Section 3

Interpolation and Polynomial Approximation
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Interpolation

Given data points {(x;,y;) : i =1,...,n}, can we find a function
to “fit" the data?

Theorem (Weierstrass approximation theorem)

Suppose f € Cla, b], then Ve > 0, 3 a polynomial P(x) such that
1f(x) — P(x)| <€ Vx € |[a,b].

Y A

=Y
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Polynomial interpolation

So polynomials could work. But how to find the polynomial?
First Try: Taylor's polynomial

For any given function f(x) and a point xg, we approximate f(x)
by the Taylor's polynomial Pp(x):

F(x) & Pa(x) := f(x0) + f'(x0)(x — x0) + -+ + %f(”)(xo)(x — xp)"
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Polynomial interpolation

Example (Problem with Taylor's polynomial)
Let f(x) = e* and xg = 0. See how Taylor’'s polynomial behaves.

Solution. Taylor's polynomial Py(x) =1+ x + -+ —x".

However, no matter how large we choose n, P,(x) is far from f(x)
where x is slightly large.
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Issue with Taylor's polynomial approximation

Y A
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Example

Example (Problem with Taylor's polynomial)

Let f(x) =% and xop = 1. See how Taylor's polynomial behaves.

Solution. We know f(")(x) = (;,,):1"!. Then Taylor's polynomial is

Pa(x) = D _(~1)"(x=1)" = 1= (x= D)+ (x— 1)+ (1) (x1)"
i=0

Suppose we use P,(x) to approximate f at x = 3, we get

Po(3) Pi(3) Pa(3) P3(3) Pa(3) Ps(3) Ps(3) Pr(3)
1 -1 3 5 11 21 43 -85

But the true value is f(3) = 3.
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Lagrange interpolating polynomial

We should not use Taylor's polynomial since it only approximates
well locally.

Suppose we have two points (xp, yo) and (xi, y1), then best use a
straight line to interpolate. Define two linear polynomials:
X — X1

Lo(X) = and Ll(X) =

X0 — X1 X1 — X0

X — X0

So Lg and L; are polynomials of degree 1, and
Lo(x1) =0, Lo(xo) =1, Li(x)=0, Li(x)=1

Now set P(x) = f(xo)Lo(x) + f(x1)L1(x), then P(x) coincides
f(x) at xo and x.
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Example

Recall that the polynomial we derived is

X — X0 X — X1

f(Xl)

f(Xo) -+
X1 — X0 X0 — X1

P(x) = f(xo)Lo(x) + f(x1)L1(x) =

P(x) is called the Lagrange interpolating polynomial of f given
values at xg and xj.

Example (Linear Lagrange interpolating polynomial)

Use linear Lagrange interpolating polynomial of f where f(2) =5
and f(4) = 1.
Solution. P(x) = —x + 6.
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Lagrange interpolating polynomial

Given n+ 1 points {(x;, f(x;)) : 0 <i < n}. For each i, define:

(x —x0) .- (X = Xk—1)(X — Xka1) .- - (X — Xn)
(xk — x0) - - - (X — Xk—1) (X — Xka1) - - - (X — Xpn)

Lnk:

Y

for k =0,1,...,n. Then it is easy to verify

L (%) 1 if x = xi
n,k\X) =
g 0 if x =Xx;, where j # k

Then the nth Lagrange interpolating polynomial of f is

P(x) = f(xi)Lnk(x)
k=0
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Lagrange interpolating polynomial

lllustration of L, (x):

Ln,k(x) A
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Lagrange interpolating polynomial

The nth Lagrange interpolating polynomial of f at xg, ..

P(x) = f(xi)Lnk(x)
k=0

Properties:
» P(x) is a polynomial of degree n
» P(xx) = f(xk) forall k=0,...,n.
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Example

Example (Lagrange interpolating polynomial)
Let f(x) = %, xo = 2, x1 = 2.75, xo = 4. Find the 2nd Lagrange

X!

interpolating polynomial P(x) of f(x) and compute P(3).
Solution. First we compute Ly for k =0,1,2:

(x —x1)(x —x2)  (x—2.75)(x —4)

L2,0(X) - (Xo — X1)(Xo — X2) B (2 — 2.75)(2 _ 4)
L21(X) — (X—XO)(X—XQ) _ (X—Z)(X—4)

, (x1 —x0)(x1 — x2)  (2.75 —2)(2.75 — 4)
Lao(x) = (x—x0)(x —x1) _ (x—2)(x—2.75)

(X2 — Xo)(X2 — X1) - (4 — 2)(4 — 2.75)

Then the 2nd Lagrange interpolating polynomial is
2 2

X 35x 49
P(x) = kzzo Fla)lan(x) == 35 = =X+ =
Note that P(3) = % — % + % ~ 0.32955, close to f(3) = %
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Example

Example (Lagrange interpolating polynomial)
Let f(x) = % xXp = 2, x1 = 2.75, xo = 4. Find the 2nd Lagrange

interpolating polynomial P(x) of f(x) and compute P(3).

Y A

=Y
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Lagrange interpolating polynomial

Theorem (Error of Lagrange interpolating polynomial)

Suppose f(x) € C"1[a, b]. Then for every x € [a, b], JE(x)
between Xy, ..., X,, S.t.

Fim(E(x))

f(x) = P(x) + (7T 1)

(X —x0) ... (x—xpn)
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Error of Lagrange interpolating polynomial

Proof.

For any given x € [a, b| different from xg, ..., x,, define g(t) as

g(t) = f(t) — P(t) — (f(x) - P(X))(()f - ig; Ei:i))

\ . 4

polynomial of t, degree n+1

Note that f(t) = P(t) and (t — xp)...(t — x,) = 0 for t = x, and
k=0,...,n So g(t)=0 for t = x,xp,...,Xn (total n+ 2
points). By generalized Rolle’s Thm, 3£(x) between xp, ..., x, s.t.

(n+ 1) (f(x) = P(x))
(x —x0)...(x— xn)

0 =g\ (¢(x)) = FIM(¢(x)) -

since P(t) is a poly of t with degree n and (t — xg)--- (t — xp) is a
monic poly of t with degree n+ 1. []
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Example

Example (Estimate error of Lagrange interpolating polynomial)
Let f(x) = % Xo =2, x1 = 2.75, xo = 4. Estimate the maximal
error of the 2nd Lagrange interpolating polynomial P(x) given
above on [2,4].
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Example

Solution. Let P(x) be the Lagrange interpolating polynomial, then

(3)(¢(x
) — Pl — FOER)

(x —2)(x — 2.75)(x — 4)

3
We know f'(x) = =%, f/(x) = &, f"(x) = —i—i, SO
ARLC)] P N D L

Further, denote h(x) := (x — 2)(x — 2.75)(x — 4), find critical
points and then the max/min values of h(x) on [2, 4] to claim
|h(x)| < 1% for all x € [2,4]. Hence

19
2416

(3)(e(x
£(x) — P = | | <

3 ~ 0.00586.
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Example

Example (Estimate error of Lagrange interpolating polynomial)

Suppose we use uniform partition of [0, 1] and linear Lagrange
interpolating polynomial on each segment to approximate
f(x) = €. How small the step size h should be to guarantee the

error < 107° everywhere?

Numerical Analysis | — Xiaojing Ye, Math & Stat, Georgia State University 95



Example

Solution. With step size h, we have x; = jh for j =0,1,....

Then we use linear Lagrange polynomial to approximate e* on
each [xj, xj11]. The error is

S FOEC)) (x — x)(x — x41)

So |F2ECD| = =50} < 2 (- ¢(x) € [0, 1)).

Again take h(x) = (x — x;)(x — xj+1) which has max 7. Then

F(E(x))

e
S0 () (x = x11) | <

So we need h < (8 x 1070 x e 1)1/2 = 1.72 x 1073,
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Recursive constructions of interpolating polynomials

Given points xg, . .., X, and function values f(xx) for k =0,...,n.

There are several questions regarding the use Lagrange
interpolating polynomial:

» Can we use a subset of points to construct Lagrange
interpolating polynomials with lower degree?

» If yes, which interpolating points among X, ..., x, to choose?

» If the result is not satisfactory, can we improve the
constructed polynomial to get a polynomial of higher degree?
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Example

Example (Which points to choose?)

Consider the interpolation of the function f with 5 points:

k Xk f(Xk)

0| 1.0 | 0.7651977
1| 1.3 | 0.6200860
2 | 1.6 | 0.4554022
31 1.9 | 0.2818186
4 1 2.2 ] 0.1103623

If we use an interpolating polynomial of degree n < 4, then we

need to decide which points to use.

For example, if n = 2, then we need to chose 3 points. Should we
choose xg, x1,X> Or Xi, X2, X3, OF X, X2, Xa?
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Neville's method

We do not know which choice is better, since true f(x) is
unknown. But we can compute all and see the trend.

Question: can we use polynomials obtained earlier (with lower
degree) to get the later ones (with higher degree)?

Definition (Partial interpolating polynomial)

Let f be a function with known values at xg, ..., x, and suppose
mi, ..., my are k integers among 0,1,...,n. Then the partial
Lagrange interpolating polynomial that agrees with f at

Xmys - - -y Xm, 15 denoted by Pp, . m (X).
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Example

Example (Partial interpolating polynomial)
Let xo =1, x1 =2, xo =3, x3 =4, x4 = 6 for f(x) = €*. Find
P1.2.4(x) and approximate the value f(5).

Solution. We only use xi, x2, x4 to get P124(x):

P1,2,4(x) = (= x)(x = ) (x —x1)(x — ) (X —x1)(x — x2)
" (x1 — x2)(x1 — xa) (x2 — x1)(x2 — xa) (xa — x1)(Xa — x2)
_ (=3 =6) »  (x=2)(x=6) 5 (x=2)(x=3) 4
(2—-3)(2—-06) (3—2)(3—106) (6 —2)(6 —3)

f(x2) + f(xa)

f(Xl) +

1 1
P1,2,4(5) — —562 +e3+ §e6 ~ 218.105
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Recursive construction of interpolating polynomials

Now we show how to recursively construct Lagrange interpolating
polynomials:
Theorem (Recursive construction of interpolating polynomials)

Let f be defined at xp, ..., Xk, and x; and x; are two distinct points
among them. Then

(X =%)Po, . k) = (x=xi)Py 7 (%)

gosoal geeey

Po1.. k(x)=

X,'—XJ'
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Recursive construction of interpolating polynomials

Proof.
Denote the RHS by P(x).

Both Py : (x)and Py - (x) are polynomials of degree
k — 1, we know P(x) is a polynomial of degree < k.

Verify that P(xs) = f(xs) for s =0,1,..., k. So
P(x) = Po.... k(x). []
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Neville's method

Suppose there are 5 points xg, ..., x4, and P; := f(x;) for all i,
then we can construct the following table:

xo FPo

x1 P11 Po1= (X_Xo)il;(:(_xl)Po

X2 P Pip= L= X1)I)Dé:i>1< 2 0,1,2 = (X_XO)Plé:S;(—XQ)PO’l
x3 P3 Py3= (X_XZ)I?:E(X_X?’)Pz 1,2,3 = (X_Xl)sziiiX_X3)Pl =
o P Py = ol g e,
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Neville's method

We introduce a new notation Qj = P;_j;—j+1...; (i is the ending
index and j + 1 is the length), then the previous table is just

xo (o0

x1 Qo Q11

x2 (o (21 (22

x3 (30 @1 (32 @3

xa Qao Qa1 Qa2 Qa3 (Qaa

For example Q3’3 = P0,1,273, Q4’3 = P1’273,4, etc.
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Example (Neville's method)

Consider the interpolation of the function f with 5 points:

k Xk f(Xk)

0| 1.0 | 0.7651977
1| 1.3 | 0.6200860
2 | 1.6 | 0.4554022
3|19 | 0.2818186
4 | 2.2 | 0.1103623

In addition, interpolate (1.5) and compare to the true value?.

°The data in this table were retrieved from a Bessel function with true value

f(1.5) = 0.5118277.
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Neville's iterated interpolation

Neville’s iterated interpolation method:

» Input. xp,..., X, and values Q;o = f(x;) for all /.
» Foreach i =1,...,n: compute
—Xi—j) Qi j—1—(x—Xi)Qi—1,j— - '
Qij = b)) ’inl_Xf:. xi) izt forj=1,...,1.

» Output. Table Q with P(x) = Qn p.

Properties of Neville’s method:
1. Add new interpolating nodes easily.
2. Can stop if |Qj ;i — Qi—1.i—1] < €tol-
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Divided difference

We can also get the polynomials, not just the interpolating values.

Consider the polynomial P,(x) of degree n defined by

P,(x) = ap+a1(x—xp)+ax(x—x0)(x—x1)+---F+an(x—x0) - (Xx—Xp_1)

To make it the Lagrangian interpolating polynomial of f at
X0, - - -y Xn, We need to find a; s.t. P,(x;) = f(x;) for all x;.

It is easy to check that:

Pn(Xo) — ag = f(Xo) — ag = f(Xo)
f(Xl) — f(Xo)

X1 — X0

Pn(Xl) = ag + al(xl — Xo) —_— f(Xl) = a] =

Numerical Analysis | — Xiaojing Ye, Math & Stat, Georgia State University 107



Divided difference

We define the following notations of divided difference:

flxi] = f(xi)
flxi, xit1] = vl = 7l
Xi+1 — Xi
f[Xi+17Xi+2] — f[XivxiJrl]

f[Xia Xi+1, Xi-|—2] —
Xji+2 — Xj

Once the (k — 1)th divided differences are determined, we can get
the kth divided difference as

flxi, ... — fx0, -, Xk—
fX0, - -y Xk] = X, ] = Flxo, - X
Xk — X0
until we get f[xp,...,xy]. Then set ax = f[xo, ..., xx] for all k:

Pa(x) = flxo] + Y Flxo,- .-, xi](x — x0) - .- (x — x)
k=1
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Divided difference

We can construct a table of divided difference as follows:

X0 on

x;  flx1]  flxo, x1]
X2 fX2 f:X]_,Xz:
x3 flxs] f[xo,x3]
xq flxq] f[xs,xq]

| X0, X1, X2]
| X1, X2, X3]

| X2, X3, X4]

f[X07X17X27X3]
f[X17X27X37X4]
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Divided difference

We can introduce a new notation F;; = f[xi_j,...,x;], then the
table can be written as

xo Foo
x1 Fio0 F11
x2 Foo F21 F2p
x3 F3o0 F31 F3p F33
x4 Fa0 Fa1 Fap Fa3z Fas
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Newton's divided difference formula

Newton’s divided difference

» Input. xp,...,X, and values F; o = f(x;) for all /.

» Foreachi=1,...,n: set Fjj = F"’j;l:i__l’j_l forj=1,...
I i—J
» Output. F;; for i =0,...,n, and set
n
Pn(x) = Foo+ Y  Fii(x —x0) ... (x — xi—1)
i=1
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Special case

In the special case where xj1 1 — x; = h for all i, then x; = xg + ih.
Now if we want to know the value of f at xs = xp + sh (s can be
non-integer), then

Pn(xs) = flxo] + ¥  flx0, .- xi](xs — x0) - - (Xs — Xp—1)
k=1

= flxo] + Y flxo.-- -, xk](sh)((s = 1)h)...((s — k + 1)h)
k=1

(s—k+1)

T k!

— o)+ ok D)
k=1

= flxo] + Z o, - K <Z>
k=1
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Special case

If we adopt the Aitkin's A2 to simplify notations:
f(Xl) — f(Xo) . 1 1

o, xa] = == 20 = 3 (F(x1) = £()) = 7 A ()
. f[Xl,XQ] — f[Xo,Xl] . 11 1 . 1 2
f[XO,Xl,XQ] = X — X0 = h(hAf(Xl) hAf(Xo)) = 2h2A f(Xo)
Lk
flxo, .-y xk] =+ = k!hkA f(xo)

Newton's divided difference becomes:

P.(x) = f[xo] + Z (2) A*f(xo)
k=1
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Backward difference

We can also use the backward differences:

Vpn:=pn—pn—1 and vkpn — v(vk_lpn) 3

Suppose the points are in reverse order: x,, X,—1,-..,Xo, then

Po(x) = f[xn]+f[Xn, Xn—1](Xx—Xn)+- - -+F[Xn, - . ., X0](X—Xpn) . . . (x—X1).

If xs = x, + sh (s is negative non-integer), then we can derive:

P(x)—f[xn]+§j () 7

3 2
For example, V°p, = (pn — pn—1) — (Pr—1 — Pn—2) = Pn — 2Pn—1 + Pn—2.
Numerical Analysis | — Xiaojing Ye, Math & Stat, Georgia State University 114



Hermite interpolation

Suppose we also have derivatives f(K)(x;) at points x; for
k=0,...,mj, we can find the polynomial P(x) s.t.

PR (x) = fR)(x), Vi k
The total number of conditions (values) we have is

n n
ii= Z(m;+1) = (n—l—l)—l—Zm;
=0 =0

So we can find a polynomial P of degree .

Such a polynomial is called an osculating polynomial.
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Hermite polynomial

We're mostly interested in the case with m; =1, Vi. That is, we
have f(x;) and f'(x;) at each x;.

We want to construct a polynomial P(x) of degree 2n+ 1, s.t.
P(X,') = f(X,') and P/(X,') = f(X,'), Vi.

Let L, j(x) be the Lagrange polynomial of degree n such that

0, if it
L”’f(xi){l TN

We define two polynomials (both of degree 2n + 1):

Hnj(x) = (1 = 2(x — x;) Ly, ;(x)) L7 (%)
/:In,j(X) = (x — )<j)L127,j(X)
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Hermite polynomial

Theorem (Construction of Hermite polynomial)

If f € Clla, b] and xg, ..., x, € [a, b] are distinct, then the
polynomial of least degree that satisfies P(x;) = f(x;) and
P/(X,') — f’(X,') IS

Hon1(x) = > F05)Hnj(x) + Y £'(x5)Hnj(x)
j=0 j=0

which has degree < 2n+ 1.
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Hermite polynomial

Proof.
It's clear the degree < n+ 1. Also,

0. it A
H,,,J-(x,-){l7 :f:ij and  Hp(x;) =0,Vi

So Honi1(xi) = f(x;) Vi. Also

Hy i(x) = =205, ;(x) L5 (x) 4+ (2 = 4(x — X)L}, ; (%)) Laj(x) L, ;(x)
'l:l;;,j(x) = L%,j(X) +2(x — xj)Lnj(x) L}, ;(x)

Therefore
| . 0, ifis]
H (x)=0 Vi, and H .(x)=<
ye) ) {1’ .
Hence Hp,,;(x) = f'(xi), Yi. ]

Numerical Analysis | — Xiaojing Ye, Math & Stat, Georgia State University 118



Hermite polynomials

We can also construct Hermite polynomials using divided

difference.
Suppose we have xp, x1, ..., X, and f(x;), f'(x;) are given. Define
zg;::ngq_::xyfori::(L...,n

For example, zo = z1 = x¢, 20 = z3 = X1, etc.

Now we have zg, z1, ..., Zon+1, total of 2(n+ 1) points. So
2n+1
Hons1(x) = flzo] + »  flzo,-..,ze](z — 20) ... (z — z)
k=1
and use f'(x;) as f[zj, z0j11] forall i =0,...,n.
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Hermite polynomial

Then we construct the table as follows,

zg =xp  fl[z0] = f(x0)
z1 =xp  flz1] = f(x0)
z=x1  flz] = f(x)

z3=x1  flzz3] = f(x1)
zp =xp  flzg] = f(x2)
z5 = x3  flzs] = f(x3)
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flzo, z1] = ' (x0)
f _
[217 22] , 22_21
flzo, z3] = f'(x1)

f[Z3, Z4] - z4—23

flza, z5] = f'(x2)

flzo] —flz1]

flz4] —flz3]

flzo, z1, 22]
flz1, 22, 23]
flza, 23, 4]
flz3, z4, z5]

f[207 Z1, 22, 23]
flz1, z2, 23, z4]
f-[227 Z3, Z4, Z5]

f[Zo,Z]_,Z2,Z3,Z4]
f[21,22723724725]
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Hermite interpolation

Hermite interpolation polynomial
» Input. Distinct xg, ..., xn, f(x;), ' (x;) Vi.
» Fori=0,...,n, do (# Assign values Q.o, Q. 1)

1. Set z2; = 20j41 = X;, Qoio = Qiy1,0 = F(x;), Quiv11 = F'(x).
2. If i #0, then set Q211 _ (oi0— Qi 1.0

22 —22{—1
» Fori=2,....2n+1and j=2,...,1, set
QI,J 1= QI 1,/—1
Qij =
Zi — Zj—j

» Qutput. Hermite polynomial coeff. (po,..., Q2nt12n+1, S-t.

H(x) =Qo,0 + @1,1(x — x0) + Q22(x — x0)? + - -

+ Qnr12ni1(x — x0)% .. (X — x4)?
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