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Abstract
In this paper we establish an L°°-bound for the Neumann problem of
the Poisson equations. We first develop some estimates for the bounds of
solutions in several spaces using Poincarés inequality, Trace theorem and
Sobolev’s embedding theorem, and then prove our main theorem utilizing
the De Giorgi-Nash estimates.
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1 Introduction

Suppose (2 is a bounded and connected subset of R"™. Furthermore, €2 satisfies
consistent cone condition, and its boundary 902 with external normal vector n
satisfies local Lipschitiz condition. A-priori maximum estimate for the Neumann
problem of the Poisson equations

—Au(z) = f(z) inQ
315(;) =g(z) on N M

has not been established yet. Our purpose in this paper is to provide an L°°-
bound for the solutions of the Neumann problem.
In this paper we assume that f(z) and g(z) in (1) meet

/f(a:)d:ch/ g(x)dS(z) = 0. (2)
Q o0

This is a reasonable assumption, since if there is a solution u to (1), then we
should have

0
F@)de = — [ Au(a)de = — / UT) 15y = — / gdS@).  (3)
Q Q oo On o0
Furthermore, we define two constants F' and G as follows,
F=|fllpe@ and G:=|glr=@o0) (4)
and let uq := ﬁ fQ udx be the average of u in 2. We want to show that u — uq

has a similar a-priori maximum estimate as the third problem of the Poisson
equation:
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Theorem 1.1. There exists a constant C depending only on Q and its dimen-
ston n, such that
[u—uallL=(0) < C(F+G) (5)

for all w € H?(Q) N HY(Q) that solves (1).

We first quote several important theorems and corollaries that will be used
in this paper.

Theorem 1.2 (Poincaré’s inequality). Let Q be a bounded, connected subset
of R™ with 0N) satisfying local Lipschitz condition. Assume 1 < p < co. Then
there exists a constatnt C' depending only on n, p and € such that

[u = uallLe @) < CllDullLr (e (6)
for all uw € WHP(Q).
Proof. See, e.g. [2, 6, 5].
Definition 1.3. For constant p, define p* by
np

if p<n,
n—p
*7 .
P =14q ifp=mn,p<q< oo, (7)
00 ifp>n.

Theorem 1.4 (Sobolev’s Embedding Theorem). Let §2 be a bounded, connected
subset of R™ and satisfies consistent cone condition. Assume that 1 < p < n,
then there exists a constant C depending only on n, p and Q (if p = n there is
also an q), such that

lull o= ) < Cllullwiro) (8)
for allu € WHP(Q).
Proof. See [1].

Theorem 1.5 (Trace Theorem). Let 2 be a bounded set of R™. Then there
exists a linear operator

T:WhP(Q) — LP(Q) (9)
and a constant C' depending only on n, p and 2, such that
ITullLe o) < Cllullwie@) (10)
for all uw e WHP(Q).
Proof. See [3, 4].

Corollary 1.6. Let Q) be a bounded set of R™. Then there exists a constant C
such that

llullr a0y < Cllullwrr)- (11)
for all w € WHP(Q).



Proof. Let @ € W1P(Q) satisfy (1) @ = u in Q\ 99, and (2) T% = u on 9.
So there is
lullLea0) = 1Tl Lr00) < Cllllwre)- (12)

Note that 92 has measure 0 in R™, we obtain
lullwrr@) = llallwie @), (13)
and the conclusion follows.

Proposition 1.7. Let 2 be a bounded, connected subset of R™ and satisfy con-
sistent cone condition, with 02 satisfying local Lipschitz condition. Assume that
Neumman problem

—Au(z) = f(x) inQ

Ju(z) (14)
o 0 on 0N
and
—Au(z) =0 inQ
u(z 15
667(11) =g(x) on 0N 15)

both have a-priori mazximum estimate, that is, there exist two constants Cy and
Cy depending only on n and €2, such that

[v—valr=@<cir (16)

and
|w —wal L= @<, (17)

for allv € H*(Q) N HY(Q) that solves (14) and w € H*(Q) N H(Q) that solves
(15).

Proof. Assume that u, v solve (1) and (14), respectively. In addition,
ug = 0, vg = 0. Since (1) is linear, we know that w — v solves (15), and
(u—wv)q = 0. So we obtain

lull L (@) < |lu—vl[Le () + [v]|L= ()
< CoG+ CLF (18)
<C(F+GQG).
Remark. In the following part of this paper, we will prove Theorem 1.1 in

g(x) = 0and f(z) = 0 cases separately, and combine the results with proposition
1.7 to prove theorem 1.1.

For notation simplicity, we assume that ug = 0 and let C' be a constant

depending on n and €2 unless otherwise noted. Note that the exact value may
vary in different situation.

2 Case that g(z) =0

In this section we prove Theorem 1.1 in the case that g(x) = 0. Also, we
consider the n > 2 and n = 2 cases separately.



2.1 The dimension n > 2
Let p € R and p > 2, from —Au = f, we know

—/ |u|p_2uAuda::/ |ulP~?ufdx. (19)
Q Q
In addition, there is

—/ |u|p_2uAudac:4(p7;1)/ |Dup/2|2dm—/ |u|p_2u@d5(x)
Q p Q o9 On

(20)
_ 4(p - 1) / |Dup/2|2dx
— .
p Q
From the two equations above we can obtain the following inequality
’F
/ |DuP/22dg < —L / P~ dx (21)
Q 4p-1) Jo
Using Holder’s inequality, we can obtain
2101 (p—1)/p
/ |DuP?|2de < Pl R (/ |u|pdx) . (22)
0 4p—-1) \Ja

From Theorem 1.4 we know there is

2/2*
(/ |Dup/22*dx) <C (/ |u|Pdx +/ Dup/2|2dx>
Q Q Q
2/0|1/p (p—1)/p
<C / |u|Pdx + plo e (/ |u|pd1’) .
Q Ap—-1) \Ua

(23)

Let p = np/(n — 2), then there is

) 1/p /v 2001/pp\ P (p—1)/p"
(/ |up2dx> < olr (/ |updx> + M (/ |u|pd:r>
0 Q 4(p—1) Q

Define a sequence {py}7°, as follows,

k
n
=2 k=0,1,2,--. 25
pk (n_2) ) ) ) Y ( )

Then we know that

S(n) ;:ipk:iQ(nﬁz)k:Z. (26)

For notation simplicity, we use [|ul|,, to denote ||u||zrkx (o). We can obtain the
estimate based on (24) as follows,

ltllprss < CVPx(llullp, + aprF)P |[ull &=/, (27)



where o = (1/2) - max{1, |Q|}. First, since there is —Au = f, we can obtain

that
—/uAudxz/ |Du|2dx§F/ |u|dz. (28)
Q Q Q

From Theorem 1.2, we know

/ lu|?dx < C’/ | Du|?dz. (29)
Q Q
Using Holder’s inequality, we get
[ullp, < CF. (30)
From (27) we can obtain that
ull,, <CF and [lullp, < CF. (31)
Suppose that there is an estimate as follows,
k—1 1
lullp, < QBC*70 75 (k = 1)piF, (32)

such that it is true for £ = 2, and § > 1 is a constant depending only on n and
. Thus, for all k € N (32) is true: if (32) is true for some k, then we can show
that

k—1 1
il < €7 (aBCZ 5 (1 D +
(33)
S0
< afC==0 i kpp I
So by induction, (32) is true for all k. Note that here we assumed that C' > 1.

Otherwise the estimate is much simpler and the results can follow directly.
Plugging (32) into (27), we obtain that

k-1 1 1/pk
||quk+1 < cY/r (OKBCEJ_O Pj (k — l)ka + 04ka> ||u||1()ik‘_1)/Pk

. - (34)
< (aBCS(n)kppF)'/Px |[ul| (e =1/
< (Chpy )7 a1/
Let k =1,2,--- ,, we can obtain the relation between ||ul|,, and |lul|,, as follows,
lullp, < ApF* [lullyy, k> 1. (35)
Here
Pr—1—1
A T 1 =l P—1 1
Ak = "k {[plm P2y (2p2)p2] P3 X } % [(k _ 1)2%1]‘“’“*1 ;
)\_pl—lpz—l Pr—1— 1
b=
D D2 Pr—1
1 -1 1 -1 1 —1 1
Mk:{<p2+>1’3+...}pk -1,
b1 P2 b2 p3 Dk—1 DPk—1
1 -1 1—1
b1 P2 Pr—1 Pr—1
—1— A
(36)



Note that 0 < A\; < 1 and A is nonincreasing as k — oo, we know the limit

A= lim A (37)

k—o0

exists and depends only on n and Q. Thus

o= lim g (38)

k—o0

also exists. In terms of A, we know

k—1
A < 0 T Gpa) e, (39)
j=1
and it is easy to prove that
k—1 .
k— oo = pj
exists. Thus we obtain that
— log(ip))
= 1i < C? i o)/
A kli)rgo A < C*exp klgr;o; »; (41)

exists and depends only on n and Q. Take the results back to (35) and let
k — oo, we can get
lullp, < AF*Jullp,- (42)

Since |Ju|l,, < CF, we now can conclude that
[ull L= (@) < OF. (43)

2.2 The dimension n = 2

In this case we can also obtain (21). With 2* in Theorem 1.4 being set to 4,
we can get a similar inequality as (24) where p = 2p. So let pj we still can get

[ullLe () < CF (44)

3 Case that f(z) =0

In this case we prove Theorem 1.1 in the case that g(z) = 0. Again, we
consider two cases n > 2 and n = 2 separately.

3.1 The dimension n > 2

Since there is —Au = 0, we have

A(p —
— | |u|P2uAudr = ) | DuP/? 2 dzx — |ulP~2ugdS(xz) =0 (45)
2
Q p Q o0



Thus there is

/|Dup/2\2dx< PG /|u|P*1ud5(x)
Q T A(p—1) Joa

From corollary 1.6, we know that

/ luP~ udS(z) < (/ |u|p_1dx+(p—1)/ u|p_2|Du|dx>.
o0 Q Q

Using Holder’s inequality, we have

1/2 1/2
/ |u[P~2| Du|dz < </ |u|p2dx> (/ |up2|Du2dx>
Q Q Q
a 1/2 1/2
<y — (/ |up_2d;v> (/ u|p_1dS(x))
p—1\Jq o9

Plugging (47) into (48), there is

| urtas

(46)

(47)

(48)

<C (/Q lufP~tdz + /G(p— 1) </Q |up_2dac>l/2 (/m u|”_1d5’(x))1/2> .

Solving this inequality, we can obtain

/ lulP~tdS () §4C/ |u|p71dx+CG2(p71)/ |ulP~2dx
o0 Q Q

Form Theorem 1.4, we can get

. 1/p 1/p
(/ u|pdx> <cir (/ |u|pdx—|—/ |Dup/2|2dx>
Q Q Q

202 1/p
SCl/p( u|Pdx + P / up_ldx>
sz| | 4(p—1) asz' |

here p = np/(n — 2), and from (49) we can obtain

NP
( |u|pdx>
Q

2 222 1/p
<l (/ |ulPdz + CGL/ lu[P~tdx + P / |u|p_2dx> .
Q p— Q 4 Q

1

Using Hélder’s inequality, we have

(p—1)/p
/|u|p*1dx§ |Q|1/P (/ |u|de)
Q Q

(p—2)/p
/|u|P*2dxg |Q|/P (/ |u|de)
Q Q

(49)

(50)

(51)

(52)

(53)



Plugging them into (49), we obtain that

2
p
full < €7 ([l + CG=E 07l + S

2/
<V (|lully +CGplOM?) " ull P2

We still let

k
a =max{l,|Q|} and pk:2<n> , k=0,1,2,---.

n—2

Then we can get

[llpy s < CHP ([ully, +aCGpe)*P* ul L2/, k= 0,1,2,--- .

Since there is —Awu = 0, we can obtain

—/uAudm:/ |Du|2dx—/ ugdS(z) = 0.
Q Q a0

Therefore, we have
/ |Duf?dz < G/ |uldS(z).
Q a0

By Theorem 1.5, we know that

/{m |u|dS(x)§C’</Qu|da:+/Q|Du|dx>.

Theorem 1.2 indicates that

/\u|dx§0/ | Du|dx
Q Q

/|u|2dm§0/ | Dul|?dx
Q Q

/ |u|?dx < CG.
Q

Thus we get

Using the same method as in section 2.1, form (56) we can prove that

lull L= (o) < CG.

3.2 The dimension n = 2
Similar to Section 2.2 we can readily show that
[ull Lo (@) < C°G.

in the case that n = 2.

2, 22)012/p\ /P
Cme/p) ]| =277

(54)



4 Conclusion

Combine the results in Sections 2 and 3, and apply Proposition 1.7, we can
prove Theorem 1.1.
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