
Section 3

Interpolation and Polynomial Approximation
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Interpolation

Given data points
{

(xi , yi ) : i = 1, . . . , n
}

, can we find a function
to “fit” the data?

Theorem (Weierstrass approximation theorem)

Suppose f ∈ C [a, b], then ∀ ε > 0, ∃ a polynomial P(x) such that
|f (x)− P(x)| < ε, ∀ x ∈ [a, b].

106 C H A P T E R 3 Interpolation and Polynomial Approximation

3.1 Interpolation and the Lagrange Polynomial

One of the most useful and well-known classes of functions mapping the set of real numbers
into itself is the algebraic polynomials, the set of functions of the form

Pn(x) = anxn + an−1xn−1 + · · · + a1x + a0,

where n is a nonnegative integer and a0, . . . , an are real constants. One reason for their
importance is that they uniformly approximate continuous functions. By this we mean that
given any function, defined and continuous on a closed and bounded interval, there exists
a polynomial that is as “close” to the given function as desired. This result is expressed
precisely in the Weierstrass Approximation Theorem. (See Figure 3.1.)

Figure 3.1
y
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y ! f (x)

y ! f (x) " ε

y ! f (x) # ε

y ! P (x)

Theorem 3.1 (Weierstrass Approximation Theorem)
Suppose that f is defined and continuous on [a, b]. For each ϵ > 0, there exists a polynomial
P(x), with the property that

|f (x)− P(x)| < ϵ, for all x in [a, b].

The proof of this theorem can be found in most elementary texts on real analysis (see,
for example, [Bart], pp. 165–172).

Another important reason for considering the class of polynomials in the approximation
of functions is that the derivative and indefinite integral of a polynomial are easy to determine
and are also polynomials. For these reasons, polynomials are often used for approximating
continuous functions.

Karl Weierstrass (1815–1897) is
often referred to as the father of
modern analysis because of his
insistence on rigor in the
demonstration of mathematical
results. He was instrumental in
developing tests for convergence
of series, and determining ways
to rigorously define irrational
numbers. He was the first to
demonstrate that a function could
be everywhere continuous but
nowhere differentiable, a result
that shocked some of his
contemporaries.

The Taylor polynomials were introduced in Section 1.1, where they were described
as one of the fundamental building blocks of numerical analysis. Given this prominence,
you might expect that polynomial interpolation would make heavy use of these functions.
However this is not the case. The Taylor polynomials agree as closely as possible with
a given function at a specific point, but they concentrate their accuracy near that point.
A good interpolation polynomial needs to provide a relatively accurate approximation
over an entire interval, and Taylor polynomials do not generally do this. For example,
suppose we calculate the first six Taylor polynomials about x0 = 0 for f (x) = ex.
Since the derivatives of f (x) are all ex, which evaluated at x0 = 0 gives 1, the Taylor
polynomials are
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Polynomial interpolation

So polynomials could work. But how to find the polynomial?

First Try: Taylor’s polynomial

For any given function f (x) and a point x0, we approximate f (x)
by the Taylor’s polynomial Pn(x):

f (x) ≈ Pn(x) := f (x0) + f ′(x0)(x − x0) + · · ·+ 1

n!
f (n)(x0)(x − x0)n
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Polynomial interpolation

Example (Problem with Taylor’s polynomial)

Let f (x) = ex and x0 = 0. See how Taylor’s polynomial behaves.

Solution. Taylor’s polynomial Pn(x) = 1 + x + · · ·+ 1
n! xn.

However, no matter how large we choose n, Pn(x) is far from f (x)
where x is slightly large.
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Issue with Taylor’s polynomial approximation

3.1 Interpolation and the Lagrange Polynomial 107

P0(x) = 1, P1(x) = 1 + x, P2(x) = 1 + x + x2

2
, P3(x) = 1 + x + x2

2
+ x3

6
,

P4(x) = 1 + x + x2

2
+ x3

6
+ x4

24
, and P5(x) = 1 + x + x2

2
+ x3

6
+ x4

24
+ x5

120
.

Very little of Weierstrass’s work
was published during his lifetime,
but his lectures, particularly on
the theory of functions, had
significant influence on an entire
generation of students. The graphs of the polynomials are shown in Figure 3.2. (Notice that even for the

higher-degree polynomials, the error becomes progressively worse as we move away from
zero.)

Figure 3.2
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Although better approximations are obtained for f (x) = ex if higher-degree Taylor
polynomials are used, this is not true for all functions. Consider, as an extreme example,
using Taylor polynomials of various degrees for f (x) = 1/x expanded about x0 = 1 to
approximate f (3) = 1/3. Since

f (x) = x−1, f ′(x) = −x−2, f ′′(x) = (−1)22 · x−3,

and, in general,

f (k)(x) = (−1)kk!x−k−1,

the Taylor polynomials are

Pn(x) =
n∑

k=0

f (k)(1)

k! (x − 1)k =
n∑

k=0

(−1)k(x − 1)k .

To approximate f (3) = 1/3 by Pn(3) for increasing values of n, we obtain the values in
Table 3.1—rather a dramatic failure! When we approximate f (3) = 1/3 by Pn(3) for larger
values of n, the approximations become increasingly inaccurate.

Table 3.1 n 0 1 2 3 4 5 6 7

Pn(3) 1 −1 3 −5 11 −21 43 −85
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Example

Example (Problem with Taylor’s polynomial)

Let f (x) = 1
x and x0 = 1. See how Taylor’s polynomial behaves.

Solution. We know f (n)(x) = (−1)nn!
xn+1 . Then Taylor’s polynomial is

Pn(x) =
n∑

i=0

(−1)n(x−1)n = 1−(x−1)+(x−1)2+· · ·+(−1)n(x−1)n

Suppose we use Pn(x) to approximate f at x = 3, we get

P0(3) P1(3) P2(3) P3(3) P4(3) P5(3) P6(3) P7(3)

1 -1 3 -5 11 -21 43 -85

But the true value is f (3) = 1
3 .
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Lagrange interpolating polynomial

We should not use Taylor’s polynomial since it only approximates
well locally.

Suppose we have two points (x0, y0) and (x1, y1), then best use a
straight line to interpolate. Define two linear polynomials:

L0(x) =
x − x1

x0 − x1
and L1(x) =

x − x0

x1 − x0

So L0 and L1 are polynomials of degree 1, and

L0(x1) = 0, L0(x0) = 1, L1(x0) = 0, L1(x1) = 1

Now set P(x) = f (x0)L0(x) + f (x1)L1(x), then P(x) coincides
f (x) at x0 and x1.
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Example

Recall that the polynomial we derived is

P(x) = f (x0)L0(x) + f (x1)L1(x) =
x − x0

x1 − x0
f (x0) +

x − x1

x0 − x1
f (x1)

P(x) is called the Lagrange interpolating polynomial of f given
values at x0 and x1.

Example (Linear Lagrange interpolating polynomial)

Use linear Lagrange interpolating polynomial of f where f (2) = 5
and f (4) = 1.

Solution. P(x) = −x + 6.
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Lagrange interpolating polynomial

Given n + 1 points
{

(xi , f (xi )) : 0 ≤ i ≤ n
}

. For each i , define:

Ln,k =
(x − x0) . . . (x − xk−1)(x − xk+1) . . . (x − xn)

(xk − x0) . . . (xk − xk−1)(xk − xk+1) . . . (xk − xn)

for k = 0, 1, . . . , n. Then it is easy to verify

Ln,k(x) =

{
1 if x = xk

0 if x = xj , where j 6= k

Then the nth Lagrange interpolating polynomial of f is

P(x) =
n∑

k=0

f (xk)Ln,k(x)
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Lagrange interpolating polynomial

Illustration of Ln,k(x):

110 C H A P T E R 3 Interpolation and Polynomial Approximation

Figure 3.5

xx0 x1 xk!1 xk xk"1 xn!1 xn

Ln,k(x)

1

. . .. . .

The interpolating polynomial is easily described once the form of Ln,k is known. This
polynomial, called the nth Lagrange interpolating polynomial, is defined in the following
theorem.

The interpolation formula named
for Joseph Louis Lagrange
(1736–1813) was likely known
by Isaac Newton around 1675,
but it appears to first have been
published in 1779 by Edward
Waring (1736–1798). Lagrange
wrote extensively on the subject
of interpolation and his work had
significant influence on later
mathematicians. He published
this result in 1795.

Theorem 3.2 If x0, x1, . . . , xn are n + 1 distinct numbers and f is a function whose values are given at
these numbers, then a unique polynomial P(x) of degree at most n exists with

f (xk) = P(xk), for each k = 0, 1, . . . , n.

This polynomial is given by

P(x) = f (x0)Ln,0(x) + · · · + f (xn)Ln,n(x) =
n∑

k=0

f (xk)Ln,k(x), (3.1)

where, for each k = 0, 1, . . . , n,

Ln,k(x) = (x − x0)(x − x1) · · · (x − xk−1)(x − xk+1) · · · (x − xn)

(xk − x0)(xk − x1) · · · (xk − xk−1)(xk − xk+1) · · · (xk − xn)
(3.2)

=
n∏

i=0
i ̸=k

(x − xi)

(xk − xi)
.

The symbol
∏

is used to write
products compactly and parallels
the symbol

∑
, which is used for

writing sums.

We will write Ln,k(x) simply as Lk(x) when there is no confusion as to its degree.

Example 2 (a) Use the numbers (called nodes) x0 = 2, x1 = 2.75, and x2 = 4 to find the second
Lagrange interpolating polynomial for f (x) = 1/x.

(b) Use this polynomial to approximate f (3) = 1/3.

Solution (a) We first determine the coefficient polynomials L0(x), L1(x), and L2(x). In
nested form they are

L0(x) = (x − 2.75)(x − 4)

(2− 2.5)(2− 4)
= 2

3
(x − 2.75)(x − 4),

L1(x) = (x − 2)(x − 4)

(2.75− 2)(2.75− 4)
= −16

15
(x − 2)(x − 4),

and

L2(x) = (x − 2)(x − 2.75)

(4− 2)(4− 2.5)
= 2

5
(x − 2)(x − 2.75).
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Lagrange interpolating polynomial

The nth Lagrange interpolating polynomial of f at x0, . . . , xn is

P(x) =
n∑

k=0

f (xk)Ln,k(x)

Properties:

I P(x) is a polynomial of degree n

I P(xk) = f (xk) for all k = 0, . . . , n.
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Example

Example (Lagrange interpolating polynomial)

Let f (x) = 1
x , x0 = 2, x1 = 2.75, x2 = 4. Find the 2nd Lagrange

interpolating polynomial P(x) of f (x) and compute P(3).

Solution. First we compute L2,k for k = 0, 1, 2:

L2,0(x) =
(x − x1)(x − x2)

(x0 − x1)(x0 − x2)
=

(x − 2.75)(x − 4)

(2− 2.75)(2− 4)

L2,1(x) =
(x − x0)(x − x2)

(x1 − x0)(x1 − x2)
=

(x − 2)(x − 4)

(2.75− 2)(2.75− 4)

L2,2(x) =
(x − x0)(x − x1)

(x2 − x0)(x2 − x1)
=

(x − 2)(x − 2.75)

(4− 2)(4− 2.75)

Then the 2nd Lagrange interpolating polynomial is

P(x) =
2∑

k=0

f (xk)L2,k(x) = · · · =
x2

22
− 35x

88
+

49

44

Note that P(3) = 32

22 − 35×3
88 + 49

44 ≈ 0.32955, close to f (3) = 1
3 .
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Example

Example (Lagrange interpolating polynomial)

Let f (x) = 1
x , x0 = 2, x1 = 2.75, x2 = 4. Find the 2nd Lagrange

interpolating polynomial P(x) of f (x) and compute P(3).

3.1 Interpolation and the Lagrange Polynomial 111

Also, f (x0) = f (2) = 1/2, f (x1) = f (2.75) = 4/11, and f (x2) = f (4) = 1/4, so

P(x) =
2∑

k=0

f (xk)Lk(x)

= 1
3
(x − 2.75)(x − 4)− 64

165
(x − 2)(x − 4) + 1

10
(x − 2)(x − 2.75)

= 1
22

x2 − 35
88

x + 49
44

.

(b) An approximation to f (3) = 1/3 (see Figure 3.6) is

f (3) ≈ P(3) = 9
22
− 105

88
+ 49

44
= 29

88
≈ 0.32955.

Recall that in the opening section of this chapter (see Table 3.1) we found that no Taylor
polynomial expanded about x0 = 1 could be used to reasonably approximate f (x) = 1/x
at x = 3.

Figure 3.6

x

y

1

2

3

4

51 2 3 4

y ! f (x) 

y ! P(x) 

The interpolating polynomial P of degree less than or equal to 3 is defined in Maple
with

P := x→ interp([2, 11/4, 4], [1/2, 4/11, 1/4], x)

x→ interp
([

2,
11
4

, 4
]

,
[

1
2

,
4
11

,
1
4

]
, x
)

To see the polynomial, enter

P(x)

1
22

x2 − 35
88

x + 49
44

Evaluating P(3) as an approximation to f (3) = 1/3, is found with

evalf(P(3))

0.3295454545
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Lagrange interpolating polynomial

Theorem (Error of Lagrange interpolating polynomial)

Suppose f (x) ∈ Cn+1[a, b]. Then for every x ∈ [a, b], ∃ ξ(x)
between x0, . . . , xn, s.t.

f (x) = P(x) +
f (n+1)(ξ(x))

(n + 1)!
(x − x0) . . . (x − xn)
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Error of Lagrange interpolating polynomial

Proof.
For any given x ∈ [a, b] different from x0, . . . , xn, define g(t) as

g(t) = f (t)− P(t)− (f (x)− P(x))
(t − x0) . . . (t − xn)

(x − x0) . . . (x − xn)︸ ︷︷ ︸
polynomial of t, degree n + 1

Note that f (t) = P(t) and (t − x0) . . . (t − xn) = 0 for t = xk and
k = 0, . . . , n. So g(t) = 0 for t = x , x0, . . . , xn (total n + 2
points). By generalized Rolle’s Thm, ∃ ξ(x) between x0, . . . , xn s.t.

0 = g (n+1)(ξ(x)) = f (n+1)(ξ(x))− (n + 1)! · (f (x)− P(x))

(x − x0) . . . (x − xn)

since P(t) is a poly of t with degree n and (t − x0) · · · (t − xn) is a
monic poly of t with degree n + 1.
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Example

Example (Estimate error of Lagrange interpolating polynomial)

Let f (x) = 1
x , x0 = 2, x1 = 2.75, x2 = 4. Estimate the maximal

error of the 2nd Lagrange interpolating polynomial P(x) given
above on [2, 4].
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Example

Solution. Let P(x) be the Lagrange interpolating polynomial, then

f (x)− P(x) =
f (3)(ξ(x))

3!
(x − 2)(x − 2.75)(x − 4)

We know f ′(x) = − 1
x2 , f ′′(x) = 2

x3 , f ′′′(x) = − 3!
x4 , so

∣∣∣∣∣
f (3)(ξ(x))

3!

∣∣∣∣∣ =

∣∣∣∣−
1

(ξ(x))4

∣∣∣∣ ≤
1

24
(∵ ξ(x) ∈ [2, 4])

Further, denote h(x) := (x − 2)(x − 2.75)(x − 4), find critical
points and then the max/min values of h(x) on [2, 4] to claim
|h(x)| ≤ 9

16 for all x ∈ [2, 4]. Hence

|f (x)− P(x)| =

∣∣∣∣∣
f (3)(ξ(x))

3!
h(x)

∣∣∣∣∣ ≤
1

24

9

16
≈ 0.00586.
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Example

Example (Estimate error of Lagrange interpolating polynomial)

Suppose we use uniform partition of [0, 1] and linear Lagrange
interpolating polynomial on each segment to approximate
f (x) = ex . How small the step size h should be to guarantee the
error < 10−6 everywhere?
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Example

Solution. With step size h, we have xj = jh for j = 0, 1, . . . .

Then we use linear Lagrange polynomial to approximate ex on
each [xj , xj+1]. The error is

1

2
f (2)(ξ(x))(x − xj)(x − xj+1)

So | f (2)(ξ(x))
2 | = | eξ(x)

2 | ≤ e
2 (∵ ξ(x) ∈ [0, 1]).

Again take h(x) = (x − xj)(x − xj+1) which has max h2

2 . Then
∣∣∣∣∣
f (2)(ξ(x))

2
(x − xj)(x − xj+1)

∣∣∣∣∣ ≤
e

2

h2

4
≤ 10−6

So we need h ≤ (8× 10−6 × e−1)1/2 ≈ 1.72× 10−3.
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Recursive constructions of interpolating polynomials

Given points x0, . . . , xn and function values f (xk) for k = 0, . . . , n.

There are several questions regarding the use Lagrange
interpolating polynomial:

I Can we use a subset of points to construct Lagrange
interpolating polynomials with lower degree?

I If yes, which interpolating points among x0, . . . , xn to choose?

I If the result is not satisfactory, can we improve the
constructed polynomial to get a polynomial of higher degree?
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Example

Example (Which points to choose?)

Consider the interpolation of the function f with 5 points:

k xk f (xk)
0 1.0 0.7651977
1 1.3 0.6200860
2 1.6 0.4554022
3 1.9 0.2818186
4 2.2 0.1103623

If we use an interpolating polynomial of degree n < 4, then we
need to decide which points to use.

For example, if n = 2, then we need to chose 3 points. Should we
choose x0, x1, x2 or x1, x2, x3, or x0, x2, x4?
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Neville’s method

We do not know which choice is better, since true f (x) is
unknown. But we can compute all and see the trend.

Question: can we use polynomials obtained earlier (with lower
degree) to get the later ones (with higher degree)?

Definition (Partial interpolating polynomial)

Let f be a function with known values at x0, . . . , xn and suppose
m1, . . . ,mk are k integers among 0, 1, . . . , n. Then the partial
Lagrange interpolating polynomial that agrees with f at
xm1 , . . . , xmk

is denoted by Pm1,...,mk
(x).
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Example

Example (Partial interpolating polynomial)

Let x0 = 1, x1 = 2, x2 = 3, x3 = 4, x4 = 6 for f (x) = ex . Find
P1,2,4(x) and approximate the value f (5).

Solution. We only use x1, x2, x4 to get P1,2,4(x):

P1,2,4(x) =
(x − x2)(x − x4)

(x1 − x2)(x1 − x4)
f (x1) +

(x − x1)(x − x4)

(x2 − x1)(x2 − x4)
f (x2) +

(x − x1)(x − x2)

(x4 − x1)(x4 − x2)
f (x4)

=
(x − 3)(x − 6)

(2− 3)(2− 6)
e2 +

(x − 2)(x − 6)

(3− 2)(3− 6)
e3 +

(x − 2)(x − 3)

(6− 2)(6− 3)
e6

P1,2,4(5) = −1

2
e2 + e3 +

1

2
e6 ≈ 218.105
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Recursive construction of interpolating polynomials

Now we show how to recursively construct Lagrange interpolating
polynomials:

Theorem (Recursive construction of interpolating polynomials)

Let f be defined at x0, . . . , xk , and xi and xj are two distinct points
among them. Then

P0,1,...,k(x) =
(x − xj)P0,...,ĵ ,...,k(x)− (x − xi )P0,...,î ,...,k(x)

xi − xj
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Recursive construction of interpolating polynomials

Proof.
Denote the RHS by P(x).

Both P0,...,ĵ ,...,k(x) and P0,...,î ,...,k(x) are polynomials of degree
k − 1, we know P(x) is a polynomial of degree ≤ k.

Verify that P(xs) = f (xs) for s = 0, 1, . . . , k . So
P(x) = P0,...,k(x).

Numerical Analysis I – Xiaojing Ye, Math & Stat, Georgia State University 102



Neville’s method

Suppose there are 5 points x0, . . . , x4, and Pi := f (xi ) for all i ,
then we can construct the following table:

x0 P0

x1 P1 P0,1 = (x−x0)P1−(x−x1)P0

x1−x0

x2 P2 P1,2 = (x−x1)P2−(x−x2)P1

x2−x1
P0,1,2 =

(x−x0)P1,2−(x−x2)P0,1

x2−x0

x3 P3 P2,3 = (x−x2)P3−(x−x3)P2

x3−x2
P1,2,3 =

(x−x1)P2,3−(x−x3)P1,2

x3−x1

. . .

x4 P4 P3,4 = (x−x3)P4−(x−x4)P3

x4−x3
P2,3,4 =

(x−x2)P3,4−(x−x4)P2,3

x4−x2
. . .
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Neville’s method

We introduce a new notation Qij = Pi−j ,i−j+1,...,i (i is the ending
index and j + 1 is the length), then the previous table is just

x0 Q0,0

x1 Q1,0 Q1,1

x2 Q2,0 Q2,1 Q2,2

x3 Q3,0 Q3,1 Q3,2 Q3,3

x4 Q4,0 Q4,1 Q4,2 Q4,3 Q4,4

For example Q3,3 = P0,1,2,3, Q4,3 = P1,2,3,4, etc.
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Example (Neville’s method)

Consider the interpolation of the function f with 5 points:

k xk f (xk)
0 1.0 0.7651977
1 1.3 0.6200860
2 1.6 0.4554022
3 1.9 0.2818186
4 2.2 0.1103623

In addition, interpolate f (1.5) and compare to the true value2.

2The data in this table were retrieved from a Bessel function with true value
f (1.5) = 0.5118277.
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Neville’s iterated interpolation

Neville’s iterated interpolation method:

I Input. x0, . . . , xn and values Qi ,0 = f (xi ) for all i .

I For each i = 1, . . . , n: compute

Qi ,j =
(x−xi−j )Qi,j−1−(x−xi )Qi−1,j−1

xi−xi−j
for j = 1, . . . , i .

I Output. Table Q with P(x) = Qn,n.

Properties of Neville’s method:

1. Add new interpolating nodes easily.

2. Can stop if |Qi ,i − Qi−1,i−1| < εtol.
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Divided difference

We can also get the polynomials, not just the interpolating values.

Consider the polynomial Pn(x) of degree n defined by

Pn(x) = a0 +a1(x−x0)+a2(x−x0)(x−x1)+ · · ·+an(x−x0) · · · (x−xn−1)

To make it the Lagrangian interpolating polynomial of f at
x0, . . . , xn, we need to find ai s.t. Pn(xi ) = f (xi ) for all xi .

It is easy to check that:

Pn(x0) = a0 = f (x0) =⇒ a0 = f (x0)

Pn(x1) = a0 + a1(x1 − x0) = f (x1) =⇒ a1 =
f (x1)− f (x0)

x1 − x0

...
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Divided difference
We define the following notations of divided difference:

f [xi ] = f (xi )

f [xi , xi+1] =
f [xi+1]− f [xi ]

xi+1 − xi

f [xi , xi+1, xi+2] =
f [xi+1, xi+2]− f [xi , xi+1]

xi+2 − xi
...

Once the (k − 1)th divided differences are determined, we can get
the kth divided difference as

f [x0, . . . , xk ] =
f [x1, . . . , xk ]− f [x0, . . . , xk−1]

xk − x0

until we get f [x0, . . . , xn]. Then set ak = f [x0, . . . , xk ] for all k :

Pn(x) = f [x0] +
n∑

k=1

f [x0, . . . , xk ](x − x0) . . . (x − xk)
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Divided difference

We can construct a table of divided difference as follows:

x0 f [x0]
x1 f [x1] f [x0, x1]
x2 f [x2] f [x1, x2] f [x0, x1, x2]
x3 f [x3] f [x2, x3] f [x1, x2, x3] f [x0, x1, x2, x3]
x4 f [x4] f [x3, x4] f [x2, x3, x4] f [x1, x2, x3, x4] f [x0, x1, x2, x3, x4]
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Divided difference

We can introduce a new notation Fi ,j = f [xi−j , . . . , xi ], then the
table can be written as

x0 F0,0

x1 F1,0 F1,1

x2 F2,0 F2,1 F2,2

x3 F3,0 F3,1 F3,2 F3,3

x4 F4,0 F4,1 F4,2 F4,3 F4,4
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Newton’s divided difference formula

Newton’s divided difference

I Input. x0, . . . , xn and values Fi ,0 = f (xi ) for all i .

I For each i = 1, . . . , n: set Fi ,j =
Fi,j−1−Fi−1,j−1

xi−xi−j
for j = 1, . . . , i .

I Output. Fi ,i for i = 0, . . . , n, and set

Pn(x) = F0,0 +
n∑

i=1

Fi ,i (x − x0) . . . (x − xi−1)
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Special case

In the special case where xi+1 − xi = h for all i , then xi = x0 + ih.
Now if we want to know the value of f at xs = x0 + sh (s can be
non-integer), then

Pn(xs) = f [x0] +
n∑

k=1

f [x0, . . . , xk ](xs − x0) . . . (xs − xk−1)

= f [x0] +
n∑

k=1

f [x0, . . . , xk ](sh)((s − 1)h) . . . ((s − k + 1)h)

= f [x0] +
n∑

k=1

f [x0, . . . , xk ]hk s(s − 1) . . . (s − k + 1)

k!
k!

= f [x0] +
n∑

k=1

f [x0, . . . , xk ]hkk!

(
s

k

)
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Special case

If we adopt the Aitkin’s ∆2 to simplify notations:

f [x0, x1] =
f (x1)− f (x0)

x1 − x0
=

1

h
(f (x1)− f (x0)) =

1

h
∆f (x0)

f [x0, x1, x2] =
f [x1, x2]− f [x0, x1]

x2 − x0
=

1

2h
(

1

h
∆f (x1)− 1

h
∆f (x0)) =

1

2h2
∆2f (x0)

...

f [x0, . . . , xk ] = · · · =
1

k!hk
∆k f (x0)

Newton’s divided difference becomes:

Pn(x) = f [x0] +
n∑

k=1

(
s

k

)
∆k f (x0)
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Backward difference

We can also use the backward differences:

∇pn := pn − pn−1 and ∇kpn = ∇(∇k−1pn) 3

Suppose the points are in reverse order: xn, xn−1, . . . , x0, then

Pn(x) = f [xn]+f [xn, xn−1](x−xn)+· · ·+f [xn, . . . , x0](x−xn) . . . (x−x1).

If xs = xn + sh (s is negative non-integer), then we can derive:

Pn(x) = f [xn] +
n∑

k=1

(−1)k
(−s

k

)
∇k f (xn)

3For example, ∇2pn = (pn − pn−1)− (pn−1 − pn−2) = pn − 2pn−1 + pn−2.
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Hermite interpolation

Suppose we also have derivatives f (k)(xi ) at points xi for
k = 0, . . . ,mi , we can find the polynomial P(x) s.t.

P(k)(xi ) = f (k)(xi ), ∀ i , k

The total number of conditions (values) we have is

n̂ :=
n∑

i=0

(mi + 1) = (n + 1) +
n∑

i=0

mi

So we can find a polynomial P of degree n̂.

Such a polynomial is called an osculating polynomial.
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Hermite polynomial

We’re mostly interested in the case with mi = 1, ∀ i . That is, we
have f (xi ) and f ′(xi ) at each xi .

We want to construct a polynomial P(x) of degree 2n + 1, s.t.
P(xi ) = f (xi ) and P ′(xi ) = f (xi ), ∀ i .

Let Ln,j(x) be the Lagrange polynomial of degree n such that

Ln,j(xi ) =

{
0, if i 6= j

1, if i = j

We define two polynomials (both of degree 2n + 1):

Hn,j(x) = (1− 2(x − xj)L′n,j(xj))L2
n,j(x)

Ĥn,j(x) = (x − xj)L2
n,j(x)
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Hermite polynomial

Theorem (Construction of Hermite polynomial)

If f ∈ C 1[a, b] and x0, . . . , xn ∈ [a, b] are distinct, then the
polynomial of least degree that satisfies P(xi ) = f (xi ) and
P ′(xi ) = f ′(xi ) is

H2n+1(x) :=
n∑

j=0

f (xj)Hn,j(x) +
n∑

j=0

f ′(xj)Ĥn,j(x)

which has degree ≤ 2n + 1.
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Hermite polynomial

Proof.
It’s clear the degree ≤ n + 1. Also,

Hn,j(xi ) =

{
0, if i 6= j

1, if i = j
and Ĥn,j(xi ) = 0, ∀i

So H2n+1(xi ) = f (xi ) ∀ i . Also

H ′n,j(x) = −2L′n,j(xj)L2
n,j(x) + (2− 4(x − xj)L′n,j(xj))Ln,j(x)L′n,j(x)

Ĥ ′n,j(x) = L2
n,j(x) + 2(x − xj)Ln,j(x)L′n,j(x)

Therefore

H ′n,j(xi ) = 0 ∀ i , and Ĥ ′n,j(x) =

{
0, if i 6= j

1, if i = j

Hence H ′2n+1(x) = f ′(xi ), ∀ i .
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Hermite polynomials

We can also construct Hermite polynomials using divided
difference.

Suppose we have x0, x1, . . . , xn and f (xi ), f
′(xi ) are given. Define

z2i = z2i+1 = xi for i = 0, . . . , n

For example, z0 = z1 = x0, z2 = z3 = x1, etc.

Now we have z0, z1, . . . , z2n+1, total of 2(n + 1) points. So

H2n+1(x) = f [z0] +
2n+1∑

k=1

f [z0, . . . , zk ](z − z0) . . . (z − zk)

and use f ′(xi ) as f [z2i , z2i+1] for all i = 0, . . . , n.
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Hermite polynomial

Then we construct the table as follows,

z0 = x0 f [z0] = f (x0)
z1 = x0 f [z1] = f (x0) f [z0, z1] = f ′(x0)

z2 = x1 f [z2] = f (x1) f [z1, z2] =
f [z2]−f [z1]

z2−z1
f [z0, z1, z2]

z3 = x1 f [z3] = f (x1) f [z2, z3] = f ′(x1) f [z1, z2, z3] f [z0, z1, z2, z3]

z4 = x2 f [z4] = f (x2) f [z3, z4] =
f [z4]−f [z3]

z4−z3
f [z2, z3, z4] f [z1, z2, z3, z4] f [z0, z1, z2, z3, z4]

z5 = x3 f [z5] = f (x3) f [z4, z5] = f ′(x2) f [z3, z4, z5] f [z2, z3, z4, z5] f [z1, z2, z3, z4, z5]

.

.

.
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Hermite interpolation

Hermite interpolation polynomial

I Input. Distinct x0, . . . , xn, f (xi ), f
′(xi ) ∀ i .

I For i = 0, . . . , n, do (# Assign values Q·,0,Q·,1)

1. Set z2i = z2i+1 = xi , Q2i,0 = Q2i+1,0 = f (xi ), Q2i+1,1 = f ′(xi ).

2. If i 6= 0, then set Q2i,1 =
Q2i,0−Q2i−1,0

z2i−z2i−1
.

I For i = 2, . . . , 2n + 1 and j = 2, . . . , i , set

Qi ,j =
Qi ,j−1 − Qi−1,j−1

zi − zi−j

I Output. Hermite polynomial coeff. Q0,0, . . . ,Q2n+1,2n+1, s.t.

H(x) =Q0,0 + Q1,1(x − x0) + Q2,2(x − x0)2 + · · ·
+ Q2n+1,2n+1(x − x0)2 . . . (x − xn)2
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