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Towards the Integrative Theory of Alzheimer’s Disease: Linking Molecu-
lar Mechanisms of Neurotoxicity, Beta-amyloid Biomarkers, and the Diag-
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Abstract: Introduction: A major gap in amyloid-centric theories of Alzheimer’s disease (AD) is that 
even though amyloid fibrils per se are not toxic in vitro, the diagnosis of AD clearly correlates with the 
density of beta-amyloid (Aβ) deposits. Based on our proposed amyloid degradation toxicity hypothe-
sis, we developed a mathematical model explaining this discrepancy. It suggests that cytotoxicity de-
pends on the cellular uptake of soluble Aβ rather than on the presence of amyloid aggregates. The dy-
namics of soluble beta-amyloid in the cerebrospinal fluid (CSF) and the density of Aβ deposits is de-
scribed using a system of differential equations. In the model, cytotoxic damage is proportional to the 
cellular uptake of Aβ, while the probability of an AD diagnosis is defined by the Aβ cytotoxicity ac-
cumulated over the duration of the disease. After uptake, Aβ is concentrated intralysosomally, promot-
ing the formation of fibrillation seeds inside cells. These seeds cannot be digested and are either accu-
mulated intracellularly or exocytosed. Aβ starts aggregating on the extracellular seeds and, therefore, 
decreases in concentration in the interstitial fluid. The dependence of both Aβ toxicity and aggregation 
on the same process-cellular uptake of Aβ�explains the correlation between AD diagnosis and the 
density of amyloid aggregates in the brain. 
Methods: We tested the model using clinical data obtained from the Alzheimer’s Disease Neuroimag-
ing Initiative (ADNI), which included records of beta-amyloid concentration in the cerebrospinal fluid 
(CSF-Aβ42) and the density of beta-amyloid deposits measured using positron emission tomography 
(PET). The model predicts the probability of AD diagnosis as a function of CSF-Aβ42 and PET and 
fits the experimental data at the 95% confidence level. 
Results: Our study shows that existing clinical data allows for the inference of kinetic parameters de-
scribing beta-amyloid turnover and disease progression. Each combination of CSF-Aβ42 and PET val-
ues can be used to calculate the individual’s cellular uptake rate, the effective disease duration, and the 
accumulated toxicity. We show that natural limitations on these parameters explain the characteristic 
distribution of the clinical dataset for these two biomarkers in the population.  
Conclusion: The resulting mathematical model interprets the positive correlation between the density 
of Aβ deposits and the probability of an AD diagnosis without assuming any cytotoxicity of the aggre-
gated beta-amyloid. To the best of our knowledge, this model is the first to mechanistically explain the 
negative correlation between the concentration of Aβ42 in the CSF and the probability of an AD diag-
nosis. Finally, based on the amyloid degradation toxicity hypothesis and the insights provided by 
mathematical modeling, we propose new pathophysiology-relevant biomarkers to diagnose and predict 
AD. 
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1. INTRODUCTION

Dr. Alzheimer first described extracellular senile plaques
and intracellular neurofibrillary tangles as specific to a cer-
tain kind of dementia [1], later named Alzheimer’s Disease 
(AD) [2]. The main component of the extracellular deposits 
is beta-amyloid protein (Aβ) [3, 4]. Aβ was found to be toxic 
to cultured cells [5-7]. Also, histopathological changes are 
more likely to occur in cells in close proximity to the plaques 
[8-10]. Based on this evidence, the etiology and pathogenesis 
of AD were associated by the scientific community with the 
Aβ plaques. Further, by means of the positron emission to-
mography (PET) technique, the density of amyloid deposits 
was measured in live subjects, which brought more indirect 
data supporting a potential role of Aβ in AD pathogenesis 
[11] as cognitively impaired AD patients had significantly
denser amyloid deposits. Even more importantly, patients
with a significant density of amyloid deposits appeared much
more prone to decline cognitively in the future compared to
amyloid-negative individuals [12].

The density of amyloid deposits negatively correlates 
with Aβ42 concentration in the cerebrospinal fluid (CSF) 
[13-15]. Due to the strength of this negative correlation, the 
overall diagnostic accuracy of CSF-Aβ42 and PET studies is 
considered similar [11]. However, CSF-Aβ42 levels and 
PET imaging data on the density of amyloid deposits were 
recently shown to have independent predictive powers for 
different Alzheimer’s disease markers, including AD diag-
nosis itself, hippocampal volume, and brain metabolism [14]. 
Importantly, patients with AD tend to have lower CSF-Aβ42 
levels than research subjects with normal cognition, even if 
their PET levels are the same [14, 16].  

The decrease of CSF-Aβ42 with an increased density of 
amyloid deposits can be explained by a more intense aggre-
gation of soluble amyloid on already aggregated amyloid. 
However, the aggregation cannot explain why decreased 
CSF-Aβ42 is associated with a higher probability of AD 
diagnosis at the same levels of amyloid load and hence the 
same aggregation rate. There are other factors that can affect 
the Aβ concentration in the CSF, such as the Aβ synthesis 
rate and the Aβ filtering rate, largely defined by the CSF 
flow intensity. Aβ synthesis is not lower in patients with AD 
[17], and the CSF flow is not more intense in patients with 
AD [18, 19]. Therefore, a decreased CSF-Aβ42 can only be 
explained by more intense clearance of the peptide inside the 
brain [20].  

The most obvious mechanism of intratissue removal of 
Aβ42 is cellular uptake. The link between increased cellular 
uptake of beta-amyloid and increased neuronal death can be 
explained by the amyloid degradation toxicity hypothesis 
[21]. After endocytosis, beta-amyloid is digested by lysoso-
mal proteases. Some peptide fragments can aggregate into 
oligomeric forms capable of creating membrane channels 
and thus permeabilizing lysosomal membranes which hap-
pen to have all the properties required to incorporate amyloid 
membrane channels [22, 23]. Lysosomal permeabilization is 
a well-established consequence of the exposure of cells to 
beta-amyloid [24, 25]. Amyloid channels can be extremely 
large [26-28], which would allow, according to our esti-
mates, the release of lysosomal cathepsins into the cytoplasm 
[29]. Cytoplasmatic leakage of lysosomal proteases can acti-

vate necrotic and/or apoptotic processes [30-33], and thus be 
the molecular mechanism initiating neuronal death. Howev-
er, the amyloid degradation toxicity hypothesis per se does 
not explain why the density of amyloid deposits correlates 
with the probability of AD diagnosis or has any prognostic 
value. 

To better understand the nature of the correlation be-
tween the density of amyloid deposits, Aβ42 concentration 
in the CSF, and the progression of AD, we developed an 
integrative mathematical model describing beta-amyloid 
turnover and its connection to the diagnosis of AD. Based on 
the above, we assumed that cellular amyloid uptake is an 
important factor defining Aβ toxicity in vivo. The cognitive 
effect of Aβ toxicity accumulates over time, so cognitive 
decline is faster when cellular amyloid uptake is higher. The 
degree of neuronal damage induced by Aβ uptake varies 
between individuals due to either differences in the sensitivi-
ty to the toxic action of beta-amyloid or various mechanisms 
of protective response. Importantly, we hypothesized that 
due to the intensity of protein turnover, aggregation seeds do 
not form in the interstitial fluid but appear first intracellular-
ly from the endocytosed Aβ. After being exocytosed, these 
seeds grow by aggregating soluble Aβ and become senile 
plaques. This hypothesis implicates cellular uptake as an 
underlying mechanism for both Aβ aggregation and cytotox-
icity. In the present study, we used these assumptions to map 
the inferred beta-amyloid kinetics to the probability of AD 
diagnosis and compared the output of the model to the exist-
ing clinical dataset containing data on the Aβ concentration 
in the CSF and the density of amyloid deposits. 

2. METHODS

2.1. Clinical Dataset

We used non-personalized data available through the 
Alzheimer's Disease Neuroimaging Initiative (ADNI) 
(http://adni.loni.usc.edu/). The ADNI was launched in 2003 
as a public-private partnership led by Principal Investigator 
Michael W. Weiner, MD. The primary goal of ADNI has 
been to test whether serial magnetic resonance imaging, pos-
itron emission tomography (PET), other biological markers, 
and clinical and neuropsychological assessment can be com-
bined to measure the progression of mild cognitive impair-
ment (MCI) and Alzheimer’s disease (AD). The study proto-
col for ADNI was approved by the local ethical committees 
of all participating institutions, and all participants signed 
informed consent, which included consent for de-identified 
data being shared with the general scientific community for 
research purposes [34]. The authors of this manuscript did 
not participate in data acquisition and received de-identified 
data after approval by ADNI.  

Our analysis included all ADNI participants for whom 
the ascertainment of normal cognition (NC) or AD diagno-
sis, as well as CSF collection, were made within one year 
from a PET scan identifying brain amyloidosis. All subjects 
were evaluated between June 2010 and February 2019. 
Amyloid positivity was defined by PET data according to 
ADNI guidelines as a standard uptake value ratio (SUVR) at 
or above 1.08 for (18)F-florbetaben or 1.11 for (18)F-
florbetapir, with a higher SUVR indicating a greater amyloid 
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plaque burden. Details regarding PET acquisition are de-
scribed in previous publications and on the ADNI website 
(www.adni-info.org). Given the use of two different amyloid 
PET-tracers, SUVR levels were converted to centiloids (CL) 
using the specific equation for each tracer as provided by 
ADNI. Datapoints (the concentration of Aβ42 in the CSF vs. 
PET signal) included in this study are shown in Fig. (1).  

 
Fig. (1). ADNI data on CSF-Aβ42 vs. beta-amyloid load in research 
subjects with normal cognition (NC, open circles) and patients with 
Alzheimer’s disease (AD, closed circles). (A higher resolution / 
colour version of this figure is available in the electronic copy of 
the article). 

The characteristics of the two groups included in the 
study (AD vs. NC) are shown in Table 1. Both groups have 
similar age distribution and number of years of education. 
NC group had an equal number of male and female subjects, 
while patients with AD had approximately 50% more males 
(61% of males vs. 39% of females). Average scores in the 
sum of boxes of the clinical dementia rating scale CDR 
(CDR-SB) and the Alzheimer’s Disease Assessment Scale–
Cognitive Subscale (ADAS-Cog-11) were higher, while the 
scores of Standardized Mini-Mental State Examination 
(MMSE) were lower in AD group compared to NC group. In 
line with general population data, the percentage of ApoE4 
carriers was significantly higher in AD group, especially the 
percentage of carriers of two copies of ApoE4. 

2.2. A Mathematical Model of the Cerebral Amyloid 
Turnover 

The model employed in this study extends the ordinary 
differential equation (ODE) model we used previously [20]. 
The concentration of soluble Aβ in the interstitial fluid (ISF), 
denoted by [ISF], is controlled by several processes: (1) syn-
thesis by cells, (2) filtration of the protein into the CSF, (3) 
aggregation into non-soluble plaques, and (4) uptake by cells 
(Fig. 2). Beta-amyloid taken up by cells either is digested 
and initiates cytotoxicity or aggregates into fibrils which can 
be exocytosed. Cytotoxic insult is proportional to the amount 
of endocytosed CSF-Aβ42. In turn, exocytosed fibrils serve 
as seeds for beta-amyloid aggregation from the interstitial 
fluid. The rate of removal of soluble Aβ from the solution 
increases with the growth of these deposits.  

The model and its analysis are based on the following as-
sumptions: 

1) Synthesis rate (���) is independent of both interstitial 
Aβ42 and the density of plaques.  

2) The rate of removal of protein through the CSF is a 
product of the CSF flow (�������) and CSF-Aβ42 
( ���  ): ������� � ��� . 

3) The model assumes a linear relationship between the 
concentrations of soluble Aβ42 in the ISF and the CSF 
with a coefficient of transfer ��: ��� � �� � ��� . 

4) The rate of cellular uptake of soluble Aβ42 (������) is 
proportional to the interstitial Aβ42 concentration ���  
with a coefficient of uptake ��: �� � ��� . 

5) The exocytosis of intracellularly produced fibrils is pro-
portional to the ������, and therefore is proportional to 
��� : ���� � ������ � ���� � �� � ��� . 

6) Existing plaques serve as seeds for the aggregation of 
soluble Aβ42 in the ISF. The rate of loss of soluble Aβ42 
from the ISF due to aggregation is a product of Aβ42 
concentration in the ISF, the concentration of plaques 
( ��� , calculated from the intensity of the PET signal), 
and the coefficient of aggregation ��: �� � ��� � ��� . 

7) Current intensity of toxic insult (current toxicity) is pro-
portional to the uptake: ���� � ������� 

8) Neural damage (accumulated toxicity, ���) is an inte-
gral of current toxicity over the duration of illness (����). 

Under these assumptions, the system of ordinary differ-
ential equations describing the dynamics of beta-amyloid 
concentrations in the ISF and CSF, and the density of amy-
loid deposits characterized by the PET signal will have the 
following form: 
�

��
��� � ���� � �� � ��� � �� � ��� � ��� � ������� � ��� �  (1) 
�

��
��� � ����� � �� � ��� � �� � ��� � ��� �       (2) 

where ��� � ��� � ��� � with an initial condition 
��� � � at � � �. Assuming that the time scale of soluble 

Aβ42 dynamics is much shorter than the time scale of beta-
amyloid deposits accumulation, so at each time Aβ42 con-
centration in ISF/CSF is at instantaneous equilibrium, one 
can show that ���  and ���  satisfy the following rela-
tionship: 

�� � �� �
�

�����
� � � ����� �                  (3) 

where � and � are compound parameters proportional to 
������� and ���, respectively: � � ����� � �������� �� �
����� � �����Using the above relationship, Eq. (2) can be 
solved, and explicit expressions for the accumulated toxicity 
and the disease duration can be obtained:  

��� � �� � �������
����

�
�

��

��
�� � �

��������

�������
��������������(4) 

���� � ��� � ����� � �� � � � ���� � � �� � �
��������

�������
   (5) 

Note, Eqs. (3) and (4) together allow calculating the ac-
cumulated toxicity for an individual based on their current 
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Table 1. Basic characteristics across cognitive categories in the research population. The means and standard deviations are speci-
fied for continuous variables. For discrete variables, the percentage of subjects with the given parameter value is shown.  

Variable 
AD 

(N=143) 
NC 

(N=476) 

Age (years) 74.6 (8.2) 73.8 (6.0) 

Education (years) 15.7 (2.7) 16.6 (2.6) 

CDR-SB 4.7 (1.9) 0.3 (1.1) 

ADAS-Cog-11 20.7 (7.0) 6.2 (4.3) 

MMSE 22.8 (2.5) 28.7 (1.9) 

Males (%) 61 50 

ApoE4, 0 copies (%) 31 74 

ApoE4, 1 copy (%) 47 24 

ApoE4, 2 copies (%) 22 2 

Abbreviations: AD, Alzheimer’s disease; NC, normal cognition; CDR-SB, sum of boxes of the clinical dementia rating; ADAS-Cog-11, Alzheimer’s Disease 
Assessment Scale–Cognitive Subscale; MMSE, Mini-Mental State Examination; ApoE4, E4 version of the apolipoprotein E gene. 

readings of the CSF-Aβ42 and Aβ deposit density (the inten-
sity of PET signal). 

2.3. Mapping the Accumulated Toxicity to the Probabil-
ity of AD Diagnosis 

We assume that each individual has their own toxicity 
threshold �, so they become sick with AD if their accumu-
lated toxicity exceeds this threshold. We further assume that 
the probability distribution of the toxicity thresholds in the 
population is normal with a certain mean �� and variance ���. 
Therefore, the probability of AD based on the individual’s 
accumulated toxicity can be calculated using the cumulative 
distribution function (CDF) of the normal distribution as 
follows. 

� � ���� ��� � � �
�

�
� � ���

������

�� �
�������������(6) 

where ��� �  is the error function. 

2.4. Parameter Inference 

In terms of the number of participants, the ADNI dataset 
we used is biased towards patients with AD diagnosis 
(~26%) compared to 10% of similar age patients in the gen-
eral population [35]. To account for this discrepancy, we 
created a surrogate dataset by triplicating records of the 
healthy participants. This resulted in the corrected fraction of 
AD patients in the group reflecting the one observed in the 
general population.  

For each participant, the AD diagnosis � is a Boolean 
random variable having the Bernoulli distribution (a particu-
lar case of the binomial distribution ���� ��) with the above 
probability, which is a function of Aβ42 concentration in 
CSF, the PET signal as well as 5 unknown parameters, ��, 
��, ����, � and �. AD diagnoses of different participants 
are assumed independent. Therefore, the likelihood function 
for the ADNI dataset is as follows: 

������� ������ ���� � ��
�� � � ��

�����
���  (7) 

where � is the total number of datapoints, �� � � if the ��� 
participant is diagnosed with AD, �� � � otherwise, and 
�� � �������� � ������� ������ ������ ���� is the probability 
of AD diagnosis given the measured values ������ and 
������ of the ��� participant as defined by Eq. (6). To identi-
fy the parameter values, we used the Maximum Likelihood 
Estimation (MLE) method. Specifically, by the gradient de-
scent method, we found the values of the 5 model parameters 
corresponding to the maximum of the likelihood function 
(7). Hereinafter we refer to those as the MLE parameter val-
ues. In this procedure, datapoints which either had negative 
PET values or resulted in negative values of the uptake rate 
were assumed outliers and were excluded from the consider-
ation.  

2.5. Model’s Goodness-of-fit Evaluation 

To evaluate how well the model output corresponds to 
the ADNI data, we used Pearson’s chi-square test. We parti-
tioned the (PET, CSF)-plane into non-overlapping rectangu-
lar cells with dimensions of 25 CL by 500 pg/ml. We calcu-
lated the number of AD patients (��) and cognitively normal 
participants in each cell. These numbers were corrected by 
the factors of 0.4 and 1.2, respectively, to adjust the fraction 
of AD patients to 10% (see above), while keeping the overall 
number of participants the same (see the supplemental 
spreadsheet for calculations). We used Eq. (6) to calculate 
the expected number of AD patients in the center of each cell 
as a product of the total number of participants in this cell 
(��) and the probability of AD diagnosis (��), as predicted by 
the model with MLE parameter values. Then we constructed 
a chi-square statistic as follows: 

�� �
�� � ����

�

������ � ���

�

���

� 

where � � �� is the number of cells with non-zero number 
of participants. If the model fits well, the calculated statistic 
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should be a sample from a chi-square distribution. The num-
ber of degrees of freedom of the chi-square distribution 
equals the number of cells used (23 cells) minus the number 
of model parameters subject to optimization (5 parameters). 
Using this distribution, we calculated the p-value as the 
probability of the chi-square statistic to exceed the calculated 
value. We accepted 0.05 as the significance level. 

3. RESULTS 

3.1. The Model Accurately Predicts the Fraction of AD 
Patients based on the Values of PET and CSF-Aβ42 

We found the following values of the model parameters 
using the Maximum Likelihood Estimation approach (see 
Methods): � � ��� CL·ng/ml, � � �� CL, ���� � ����, 
�� � ��� CL, and �� � �� CL.  

Fig. (3A) shows the probability of an AD diagnosis, cal-
culated using these parameter values, as a function of CSF-
Aβ42 and amyloid load (PET). The region of possible PET 
and CSF-Aβ42 values has an upper boundary representing a 
zero-uptake rate (�� � �), i. e. ����� � � � ��� � �. Ex-
perimental data are superimposed onto the theoretical proba-
bility distribution with measurements obtained from partici-
pants with normal cognition shown in green and measure-
ments obtained from AD patients shown in yellow. Several 
experimental points that appear above the theoretical upper 
boundary are marked as outliers and removed from consider-
ation. Goodness-of-fit of the model was evaluated using 
Pearson’s chi-square test (� � ����, see Methods, Supple-
mental Materials). We conclude that the model prediction of 
AD diagnosis based on the PET and CSF-Aβ42 readings fits 
the experimental data at a 95% confidence level. 

3.2. Positive Correlation between the AD Diagnosis and 
the Density of Amyloid Deposits 

The proposed model readily explains the positive correla-
tion between an AD diagnosis and the density of amyloid 
deposits without a causal effect of amyloid deposits on neu-
rotoxicity. Indeed, if CSF-Aβ42 levels are not considered, 
the probability of AD diagnosis, as calculated by the model, 
increases with amyloid load (Fig. 3B).  

The total amyloid uptake can be represented as a product 
of the time-averaged cellular uptake rate and the duration of 
disease. Since our model allows for estimating the latter (see 
Eq. (3) in Methods), we analyzed curves representing the 
hypothetical AD “age” of participants (Fig. 3B) calculated 
based on their current PET and CSF-Aβ42 readings. Unsur-
prisingly, longer disease durations generally correspond to 
greater accumulated amyloid deposits. However, this accu-
mulation depends on CSF-Aβ42 in a non-trivial way (see Eq. 
(2) in Methods. Specifically, for long-enough disease dura-
tions (see curve 3.5 in Fig. 4B), the accumulated deposits are 
maximal at intermediate CSF-Aβ42 values (0.5-1 ng/ml). In 
general, CSF-Aβ42 negatively correlates with the cellular 
amyloid uptake rate (see more on that below), so an increase 
in CSF-Aβ42 corresponds to an effective decrease in cellular 
amyloid uptake, and, therefore, a slower excretion of amy-
loid seeds (see Fig. 2). On the other hand, extremely low 
CSF-Aβ42 levels lead to a reduction in amyloid aggregation 

on already excreted seeds and somewhat lower PET levels 
for the same disease duration (see the lower part of the curve 
3.5 in Fig. 4B). 

3.3. Negative Correlation between CSF-Aβ42 and AD 
Diagnosis 

Another important clinical observation that can be ex-
plained by the model is that, at the given density of amyloid 
deposits, the probability of AD diagnosis increases as CSF-
Aβ42 reduces (Fig. 3C). According to the model, at the 
highest possible levels of CSF-Aβ42, the probability of AD 
diagnosis is low due to a small cellular uptake rate. An in-
crease in amyloid removal through uptake leads to lower 
CSF-Aβ42, as well as to elevated neurotoxicity. Again, our 
model assumes that lower CSF-Aβ42 levels per se are not 
causal to more intensive neurodegeneration. Rather, both 
processes result from increased cellular uptake. 

Level curves corresponding to several different uptake 
rate values (see Eq. (1) in Methods) are shown in Fig. (4A). 
At the uppermost curve labeled “Ku = 0” the uptake rate 
equals 0, and all data points appearing above this curve are 
considered outliers (see Methods) since, according to the 
model, values of CSF-Aβ42 above this curve would corre-
spond to negative values of the uptake rate. As we increase 
the amyloid uptake rate, the corresponding level curves oc-
cur progressively lower, reflecting a reduction in CSF-Aβ42 
caused by higher uptake. At the same time, the probability of 
AD diagnosis increases (Figs. 3A, C) due to the increased 
cellular uptake of amyloid. This explains why the average 
uptake rate in the AD group appears higher than in the par-
ticipants with normal cognition [20] (Fig. 4A). We illustrated 
this phenomenon by showing the level curves corresponding 
to the uptake rate averages for cognitively normal partici-
pants and AD patients (Ku = 1.5 and Ku = 2.9, respectively, 
in Fig. 4A). At extremely high uptake values, the level 
curves become nearly horizontal and serve as a lower bound-
ary for CSF-Aβ42 (see Ku = 8 in Fig. 4A). 

3.4. The Model Explains the Shape of the Dataset on the 
(PET, CSF-Aβ42)-plane 

The distribution of data points on the (PET, CSF-Aβ42)-
plane has a characteristic shape (Figs. 1 and 4). Natural limi-
tations on the parameters of the model can serve as the 
boundaries of this cloud (Fig. 4D). As noted, the upper 
boundary results from the fact that the cellular uptake rate 
cannot be negative. Therefore, physiologically plausible val-
ues of CSF-Aβ42 must satisfy the inequality  

��� �
�

� � ���
 

which follows from Eq. (1) in Methods (see Ku = 0 in Fig. 
4A).  

The lower boundary in terms of CSF-Aβ42 appears hori-
zontal, i.e., the lowest possible values of CSF-Aβ42 are al-
most independent of the density of amyloid deposits charac-
terized by PET. This lower boundary corresponds to highest 
possible uptake rate values that make intratissue clearance 
much greater than the aggregation (see Ku = 8 in Fig. 4A). 
Highest uptake corresponds to an approximate minimal pos-
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Fig. (2). Schematic of the model of beta-amyloid turnover describing the mathematical relationship between Aβ cytotoxicity, which leads to 
Alzheimer’s disease (AD), and two biomarkers of AD: CSF-Aβ42 (measured in the CSF collected by lumbar puncture) and amyloid load in 
the brain (measured using positron-emission tomography). The parameters of the model are shown next to the arrows. (A higher resolution / 
colour version of this figure is available in the electronic copy of the article). 
 

sible CSF-Aβ42 value of 0.3 ng/ml (which is approximately 
equal to ���).

On the right, the cloud is bounded by the maximum pos-
sible PET values, which correspond to the largest possible 
density of amyloid deposits. Accumulation of the aggregated 
amyloid is limited by the disease’s lifespan. Therefore, the 
right boundary can be described by the level curve of the 
disease duration corresponding to the participants with the 
longest times of disease progression. Note that the curve 
corresponding to the longest disease progression also serves 
as an upper boundary (compare curves Till = 3.4 and Ku = 0 
in Fig. 4D).  

Finally, it is reasonable to expect that very high accumu-
lated toxicity levels should be incompatible with survival, 
and, therefore, we would not see participants corresponding 
to those levels. Fig. (4C) shows the level curves for accumu-
lated toxicity/AD diagnosis probability. One can observe that 
indeed, the curve corresponding to an AD diagnosis proba-
bility of 0.7 fits well as the lower boundary of the cloud 
around 150 CL PET values (see curve p = 0.7 in Fig. 4C). 

4. DISCUSSION 

Recent history of scientific progress in Alzheimer’s dis-
ease research is filled with controversies regarding the role 
of the most prominent and well-known anatomical correlate 
of the disease, the amyloid plaques. Even though the density 

of the plaques has a strong correlation with the clinical status 
of the patient, not all patients with a high amyloid load have 
the disease [36]. Also, the Aβ concentration used in cell cul-
tures for the toxicity studies exceeds the naturally observed 
one by several orders of magnitude (ng/ml in the CSF [15, 
16, 37] vs. µg/ml in in vitro toxicity experiments [5, 7, 38]). 
The lack of/minimal effectiveness of the drugs targeting Aβ 
in clinical trials [39-41] further undermines the confidence 
that beta-amyloid deposits are in fact relevant to AD etiology 
and pathogenesis.  

Nevertheless, the correlations between the presence of 
Aβ aggregates in the brain, the concentration of Aβ42 in the 
CSF, and the clinical status of the patients are obvious and 
beg for some mechanistic explanations. Considering that Aβ 
is, in fact, toxic to cells [5-7], we have built a mathematical 
model connecting molecular mechanisms of amyloid toxicity 
to clinical data contained in the ADNI database available to 
researchers through an extensive public-private partnership 
[42, 43]. Here, we discuss the basis of our model’s assump-
tions and how it resolves the controversies. 

4.1. Main Assumptions of the Model 

4.1.1. Mechanism of Beta-amyloid Toxicity 

The cytotoxic effect of Aβ in the model is based on the 
amyloid degradation toxicity hypothesis [21]. This hypothe-
sis has the following cornerstones.  
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Fig. (3). The model tuned to clinical data. (A) The probability of 
Alzheimer’s disease as a function of CSF-Aβ42 and amyloid load 
based on the best-fit parameters of the model. The overlain scatter 
plot shows data points indicating subjects with normal cognition 
(NC, green circles) and patients with Alzheimer’s disease (AD, 
yellow circles). (B) Probability of AD diagnosis as a function of 
beta-amyloid load calculated using the model under the assumption 
that, for any given amyloid load, the values of CSF-Aβ42 are uni-
formly distributed in the range corresponding to the experimentally 
measured values. (C) Probability of AD diagnosis as a function of 
CSF-Aβ42 for various levels of amyloid load. (A higher resolution / 
colour version of this figure is available in the electronic copy of 
the article). 

 
First, the molecular mechanism of Aβ toxicity is the 

permeabilization of cellular membranes by membrane chan-
nels formed by amyloid oligomers. This is similar to the 
membrane channel hypothesis first introduced in the early 
1990s by Arispe et al. [26, 44-46].  

Second, we assume that channels are formed by Aβ deg-
radation products. We previously demonstrated that the 42 

amino acids-long Aβ peptide does not effectively form 
membrane channels, while the undecapeptide Aβ25-35 does 
[22, 23]. The latter is one of the products of the proteolytic 
degradation of the full-length peptide, also known for its 
extreme neurotoxicity [47]. So, unlike the original amyloid 
membrane channel hypothesis, we assume that the fragments 
(such as Aβ25-35), rather than the full-length peptide, are 
largely responsible for the formation of the channels. It is 
possible that membrane channels can be formed by various 
fragments [28, 48, 49]. 

Third, the channels occur in the lysosomal membranes, 
rather than in the plasma membrane. Due to a positive charge 
of the Aβ25-35, these fragments can form channels in the 
negatively charged membranes only [22, 23, 50]. The outer 
leaflet of plasma membrane is mostly neutral in healthy cells 
[51]; however, some intracellular membranes, such as the 
inner mitochondrial and lysosomal membranes, have a sig-
nificant negative surface charge [21, 22]. While the delivery 
route to the inner mitochondrial membranes is unclear, the 
lysosomal membranes are obvious targets for Aβ-induced 
damage. Indeed, Aβ was previously shown to be endocy-
tosed and found intralysosomally [24, 25, 52]. Next, lyso-
somes contain various proteases and are responsible for pep-
tide degradation with Aβ25-35 being one of the products 
[47]. It is quite possible that some other Aβ fragments can 
also form membrane channels [48]. 

These three basic assumptions can qualitatively explain 
several important features of AD, such as lysosomal dys-
function, mitochondrial damage, increased apoptosis, etc. 
[53-58]. They also imply that the neurodegeneration rate 
depends on the intensity of the lysosomal permeabilization 
process, which is in turn defined by the Aβ influx through 
endocytosis. In line with that, in the model, the toxic effect 
of Aβ is proportional to the amount of endocytosed peptide 
(Fig. 2). Throughout the manuscript, we refer to this process 
as cellular amyloid uptake. 
4.1.2. Formation of Amyloid Deposits 

Aβ is synthesized in the form of propeptide that under-
goes proteolytic processing and is released into the intersti-
tial fluid [59]. In terms of concentration, a major form of 
beta-amyloid is Aβ40 (40 amino acids-long peptide). How-
ever, unlike Aβ40, the second most prominent form, Aβ42 
(42 amino acids-long peptide), has a strong correlation with 
AD diagnosis [60, 61]. Aβ42 is also more prone to aggrega-
tion through the formation of beta-sheets [61].  

The process of Aβ aggregation is non-linear. Aβ is syn-
thesized and released into the interstitial fluid without any 
specific conformation. To initiate the aggregation process, it 
is necessary to create aggregation seeds first, which grow 
quickly after that. In experimental conditions, at the concen-
tration of peptide in a µM range, the seeding of Aβ42 takes 
many hours [62, 63]. By extrapolating to the interstitial con-
centration of beta-amyloid in vivo, which is in an nM range, 
the seeding would take several months [63]. This makes 
spontaneous seeding in the interstitial space negligible over 
the typical time interval between the appearance of the mon-
omeric molecule in the ISF and its clearance from the ISF 
through any mechanism: the half-life of brain Aβ42 is meas-
ured in hours [64]. However, after endocytosis, the intralyso-
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somal concentration of amyloid is almost 100 times higher 
than its extracellular concentration [52, 65]. In lysosomes, 
the peptide remains enclosed intravesicularly for more than 
24 hours [52, 66], thus providing the proper conditions and 
time needed for seed formation. The resistance of aggregated 
Aβ42 to proteolysis explains its intracellular accumulation 
[65]. Non-digestible inclusions are exocytosed; in the case of 
amyloid aggregates, they serve as aggregation seeds in the 
extracellular space attracting and appending the soluble Aβ 
[67]. 

Thus, in the model, the rate of change of the amyloid de-
posit density has two terms (see Eq. (2) in Methods, Fig. 2). 
The first one represents the intracellular formation of amy-
loid fibrils, whose intensity is proportional to the cellular 
amyloid uptake. The second term represents the aggregation 
process on the already-formed deposits, with a rate propor-
tional to the product of the interstitial Aβ42 concentration 
and the current amyloid deposit density.  
4.1.3. Translating Neurotoxicity into AD Diagnosis 

As noted, in the model, the intensity of the toxic insult is 
proportional to the rate of amyloid uptake by neurons, and 
the ultimate neuronal damage accumulates over time. How-
ever, the total amount of Aβ consumed by neurons may not 
define the degree of neuronal death by itself due to individu-
al differences in sensitivity (resistivity) to its toxicity for the 
following reasons. First, the concentration of the toxic amy-
loid forms may depend on the balance between their creation 
and degradation. The fragmentation of the full-length peptide 
is mediated by exoproteases, while further degradation of 
fragments is performed by endoproteases. These processes 
may be mediated by different enzymes (even though some 
lysosomal proteases have both endo- and exo-proteolytic 
activity). The balance of these two proteolytic activities may 
have individual-to-individual variability. Also, any biochem-
ical damage caused may be offset by protective and/or repar-
atory processes. For example, the damage from leaking ca-
thepsins can be prevented by cytoplasmic protease inhibitors, 
such as cystatins [68]. Most likely, there are many other fac-
tors affecting the relationship between the intensity of Aβ 
uptake and neurotoxicity.  

To account for these individual factors in the model, the 
development of the disease is considered probabilistic. Spe-
cifically, the overall toxic effect is proportional to the amy-
loid uptake accumulated over time (see Eq. (4) in Methods). 
The individual threshold for the accumulated toxicity leading 
to an AD diagnosis is assumed to be randomly distributed 
over the population. This way, the probability for a partici-
pant with a given accumulated toxicity to have an AD is nu-
merically equal to the cumulative distribution function of the 
distribution of the thresholds (see Eq. (6) in Methods). 

4.2. The Model Explains Previously Paradoxical Clinical 
Observations Related to the Density of Amyloid Deposits 
and Aβ42 Concentration in the CSF 

As noted, one of the greatest controversies in the field is 
that the occurrence of Alzheimer’s disease and its progres-
sion strongly correlates with the accumulation of extracellu-
lar amyloid deposits [11, 12], despite the aggregated Aβ is 
not toxic in vitro by itself [5, 7]. Our model accurately re-

produces this correlation (Figs. 3A and B) without any un-
derlying assumptions about the neurotoxicity of the amyloid 
deposits. In the model, both amyloid aggregation and its tox-
icity depend on the internalization of soluble Aβ. Therefore, 
an increase in the cellular amyloid uptake intensifies the ac-
cumulation of both amyloid deposits and its neurotoxic ef-
fects (Fig. 2). Both elevated neurodegeneration and higher 
accumulation of amyloid plaques in AD originates from in-
creased cellular amyloid uptake. The fact that neuronal death 
and the accumulation of amyloid plaques have the same 
origin manifests as a positive correlation between the proba-
bility of AD diagnosis and amyloid load (Fig. 3B). 

Another strikingly paradoxical observation is that Alz-
heimer’s disease and its progression are associated with the 
decreased concentration of soluble Aβ42 in the cerebrospinal 
fluid [13-15], despite, unlike aggregated Aβ, soluble Aβ 
forms are cytotoxic in vitro [5-7]. Due to aggregation of sol-
uble Aβ42 on the exocytosed seeds and existing plaques, the 
concentration of soluble Aβ42 in the interstitial liquid be-
comes lower at higher amyloid load levels. Considering that 
the density of plaques positively correlates with the probabil-
ity of AD diagnosis, it is not too surprising that CSF-Aβ42 
levels are lower in AD patients. However, CSF-Aβ42 is low-
er in AD patients compared to subjects with normal cogni-
tion, even if they have the same amyloid load [14, 16]. This 
seems counterintuitive, as lower CSF-Aβ42 implies lesser 
Aβ42 availability for endocytosis. However, our model re-
produces a negative correlation between CSF-Aβ42 and AD 
probability at a fixed amyloid load too (Fig. 3C). The reason 
for this phenomenon is that lower CSF-Aβ42 levels are in 
this case caused by higher cellular amyloid uptake rates, re-
sulting in an overall greater amount of amyloid being endo-
cytosed and, therefore, its increased neurotoxicity.  

4.3. The Model Describes the Distribution of PET and 
CSF-Aβ42 

The distribution of clinical data in coordinates (PET, 
CSF-Aβ42) is not uniform (Fig. 1). Specifically, CSF-Aβ42 
has a wide range of values at low levels of PET. With in-
creased PET, the CSF-Aβ42 range becomes progressively 
smaller due to decreasing maximal CSF-Aβ42 values, 
whereas the lower CSF-Aβ42 boundary remains relatively 
constant. Our analysis of the model shows that the upper and 
lower boundaries of this data cloud match the curves corre-
sponding to a zero and a largest possible value of the cellular 
amyloid uptake rate, respectively (Fig. 4A). The zero-uptake 
curve has a hyperbolic shape reflecting a reduction in the 
maximal physiologically possible values of CSF-Aβ42 with 
an increasing amyloid load, while the maximum uptake line 
(dashed line in Fig. 4A) is almost horizontal. 

The right boundary of the cloud in (Fig. 1), correspond-
ing to the maximal PET values, fits well with the longest 
disease progression time. We considered a family of iso-
chrones on the (PET, CSF-Aβ42)-plane corresponding to 
progressively longer sickness (Fig. 4B) and noticed that one 
of them can serve as the right boundary of the cloud (Fig. 
4C). Based on this, we can speculate that the right boundary 
corresponds to the longest times of the disease’s progression, 
which may correlate with the maximal age of the partici-
pants. Note, however, that we do not make any assumptions 
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Fig. (4). Level curves for various values of the cellular uptake rate, the disease duration and the diagnosis probability in relation to the distri-
bution of clinical data points. The uptake rate and the disease duration are in arbitrary units. The distributions of datapoints from research 
subjects with normal cognition (NC, open circles) and patients with Alzheimer’s disease (AD, closed circles) are shown as the scatter plot of 
CSF-Aβ42 (ng/ml) vs. beta-amyloid load (centiloids, CL). (A) Level curves for the uptake rate are ordered from top to the bottom with an 
increasing value of the uptake rate. The curves corresponding to the average uptake rates for NC subjects and AD patients are shown as dot-
ted and thick solid lines, respectively. (B) Level curves of the disease duration indicated by the labels next to the curves. (C) Level curves of 
the probability of AD diagnosis labelled by the corresponding probability values. They also represent the accumulated toxicity level curves 
with the corresponding accumulated toxicity values. (D) The cloud of datapoints in the clinical dataset is bounded by (1) minimal and maxi-
mal cellular uptake rate values (solid and dashed thin lines, correspondingly); 2) the maximal disease duration (thick solid line labeled Till= 
3.4); (3) highest accumulated toxicity (thick dashed line; the probability of AD diagnosis p = 0.7). (A higher resolution / colour version of this 
figure is available in the electronic copy of the article). 
 
in the model about the link between the length of the disease 
and the biological age. 

The shape of the distribution of amyloid biomarkers in 
the ADNI dataset is similar to reported elsewhere [36]. 
However, there are no other known to us datasets of amyloid 
biomarkers, which have sufficient size and validated meas-
urement protocol, which would allow for the testing of the 
model using independently collected data. 

4.4. The Model Suggests New AD Biomarkers 

In this study, we developed a theoretical basis for corre-
lations between AD diagnosis probability and two extensive-
ly used AD biomarkers, Aβ42 concentration in the CSF and 
the density of amyloid deposits characterized by PET. Using 
the model, we identified two independent factors defining 

this probability that are the individual rate of the cellular 
amyloid uptake and disease duration.  

The disease duration is not equivalent to the patient’s 
biological age as the amyloid accumulation is known to start 
in middle age [69]. In the model, we can interpret the initia-
tion of the disease as a stepwise increase in the cellular amy-
loid uptake rate at some point in life, which jumpstarts the 
disease progression. Therefore, monitoring and/or control-
ling this parameter may be instrumental in AD screen-
ing/managing at very early stages.  

While there are no ready-to-use techniques to measure 
the cellular amyloid uptake, the stable isotope labeling kinet-
ic (SILK) technique could be a good starting point [70], even 
though it is labor intensive and invasive. Interestingly, two 
parameters inferred using the SILK technique (v42 and kex42) 
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that are likely to be associated with the cellular uptake of 
Aβ42 are, in fact, increased severalfold in patients with ear-
ly-onset AD [70]. 

It is clear that higher CSF-Aβ42 correlates with a milder 
disease status, and probably, with a better prognosis, and is 
likely to contain information independent on the density of 
amyloid deposits [14]. However, until now, there was no 
mechanistic approach to using both biomarkers, CSF-Aβ42 
and PET. According to our model, CSF-Aβ42 is lowered by 
higher cellular uptake, and data points for the patients with 
the lowest uptake rates (and corresponding to better disease 
status and prognosis) are located along the upper edge of the 
distribution. More generally, with limitations described 
above, the model allows estimating the rate of cellular amy-
loid uptake in a particular patient using the concentration of 
Aβ42 in the CSF and the density of amyloid deposits meas-
ured by PET.  

In the model, we describe the AD diagnosis probabilisti-
cally, meaning that the same accumulated toxicity may or 
may not result in AD in a given individual. This implies that 
people have different toxicity thresholds quite broadly dis-
tributed over the population. Therefore, AD prevention can 
be based on heightening the amyloid toxicity thresholds. For 
example, per the amyloid degradation toxicity hypothesis, 
cytotoxicity occurs when specific amyloid fragments form 
membrane channels in the lysosomal membranes [21]. Cor-
respondingly, the balance of endo-/exoproteolytic activities 
promoting or preventing the formation of channel-forming 
fragments could be a predictor of AD progression rate. These 
channels allow for the leakage of lysosomal cathepsins, 
which in turn activates the cell’s necrosis or apoptosis. So, 
one of the ways to fight these toxic effects is to neutralize 
leaked cathepsins using some protease inhibitors such as 
cystatins [71].  

Clearly, exploiting any of these routes requires new ex-
tensive studies focused on amyloid endocytosis and the 
mechanisms of amyloid cytotoxicity. 

CONCLUSION  

Since AD was associated with amyloid plaques, amyloid 
deposits have been pharmacological targets in hopes that 
their dissolvement can slow down disease progression. Our 
model offers a new perspective on this intensely debated 
topic. Considering that amyloid deposits are not toxic in the 
model, their disappearance will not have any consequences 
by itself. However, a decrease in the aggregated amyloid 
concentration will reduce the aggregation rate of soluble 
amyloid and thus increase its concentration in the ISF and 
CSF. The general relationship between CSF-Aβ42 and the 
density of amyloid deposits is provided by Eq. (3). Accord-
ing to this equation, dissolving the existing deposits should 
increase CSF-Aβ42, which is in fact observed clinically after 
dissolving senile plaques after the treatment with monoclo-
nal anti-amyloid antibodies [39]. Our model’s prediction is 
that the dissolvement of the amyloid plaques can only accel-
erate AD progression. From this perspective, not only is dis-
solving plaques not helpful but potentially harmful, and a 
high density of amyloid plaques appears protective rather 
than dangerous. 

Our model does not consider the plaques toxic by them-
selves, which is not necessarily the case. For example, it was 
previously suggested that amyloid deposits could activate 
inflammatory responses or be the source of oxidative stress 
due to absorbed metal ions [72]. In these cases, dissolving 
the deposits would obviously prevent their own toxicity, and 
the net outcome would depend on the balance between the 
toxic and protective influences of the deposits in a particular 
patient. 

LIST OF ABBREVIATIONS 

AD = Alzheimer’s Disease 
NC = Normal Cognition 
Aβ = Beta-amyloid 
Aβ42 = Aβ1-42 
CSF = Cerebrospinal Fluid 
CSF-Aβ42 = Concentration of Aβ42 in the CSF 
PET = Positron Emission Tomography 
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