Math 615 (Winter 2005) Homework Set #4 Solutions

Problem 1. Let R be a Noetherian ring of characteristic p, I an ideal, and M an R-module.
(1) For any given e € N, show that H( M) = {H’(M)) for every i.
(2) Suppose that M is finitely generated over R for some ey > 1. Show that R/ Anng(M) is
an F-finite ring. Consequently, °M is finitely generated over R for every e.

Proof. (1). Given any ring homomorphism ¢ : S — T of Noetherian rings, any T-module M (which
is naturally an S-module), and any ideal I of S, we always have H%(M) = H;( pr(M) as S-modules
(and as T-modules as well) for all i. To prove (1), apply the above with S = R, T = R, and ¢
being the Frobenius ring homomorphism F*¢: S — T, which gives H} (M) = {H}, (M)) for every
i. Now notice that H, (M)) = H;(M)) for every i.

(2). Since ey > 1, we have that both M = M and M are finitely generated over R. Say M
is generated by z1,...,x,. Then there is an injective R-linear map R/ Anng(M) — M™ sending
the class of 1 to (z1,...,2,) € M™ This induces an injective R-linear map R/ Anng(M)) —
Y(M™) = (*M)™, which forces R/ Anng(M)) to be finitely generated over R, i.e. R/ Anng(M) is
an F-finite ring. Consequently, {R/ Anng(M)) is finitely generated over R for every e. Also notice
that there is a surjective R-linear map (R/ Anng(M))" — M, which induces a surjective R-linear
map ((R/Anng(M)))" — °M for every e. Thus °M is finitely generated over R for every e. [

Problem 2. Let (R, m, k) be a Noetherian local ring of prime characteristic p and P € Spec(R) be
any prime ideal of R. Suppose R is F-finite and say [k : kP] = p®.

(1) Prove that dlm(ﬁ/Q) = dim(R/P) for every Q € ASSR(}A%/P}A%) minR(ﬁ/P}A%)

(2) Show that [(R/P)p : ((R/P)p)?] = p*+4mE/P) (We have proved this when R is complete.)

Proof. Without loss of generality, we assume R is a domain and P = 0. Then, as proved in class, R
is reduced so that Assz R(R) mlnR(R) and RQ is the fraction field of R/Q for every Q € mmR(R)
By going-down, Q NR =P =0 for every Q € rnmR(R). Thus there is a natural isomorphism
Ry = Rp ®g, R for every Q€ mlnR(R) We have shown in class that R ® 'R = Y(R), which
is the same as that RY/? @ R = (R)'/?. Say [Rp : (Rp)?] = n, ie. (Rp)YP = (RVP)p = (Rp)".
Then (Rq)'/? = ((R)!/?)q = (R'? ©p R)q = RY" ©p Rq = (Rl/”) ©rp Rg = (Rp)" @, Ro =
(Rp ®r, EQ)" ~ (]?BQ)” for any @Q € minR(R). In other words, [(RQ)l/p : EQ] =n=[Rp: (Rp)?]
for all Q € minﬁ(ﬁ).

We have shown in class that [(}A%Q)l/p ; }/éQ] = p“*dim(ﬁ/@ for any Q € Spec(R). Thus dim(R/Q) is
constant for all Q) € miné(ﬁ). Since dim(R/Q) = dim(R) = dim(R/P) for some Q € min é(ﬁ)
conclude that (1) dim(R/Q) = dim(R/P) for all Q € minR(R) and (2) [Rp : (Rp)?] = potdim(f), D
Problem 3. Let R be a Noetherian ring of prime characteristic p, M a finitely generated R-module

such that Anng(M) C V0. For any R-modules N C L and z € L, prove z € N} <= there exists
¢ € R° such that Image(r @ {cM) — L ®g ‘M) C Image(N @ ‘M — L ®p M) for all e > 0.

Proof. The direction ‘=" is straightforward. To show the implication ‘<’, it suffices to prove it for
(N ++vO0M)/vOM C M/+/OM > x++/0OM over the reduced ring R/+/OM. In other words, we may
assume R is reduced (hence Anng(M) = 0) without loss of generality. Let W = R°. Then there
exists a surjective (W ™'R)-map WM — W~'R, which implies the existence of an R-linear map
¢ : M — R such that ¢(M) N R° # 0. Say ¢ € ¢(M) N R°. Observe that ¢ € Homg(M, R) implies
that ¢ € Hompg(°M, “R) for every e. Then the assumption that Image(x ®p (cM) — L ®p ‘M) C
Image(N ®r ‘M — L ®p M) for all e > 0 would imply that z ®p (¢¢/) € Image(N @ ‘R —
L ®p °R) = Ngﬂ for all e > 0, which shows that x € N} as ¢ € R°. O

Problem 4. Let R be a Noetherian F-finite ring of prime characteristic p, M a finitely generated

R-module with FFRT by finitely generated R-modules M, My, ..., M,, and L a finitely generated
1



R-module. Show that Ueen Ass(L®pg M) is a finite set and, moreover, there exists an integer k € N
such that the following are satisfied.

(1) For every e € N, there exists a primary decomposition
0=0Qe1NQe2N---NQes, of 0in L®g M,
where Ass(L® M) = {P,; |1 < j < s.} and Q.; are P.;-primary components of 0 C L®g ‘M
satisfying Pfj(L ®r M) C Q. forall 1 <j <s,.
(2) We have J*(0 :1q, s J*) =0, ie., JFHY(L ®p M) =0 for all J C R and for all e € N.
(In case L = R/I, the above may be stated in terms of Ueen Ass(M/TWM) and HY(M/T@M).)

Proof. For eachi =1,2,... 7, choose a primary decomposition of 0 in L ®g M; (ignore the possible
cases of i where L ® g M; = 0) as follows

0=0QuNQuN N,

where Q;j are Pl-’j—primary components of 0 C L ®zr M; for 1 < i < r;1 < j < t;. Since °M is
a direct sum of the M; (implying that L ®g “M is a sum of the L ®g M;), we naturally get an
induced primary decomposition 0 = Q1 N Qe2 N -+ N Qes, 0of 0 in L @i °M for every e. Therefore
Ueen Assr(L ®p M) is finite as it is contained in U]_; Assg(L ®g M;). Choose k € N such that
Pl’]k(L ®p M;) C Qi foralli=1,2,...,rand all j =1,2,...,¢;. Then (1) is evidently true.

To see (2), recall that, for any ideal J, (0 :zgpenr J™°) = Nygp,;Qej- Thus, for any ideal J and
any e € N, we have J’“(O ‘L®g M JOO) - (mjgpej er) N (m]gpej er) =0.

(In case L = R/I, the result implies that U.cy Ass(M/I9WM) is finite (cf. Homework Set #3
Problem 2(2)) and, for any ideal J, J*T#tDa HY(AL) C (JF)HG (M /1WA ) = 0, where pu(J) is
the least number of generators of the ideal J.) U

Problem 5. Let R — S be a homomorphism of Noetherian rings of prime characteristic p and M
a finitely generated R-module. (In this problem, we treat °M as an R-R-bimodule where 71 -x-ry =
rirox for any r1,7m9 € R,z € M. Also recall that # (M) = ¢ (Image(k @ M vel Er(k)®g M))
where ¢ : k — Eg(k) is any injective R-map and ¢,(—) denotes length as a right R-module.)
(1) For any R-module E, there is an isomorphism (F ® ‘M) ®@r S = (E ®r S) ®s (M ®@g S).
Moreover, the isomorphism is natural in the sense that

for any R-linear (By® M) @ S —— (Ey®rS) ®s (M @5 S)
map F; — FEs, the l l

following diagram

commutes: (B ® M) ®r S —— (Ba®@rS) Qs (M ®r S)

(2) Assume, furthermore, that (R,m,k) — (S,n,[) is a flat homomorphism of local rings such
that mS = n. Show that (a) Er(k) ® S = Eg(l) and (b) #r(M) = #s((M @ S) for all e.

Proof. (1). For every e € N, we have a series of natural isomorphisms
(FE®r M)@rSEE®r (M@rS) 2 E®Rr(S®s (M®rS)) = (E®rS)®s (M ®gS).

And it is routine to verify that the diagram commutes.
(2). Since every element of Fr(k) is killed by a power of m, every element of Er(k) ® S is killed
by a power of mS =n. Thus Er(k) ® S is an essential extension of its socle (0 :g,x)es 1) while

(0 :gpmes 1) = (0 :gumes MS) = (0 igm M) ®s S = (R/m) @S = S/mS=S/n=1

This implies that Er(k) ® S is isomorphic to an S-submodule of Es(l). To prove (a), it will

then suffice to show Anng(Er(k) ®g S) = 0. For any i € N, let E; = (0 :g,0) m'), which is a

finitely generated R-module with Anng(F;) = m’. Then Anng(FEgr(k) ®r S) C Anng(E; ®r S) =

Anng(E;)S = m'S = n' for all i € N, which forces Anng(Er(k) ®z.S) = 0. Finally, (b) follows from

(a) and (1) immediately: Simply apply the commutative diagram in (1) with £y = k, Ey = Egr(k),

and ¢ : By = k — Eg(k) = Ey being the injective R-linear map as in the definition of #(°M). O
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