2+cav/2i+csv/24-ceV/2 i4-crv/8+csv/8i € Q(v/2,1)
with ¢; € Q, we have (with some details skipped in <= )

w e Ey <= o01(w) =w and og(w) = w <= og(w) =w

= g =c5=0,c3 = —c4 and ¢; = ¢
= o +c(V2 = V2i) + caV2i + (V8 + V8i).

Consequently, we obtain Ey = {a + b(v/2 — v/2i) + cv/2i + d(v/8 + v/8i) | a,b,c,d € Q} =
Q(v/2 — v/21), noting that —%({4/5 —v2i)? = /24 and —%({4/5 —V2i)3 = /8 + V8.

(2) By definition (and because v/2 + i generates K over Q), we have o; € Gal(E/K) if
and only if 0;(v/2 + i) = v/2 + 4. Direct checking reveals (details skipped) that

o (V2+i)=v2+i while o;(V2+i)#V2+iforallj=23, ...,8.

That is, only o; keeps v/2 + i fixed. Thus Gal(E/K) = {01}

(3) By the fundamental theorem of Galois theory, K = Ecag/k) = E{s,}. Moreover, from
direct inspection, we see that the fixed field of {0} is E{,,} = E, since oy is the identity
map on E. Thus K = E, which completes the proof that Q(+v/2 + i) = Q(v/2,1). O

Problem 8.4. Let G = {e, a, b, ¢} be a group of order 4 that is not cyclic (or equivalently,
a’ =b* = ¢ = ¢e). (Such G is unique up to isomorphism, called the Klein four-group.) Let
V = Gal(Q(v2,v/3)/Q) = {01, 02, 03, 04} as in Problem

(1) Let H be any group. Prove that H must be abelian if 2% = ¢ for all z € H.

(2) Complete the multiplication table (a.k.a. the Cayley table) of G. No need to justify.

L llelafb]c]
elelalbl|c
allale|cl|b
bllblclela
cllelblale

(3) True or false: G = V. If it is true, construct a group isomorphism explicitly.

Proof/Solution. (1) Indeed, vy = zey = x(zy)?y = 2*yzy? = eyze = yx forallx, y € H. 0
(2) See the completed multiplication table (a.k.a. the Cayley table) of G above. (Note
that G is abelian by (1).)
(3) It is true that G = V. For example, there is an isomorphism h: G — V defined by

h(e) =01, h(a) = 09, h(b) = 03, h(C) = 04.
(It is routine to verify that h(xy) = h(x)h(y) for all z, y € G.)

PROBLEMSI HINTS SOLUTIONS

FCKCE....... M, F(T) .o Ey=K < Gal(E/K)=H....... C=C....... [G:N(P)]=|C(P)l=np=1 modp
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Math 8220 (Fall 2024) Midterm Exam IT (11/06) Review Problems

Materials covered earlier: Homework Sets [} 2] [3] [4} Exam [

Splitting fields, normal extensions: Problems [5.1] 5.2} [5.3] [5.4]

Simple roots, multiple roots, separable extensions: Problems 6.2 [6.3] [6.4] [7.3]
Fields of characteristic p > 0: Problems[6.1} [6.2] [7.1} [7.2] [7.3]

Galois extensions, fundamental theorem of Galois theory: Problems[7.4] 8.1} [8.2] 8.3
Group theory: Problems[8.4]

Lecture notes and textbooks: All we have covered.

Note: The above list s not intended to be complete. The problems in
the actual test may vary in difficulty as well as in content. Going over,
understanding, and digesting the problems listed above will definitely help.
However, simply memorizing the solutions of the problems may not help you
as much.

You are strongly encouraged to practice more problems (than the ones
listed above) on your own.
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Splitting fields. Let F' C K be a field extension and f(z) € Flz]\F. We say K is a splitting
field of f(x) over F iff f(x) =a(x —1ry) - (x —ry) withr; € K and K = F(ry,...,7ry).

Normal extensions. Let FF C K be a field extension. We say K is a normal over F iff K
is a splitting field of { fi(z) € F|x] \ F'}iea, a family of polynomials in F[z].

An algebraic field extension F C K is normal if and only if every irreducible polynomial
in F[z] that has a root in K can be factored completely over K if and only if (omitted).

Fields of prime characteristic p > 0, finite fields. Let F' be a field.

e If char(F) = p > 0, then (a £ b)P" = a?" £ V" for all a, b € F and all n € N.
e Every finite field F' has prime characteristic p > 0 and hence |F'| = p™ for some n > 1.
e For every prime number p and every n > 1, there is a field F' such that |F| = p".

Separable extensions. Let I' C K C L be algebraic field extensions. Let u € K.
e Given f(z) € Flz], u is a multiple root of f(z) iff f(u) =0 = f'(u).
e A irreducible polynomial p(z) over F has a multiple root in F iff p/(x) = 0.
o [Definition] We say u is separable over F' iff u is a simple root of its minimal polyno-

mial over F' (iff the minimal polynomial of u over F' has no multiple roots).

e [Definition] We say K is separable over F' iff all elements of K are separable over F.
e If u is separable over F, then F(u) is separable over F.
e [ is separable over F' if and only if L is separable over K and K is separable over F'.
e The separable closure of F'in L is {u € L | u is separable over F'}, which is a field.
o If [ : F] < co and K is separable over F, then there is a € K such that K = F(a).
e We say F' is perfect if every algebraic field extension of F' is separable.

Automorphisms. Let F' C F be a (finite) field extension.

e An F-automorphism of F is an isomorphism h : £ — E satisfying h(a) = a,Va € F.
e All F-automorphisms of E form a group under composition, denoted Aut(E/F).

e For H C Aut(E/F), the fixed field of H is Ey = {u € E|h(u) =u for all h € H}.
o |Aut(E/F)| < [E: F]. For H < Aut(E/F), H= Aut(E/Ey) and |H| = [E : Ey].

Galois extensions. Let F' C F be a finite field extension. We say E is Galois over F'iff E
is normal and separable over F'iff | Aut(E/F)| = [E : F| iff F = Eauyg/r). When F C E is
Galois, we denote Aut(E/F) = Gal(E/F), called the Galois group of E over F.
The fundamental theorem of Galois theory. Let F' C E be a Galois extension. Then,
for any intermediate field K (so ' C K C F) and for any H < Gal(E/F), we have

o K = Ega(r/k) and [E : K] = |Gal(E/K)|. (Note that E is Galois over K.)

o H=GalFE/Ey), |H| =[F: FEy] and |Gal(E/F)|/|H| = [Eg : F].

e K is Galois over F iff K is normal over F iff Gal(E/K) < Gal(E/F).

e If K is normal (hence Galois) over F', then Gal(K/F) = Gal(E/F)/ Gal(E/K).

Group theory. Groups, subgroups, normal subgroups, group homomorphisms, quotient
groups, Lagrange’s theorem, isomorphism theorems of homomorphisms, etcetera.

Note: The above list is not intended to be complete.
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Math 8220 (Fall 2024) Extra Credit Set Solutions

You must solve a problem completely and correctly in order to get the extra credit. You
may attempt a problem for as many times as you wish by 12/06.

The points you get here will be added to the total score from the homework assignments.
Each % represents a correct solution submitted.

Problem E-1 (3 points). Let D be an integral domain (not necessarily commutative) and
R a subring of D such that R is non-zero with unity 1. Prove that 1y is the unity of D.
(Thus, if R is a field, then D is naturally a vector space over R.)

Problem E-2 (3 points). Let D be a commutative integral domain and F' a subring of D
such that F' is a field and D has finite dimension as a vector space over F' (cf. [Problem E-1]).
Prove that D is a field.

Problem E-3 (3 points). Let D be an integral domain and F' a subring of D such that F
is a field and D has finite dimension as a vector space over F' (cf. [Problem E-1)). Prove that

D is a division ring.

Problem E-4 (3 points). Let /' C K be a field extension and u € K such that [F(u) : F]
is finite and odd. Prove F(u) = F(u?).

Problem E-5 (3 points). Prove or disprove: If F' C K is a field extension such that F
is algebraically closed in K, then every irreducible polynomial in F[z] is irreducible in K[x].

(This is the converse of [Problem 4.4} )

PROBLEMS] HINTS SOLUTIONS

FCKCE....... M, F(T) .o Ey=K < Gal(E/K)=H....... C=C....... [G:N(P)]=|C(P)l=np=1 modp
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