
Numerical integration
Recall that Lagrange interpolation of f by

f (x) =
n∑

i=0

f (xi )Ln,i (x)

︸ ︷︷ ︸
Lagrange polynomial Pn(x)

+
f (n+1)(ξ(x))

(n + 1)!

n∏

i=0

(x − xi )

So we can take integral on both sides:

∫ b

a

f (x) dx =

∫ b

a

n∑

i=0

f (xi ) Ln,i (x) dx +

∫ b

a

f (n+1)(ξ(x))

(n + 1)!

n∏

i=0

(x − xi ) dx

=
n∑

i=0

ai f (xi ) + E (f )

where for i = 0, . . . , n,

ai =

∫ b

a

Ln,i (x) dx and E (f ) =
1

(n + 1)!

∫ b

a

f (n+1)(ξ(x))

(n + 1)!

n∏

i=0

(x − xi ) dx
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Trapezoidal rule

Suppose we know f at x0 = a and x1 = b, then

P1(x) =
(x − x1)

(x0 − x1)
f (x0) +

(x − x0)

(x1 − x0)
f (x1)

Then taking integral of f yields

∫ b

a
f (x) dx =

∫ x1

x0

[
(x − x1)

(x0 − x1)
f (x0) +

(x − x0)

(x1 − x0)
f (x1)

]
dx

+
1

2

∫ x1

x0

f ′′(ξ(x)) (x − x0) (x − x1) dx
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Trapezoidal rule

Integral of the first term on the right is straightforward.

Note that the second term on the right is

∫ x1

x0

f ′′(ξ(x)) (x − x0) (x − x1) dx

= f ′′(ξ)

∫ x1

x0

(x − x0) (x − x1) dx

= f ′′(ξ)

[
x3

3
− (x1 + x0)

2
x2 + x0x1x

]x1

x0

= −h3

6
f ′′(ξ)

where ξ ∈ (x0, x1) by MVT for integrals and
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Trapezoidal rule

Therefore, we obtain

∫ b

a
f (x)dx =

[
(x − x1)2

2 (x0 − x1)
f (x0) +

(x − x0)2

2 (x1 − x0)
f (x1)

]x1

x0

− h3

12
f ′′(ξ)

=
(x1 − x0)

2

[
f (x0) + f (x1)

]
− h3

12
f ′′(ξ)

Trapezoidal rule:

∫ b

a
f (x) dx =

h

2

[
f (x0) + f (x1)

]
− h3

12
f ′′(ξ)
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Trapezoidal rule

Illustration of Trapezoidal rule:

194 C H A P T E R 4 Numerical Differentiation and Integration

TheTrapezoidal Rule

To derive the Trapezoidal rule for approximating
∫ b

a f (x) dx, let x0 = a, x1 = b, h = b − a
and use the linear Lagrange polynomial:

P1(x) = (x − x1)

(x0 − x1)
f (x0) + (x − x0)

(x1 − x0)
f (x1).

Then
∫ b

a
f (x) dx =

∫ x1

x0

[
(x − x1)

(x0 − x1)
f (x0) + (x − x0)

(x1 − x0)
f (x1)

]
dx

+ 1
2

∫ x1

x0

f ′′(ξ(x))(x − x0)(x − x1) dx. (4.23)

The product (x − x0)(x − x1) does not change sign on [x0, x1], so the Weighted Mean Value
Theorem for Integrals 1.13 can be applied to the error term to give, for some ξ in (x0, x1),

∫ x1

x0

f ′′(ξ(x))(x − x0)(x − x1) dx = f ′′(ξ)
∫ x1

x0

(x − x0)(x − x1) dx

= f ′′(ξ)

[
x3

3
− (x1 + x0)

2
x2 + x0x1x

]x1

x0

= − h3

6
f ′′(ξ).

Consequently, Eq. (4.23) implies that
∫ b

a
f (x) dx =

[
(x − x1)

2

2(x0 − x1)
f (x0) + (x − x0)

2

2(x1 − x0)
f (x1)

]x1

x0

− h3

12
f ′′(ξ)

= (x1 − x0)

2
[f (x0) + f (x1)] −

h3

12
f ′′(ξ).

Using the notation h = x1 − x0 gives the following rule:

Trapezoidal Rule:
∫ b

a
f (x) dx = h

2
[f (x0) + f (x1)] −

h3

12
f ′′(ξ).

This is called the Trapezoidal rule because when f is a function with positive values,

When we use the term trapezoid
we mean a four-sided figure that
has at least two of its sides
parallel. The European term for
this figure is trapezium. To further
confuse the issue, the European
word trapezoidal refers to a
four-sided figure with no sides
equal, and the American word for
this type of figure is trapezium.

∫ b
a f (x) dx is approximated by the area in a trapezoid, as shown in Figure 4.3.

Figure 4.3
y

xa ! x0 x1 ! b

y ! f (x)

y ! P1(x)
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Simpson’s rule

If we have values of f at x0 = a, x1 = a+b
2 , and x2 = b. Then

∫ b

a

f (x) dx =

∫ x2

x0

[
(x − x1) (x − x2)

(x0 − x1) (x0 − x2)
f (x0) +

(x − x0) (x − x2)

(x1 − x0) (x1 − x2)
f (x1)

+
(x − x0) (x − x1)

(x2 − x0) (x2 − x1)
f (x2)] dx

+

∫ x2

x0

(x − x0) (x − x1) (x − x2)

6
f (3)(ξ(x)) dx
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Simpson’s rule

With similar idea, we can derive the Simpson’s rule:

∫ x2

x0

f (x)dx =
h

3

[
f (x0) + 4f (x1) + f (x2)

]
− h5

90
f (4)(ξ)

4.3 Elements of Numerical Integration 195

The error term for the Trapezoidal rule involves f ′′, so the rule gives the exact
result when applied to any function whose second derivative is identically zero, that is, any
polynomial of degree one or less.

Simpson’s Rule

Simpson’s rule results from integrating over [a, b] the second Lagrange polynomial with
equally-spaced nodes x0 = a, x2 = b, and x1 = a + h, where h = (b − a)/2. (See
Figure 4.4.)

Figure 4.4
y

xa ! x0 x2 ! bx1

y ! f (x)

y ! P2(x)

Therefore
∫ b

a
f (x) dx =

∫ x2

x0

[
(x − x1)(x − x2)

(x0 − x1)(x0 − x2)
f (x0) + (x − x0)(x − x2)

(x1 − x0)(x1 − x2)
f (x1)

+ (x − x0)(x − x1)

(x2 − x0)(x2 − x1)
f (x2)

]
dx

+
∫ x2

x0

(x − x0)(x − x1)(x − x2)

6
f (3)(ξ(x)) dx.

Deriving Simpson’s rule in this manner, however, provides only an O(h4) error term involv-
ing f (3). By approaching the problem in another way, a higher-order term involving f (4)

can be derived.
To illustrate this alternative method, suppose that f is expanded in the third Taylor

polynomial about x1. Then for each x in [x0, x2], a number ξ(x) in (x0, x2) exists with

f (x) = f (x1) + f ′(x1)(x − x1) +
f ′′(x1)

2
(x − x1)

2 + f ′′′(x1)

6
(x − x1)

3 + f (4)(ξ(x))
24

(x − x1)
4

and
∫ x2

x0

f (x) dx =
[
f (x1)(x − x1) + f ′(x1)

2
(x − x1)

2 + f ′′(x1)

6
(x − x1)

3

+ f ′′′(x1)

24
(x − x1)

4
]x2

x0

+ 1
24

∫ x2

x0

f (4)(ξ(x))(x − x1)
4 dx. (4.24)
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Example

Example (Trapezoidal and Simpson’s rules for integration)

Compare Trapezoidal and Simpson’s rules on
∫ 2

0 f (x) dx where f is

(a) x2 (b) x4 (c) (x + 1)−1

(d)
√

1 + x2 (e) sin x (f) ex

Solution. Apply the the formulas respectively to get:

Problem (a) (b) (c) (d) (e) (f)

f (x) x2 x4 (x + 1)−1
√

1 + x2 sin x ex

Exact value 2.667 6.400 1.099 2.958 1.416 6.389
Trapezoidal 4.000 16.000 1.333 3.326 0.909 8.389
Simpson’s 2.667 6.667 1.111 2.964 1.425 6.421
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Newton-Cotes formula

We can follow the same idea to get higher-order approximations,
called the Netwon-Cotes formulas.

For n = 3 where ξ ∈ (x0, x3):

∫ x3

x0

f (x) dx =
3h

8

[
f (x0) + 3f (x1) + 3f (x2) + f (x3)

]
− 3h5

80
f (4)(ξ)

For n = 4 where ξ ∈ (x0, x4):

∫ x4

x0

f (x) dx =
2h

45

[
7f (x0) + 32f (x1) + 12f (x2) + 32f (x3) + 7f (x4)

]

− 8h7

945
f (6)(ξ)
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Composite numerical integration

Problem with Newton-Cotes rule for high degree is oscillations.

198 C H A P T E R 4 Numerical Differentiation and Integration

Closed Newton-Cotes Formulas

The (n + 1)-point closed Newton-Cotes formulauses nodes xi = x0 + ih, for i = 0, 1, . . . , n,
where x0 = a, xn = b and h = (b − a)/n. (See Figure 4.5.) It is called closed because the
endpoints of the closed interval [a, b] are included as nodes.

Figure 4.5
y

xxn!1a " x0 x1 x2 xn " b

y = Pn(x)
y = f (x)

The formula assumes the form
∫ b

a
f (x) dx ≈

n∑

i= 0

aif (xi),

where

ai =
∫ xn

x0

Li(x) dx =
∫ xn

x0

n∏

j= 0
j ̸= i

(x − xj)

(xi − xj)
dx.

Roger Cotes (1682–1716) rose
from a modest background to
become, in 1704, the first
Plumian Professor at Cambridge
University. He made advances in
numerous mathematical areas
including numerical methods for
interpolation and integration.
Newton is reputed to have said of
Cotes …if he had lived we might
have known something.

The following theorem details the error analysis associated with the closed Newton-
Cotes formulas. For a proof of this theorem, see [IK], p. 313.

Theorem 4.2 Suppose that
∑n

i= 0 aif (xi) denotes the (n + 1)-point closed Newton-Cotes formula with
x0 = a, xn = b, and h = (b − a)/n. There exists ξ ∈ (a, b) for which

∫ b

a
f (x) dx =

n∑

i= 0

aif (xi) + hn+ 3f (n+ 2)(ξ)

(n + 2)!

∫ n

0
t2(t − 1) · · · (t − n) dt,

if n is even and f ∈ Cn+ 2[a, b], and

∫ b

a
f (x) dx =

n∑

i= 0

aif (xi) + hn+ 2f (n+ 1)(ξ)

(n + 1)!

∫ n

0
t(t − 1) · · · (t − n) dt,

if n is odd and f ∈ Cn+ 1[a, b].
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Instead, we can approximate the integral “piecewisely”.
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Composite midpoint rule

Let x−1 = a, x0, x1, . . . , xn, xn+1 = b be a uniform partition of [a, b]
with h = b−a

n+2 . Then we obtain the composite midpoint rule:

∫ b

a
f (x) dx = 2h

n/2∑

j=0

f
(
x2j

)
+

b − a

6
h2f ′′(µ)

4.4 Composite Numerical Integration 207

Figure 4.8
y

xa ! x0 b ! xn

y ! f (x)

xj"1 xjx1 xn"1

For the Composite Midpoint rule, n must again be even. (See Figure 4.9.)

Figure 4.9

x

y

a ! x"1 x0 x1 xnx2j"1 xn"1x2j x2j#1 b ! xn#1

y ! f (x)

Theorem 4.6 Let f ∈ C2[a, b], n be even, h = (b − a)/(n + 2), and xj = a + (j + 1)h for each
j = − 1, 0, . . . , n + 1. There exists a µ ∈ (a, b) for which the Composite Midpoint rule
for n + 2 subintervals can be written with its error term as

∫ b

a
f (x) dx = 2h

n/2∑

j= 0

f (x2 j) + b − a
6

h2f ′′(µ).

Example 2 Determine values of h that will ensure an approximation error of less than 0.00002 when
approximating

∫ π
0 sin x dx and employing

(a) Composite Trapezoidal rule and (b) Composite Simpson’s rule.

Solution (a) The error form for the Composite Trapezoidal rule for f (x) = sin x on [0,π ]
is

∣∣∣∣
πh2

12
f ′′(µ)

∣∣∣∣ =
∣∣∣∣
πh2

12
(− sin µ)

∣∣∣∣ = πh2

12
| sin µ|.
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Composite trapezoidal rule

Let x0 = a, x1, . . . , xn = b be a uniform partition of [a, b] with
h = b−a

n . Then we obtain the composite Trapezoidal rule:

∫ b

a
f (x) dx =

h

2


f (a) + 2

n−1∑

j=1

f
(
xj
)

+ f (b)


− b − a

12
h2f ′′(µ)4.4 Composite Numerical Integration 207

Figure 4.8
y

xa ! x0 b ! xn

y ! f (x)

xj"1 xjx1 xn"1

For the Composite Midpoint rule, n must again be even. (See Figure 4.9.)

Figure 4.9

x

y

a ! x"1 x0 x1 xnx2j"1 xn"1x2j x2j#1 b ! xn#1

y ! f (x)

Theorem 4.6 Let f ∈ C2[a, b], n be even, h = (b − a)/(n + 2), and xj = a + (j + 1)h for each
j = − 1, 0, . . . , n + 1. There exists a µ ∈ (a, b) for which the Composite Midpoint rule
for n + 2 subintervals can be written with its error term as

∫ b

a
f (x) dx = 2h

n/2∑

j= 0

f (x2 j) + b − a
6

h2f ′′(µ).

Example 2 Determine values of h that will ensure an approximation error of less than 0.00002 when
approximating

∫ π
0 sin x dx and employing

(a) Composite Trapezoidal rule and (b) Composite Simpson’s rule.

Solution (a) The error form for the Composite Trapezoidal rule for f (x) = sin x on [0,π ]
is

∣∣∣∣
πh2

12
f ′′(µ)

∣∣∣∣ =
∣∣∣∣
πh2

12
(− sin µ)

∣∣∣∣ = πh2

12
| sin µ|.
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Composite Simpson’s rule

Let x0, x1, . . . , xn (n even) be a uniform partition of [a, b]. Then
apply Simpson’s rule on [x0, x2], [x2, x4], . . . , a total of n such
intervals. Then we obtain the composite Simpson’s rule:

∫ b

a

f (x)dx =
h

3


f (a) + 2

(n/2)−1∑

j=1

f (x2j) + 4

n/2∑

j=1

f (x2j−1) + f (b)


−b − a

180
h4f (4)(µ)

204 C H A P T E R 4 Numerical Differentiation and Integration

Solution Simpson’s rule on [0, 4] uses h = 2 and gives
∫ 4

0
ex dx ≈ 2

3
(e0 + 4e2 + e4) = 56.76958.

The exact answer in this case is e4 − e0 = 53.59815, and the error − 3.17143 is far larger
than we would normally accept.

Applying Simpson’s rule on each of the intervals [0, 2] and [2, 4] uses h = 1 and gives
∫ 4

0
ex dx =

∫ 2

0
ex dx +

∫ 4

2
ex dx

≈ 1
3

(
e0 + 4e + e2) + 1

3

(
e2 + 4e3 + e4)

= 1
3

(
e0 + 4e + 2e2 + 4e3 + e4)

= 53.86385.

The error has been reduced to − 0.26570.
For the integrals on [0, 1],[1, 2],[3, 4], and [3, 4] we use Simpson’s rule four times with

h = 1
2 giving
∫ 4

0
ex dx =

∫ 1

0
ex dx +

∫ 2

1
ex dx +

∫ 3

2
ex dx +

∫ 4

3
ex dx

≈ 1
6

(
e0 + 4e1/2 + e

)
+ 1

6

(
e + 4e3/2 + e2)

+ 1
6

(
e2 + 4e5/2 + e3) + 1

6

(
e3 + 4e7/2 + e4)

= 1
6

(
e0 + 4e1/2 + 2e + 4e3/2 + 2e2 + 4e5/2 + 2e3 + 4e7/2 + e4)

= 53.61622.

The error for this approximation has been reduced to − 0.01807.

To generalize this procedure for an arbitrary integral
∫ b

a
f (x) dx, choose an even

integer n. Subdivide the interval [a, b] into n subintervals, and apply Simpson’s rule on
each consecutive pair of subintervals. (See Figure 4.7.)

Figure 4.7
y

xa ! x0 x2 b ! xn

y ! f (x)

x2j"2 x2j"1 x2j
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Gauss quadrature

Previously we chose points (nodes) with fixed gaps. What if we are
allowed to to choose points x0, . . . , xn and evaluate f there?

4.7 Gaussian Quadrature 229

Figure 4.15

y

x

yy

xa ! x1 a ! x1 a ! x1x2 ! b x2 ! b x2 ! bx

y ! f (x)
y ! f (x)

y ! f (x)

The Trapezoidal rule approximates the integral of the function by integrating the linear
function that joins the endpoints of the graph of the function. But this is not likely the best
line for approximating the integral. Lines such as those shown in Figure 4.16 would likely
give much better approximations in most cases.

Figure 4.16

yyy

x x xa x1 bx2 a x1 bx2 a x1 bx2

y ! f (x)

y ! f (x)
y ! f (x)

Gauss demonstrated his method
of efficient numerical integration
in a paper that was presented to
the Göttingen Society in 1814.
He let the nodes as well as the
coefficients of the function
evaluations be parameters in the
summation formula and found
the optimal placement of the
nodes. Goldstine [Golds],
pp 224–232, has an interesting
description of his development.

Gaussian quadrature chooses the points for evaluation in an optimal, rather than equally-
spaced, way. The nodes x1, x2, . . . , xn in the interval [a, b] and coefficients c1, c2, . . . , cn, are
chosen to minimize the expected error obtained in the approximation

∫ b

a
f (x) dx ≈

n∑

i= 1

cif (xi).

To measure this accuracy, we assume that the best choice of these values produces the exact
result for the largest class of polynomials, that is, the choice that gives the greatest degree
of precision.

The coefficients c1, c2, . . . , cn in the approximation formula are arbitrary, and the nodes
x1, x2, . . . , xn are restricted only by the fact that they must lie in [a, b], the interval of
integration. This gives us 2n parameters to choose. If the coefficients of a polynomial are
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He let the nodes as well as the
coefficients of the function
evaluations be parameters in the
summation formula and found
the optimal placement of the
nodes. Goldstine [Golds],
pp 224–232, has an interesting
description of his development.

Gaussian quadrature chooses the points for evaluation in an optimal, rather than equally-
spaced, way. The nodes x1, x2, . . . , xn in the interval [a, b] and coefficients c1, c2, . . . , cn, are
chosen to minimize the expected error obtained in the approximation

∫ b

a
f (x) dx ≈

n∑

i= 1

cif (xi).

To measure this accuracy, we assume that the best choice of these values produces the exact
result for the largest class of polynomials, that is, the choice that gives the greatest degree
of precision.

The coefficients c1, c2, . . . , cn in the approximation formula are arbitrary, and the nodes
x1, x2, . . . , xn are restricted only by the fact that they must lie in [a, b], the interval of
integration. This gives us 2n parameters to choose. If the coefficients of a polynomial are
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Gauss quadrature

Gauss quadrature tries to determine x1, . . . , xn and c1, . . . , cn s.t.

∫ b

a
f (x) dx ≈

n∑

i=1

ci f (xi )

Conceptually, since we have 2n parameters, i.e., ci , xi for
i = 1, . . . , n, we expect to get “=” if f (x) is a polynomial of
degree ≤ 2n − 1.
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Gauss quadrature

Let’s first try the case with interval [−1, 1] and two points
x1, x2 ∈ [−1, 1]. Then we need to find x1, x2, c1, c2 such that

∫ 1

−1
f (x)dx ≈ c1f (x1) + c2f (x2)

and “=” holds for all polynomials of degree ≤ 3.
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Gauss quadrature

We first note
∫ (

a0 + a1x + a2x
2 + a3x

3
)

dx = a0

∫
1 dx+a1

∫
x dx+a2

∫
x2 dx+a3

∫
x3 dx

Then we need x1, x2, c1, c2 s.t.
∫ 1
−1 f (x) dx = c1f (x1) + c2f (x2)

for f (x) = 1, x , x2, and x3:

c1 · 1 + c2 · 1 =

∫ 1

−1

1 dx = 2,

c1 · x1 + c2 · x2 =

∫ 1

−1

x dx = 0

c1 · x2
1 + c2 · x2

2 =

∫ 1

−1

x2 dx =
2

3
,

c1 · x3
1 + c2 · x3

2 =

∫ 1

−1

x3 dx = 0
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Gauss quadrature

Solve the system of four equations to obtain x1, x2, c1, c2:

c1 = 1, c2 = 1, x1 = −
√

3

3
, and x2 =

√
3

3

So the approximation is

∫ 1

−1
f (x) dx ≈ f

(
−
√

3

3

)
+ f

(√
3

3

)

which is exact for all polynomials of degree ≤ 3.

This point and weight selection is called Gauss quadrature.
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Legendre polynomials

To obtain Gauss quadrature for larger n, we need Legendre
polynomials {Pn : n = 0, 1, . . . }:

1. All Pn are monic (leading coefficient =1)

2. ∫ 1

−1
P(x)Pn(x) dx = 0

for all polynomial P of degree less than n.
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Legendre polynomials

The first five Legendre polynomials:

P0(x) = 1

P1(x) = x

P2(x) = x2 − 1

3

P3(x) = x3 − 3

5
x

P4(x) = x4 − 6

7
x2 +

3

35
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Gauss quadrature and Legendre polynomial

Theorem (Obtain Gauss quadrature by Legendre poly.)

Suppose x1, . . . , xn are the roots of the nth Legendre polynomial
Pn(x), and define

ci =

∫ 1

−1

n∏

j=1
j 6=i

x − xj
xi − xj

dx

If P(x) is any polynomial of degree less than 2n, then

∫ 1

−1
P(x)dx =

n∑

i=1

ciP (xi )
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Gauss quadrature

n Roots rn,i Coefficients cn,i
2 0.5773502692 1.0000000000

-0.5773502692 1.0000000000

3 0.7745966692 0.5555555556
0.0000000000 0.8888888889

-0.7745966692 0.5555555556

4 0.8611363116 0.3478548451
0.3399810436 0.6521451549

-0.3399810436 0.6521451549
-0.8611363116 0.3478548451

5 0.9061798459 0.2369268850
0.5384693101 0.4786286705
0.0000000000 0.5688888889

-0.5384693101 0.4786286705
-0.9061798459 0.2369268850
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Example

Example (Gauss quadrature)

Approximate
∫ 1
−1 ex cos x dx using Gauss quadrature with n = 3.

Solution. We need to use the roots of Legendre polynomial and
coefficient values for n = 3:

n Roots rn,i Coefficients cn,i
3 0.7745966692 0.5555555556

0.0000000000 0.8888888889
-0.7745966692 0.5555555556

∫ 1

−1
ex cos x dx ≈0.5e0.77459692 cos(0.774596692) + 0.8 cos(0)

+ 0.5e−0.77459692 cos(−0.774596692)

=1.9333904

True value is
∫ 1
−1 ex cos x dx = 1.9334214. Our error is 3.2× 10−5.
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Gauss quadrature on arbitrary interval

So far the Gauss quadrature is only considered on [−1, 1].

To find Gauss quadrature on arbitrary x ∈ [a, b], just do a change
of variable:

t =
2x − a− b

b − a
⇐⇒ x =

1

2
[(b − a)t + a + b]

Then t ∈ [−1, 1] and the integral is

∫ b

a
f (x) dx =

∫ 1

−1
f

(
(b − a)t + (b + a)

2

)
(b − a)

2
dt

Then apply Gauss quadrature to the right side.
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Multiple integrals

Now we consider multiple integral

∫ b

a

∫ d

c
f (x , y) dy dx

4.8 Multiple Integrals 235

7. Verify the entries for the values of n = 2 and 3 in Table 4.12 on page 232 by finding the roots of the
respective Legendre polynomials, and use the equations preceding this table to find the coefficients
associated with the values.

8. Show that the formula Q(P) = ∑n
i= 1 ciP(xi) cannot have degree of precision greater than 2n − 1,

regardless of the choice of c1, . . . , cn and x1, . . . , xn. [Hint: Construct a polynomial that has a double
root at each of the xi’s.]

9. Apply Maple’s Composite Gaussian Quadrature routine to approximate
∫ 1
− 1 x2ex dx in the following

manner.
a. Use Gaussian Quadrature with n = 8 on the single interval [− 1, 1].
b. Use Gaussian Quadrature with n = 4 on the intervals [− 1, 0] and [0, 1].
c. Use Gaussian Quadrature with n = 2 on the intervals [− 1, − 0.5], [− 0.5, 0], [0, 0.5] and [0.5, 1].
d. Give an explanation for the accuracy of the results.

4.8 Multiple Integrals

The techniques discussed in the previous sections can be modified for use in the approxi-
mation of multiple integrals. Consider the double integral

∫∫

R

f (x, y) dA,

where R = { (x, y) | a ≤ x ≤ b, c ≤ y ≤ d }, for some constants a, b, c, and d, is a
rectangular region in the plane. (See Figure 4.18.)

Figure 4.18
z

z ! f (x, y)

a

b

c
d

R

x

y

The following illustration shows how the Composite Trapezoidal rule using two subin-
tervals in each coordinate direction would be applied to this integral.

Illustration Writing the double integral as an iterated integral gives
∫∫

R

f (x, y) dA =
∫ b

a

(∫ d

c
f (x, y) dy

)
dx.
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Multiple integrals

First consider a 2× 2 grid on the domain [a, b]× [c , d ]:

236 C H A P T E R 4 Numerical Differentiation and Integration

To simplify notation, let k = (d − c)/2 and h = (b− a)/2. Apply the Composite Trapezoidal
rule to the interior integral to obtain

∫ d

c
f (x, y) dy ≈ k

2

[
f (x, c) + f (x, d) + 2f

(
x,

c + d
2

)]
.

This approximation is of order O
(
(d − c)3

)
. Then apply the Composite Trapezoidal rule

again to approximate the integral of this function of x:

∫ b

a

(∫ d

c
f (x, y) dy

)
dx ≈

∫ b

a

(
d − c

4

)[
f (x, c) + 2f

(
x,

c + d
2

)
+ f (d)

]
dx

= b − a
4

(
d − c

4

)[
f (a, c) + 2f

(
a,

c + d
2

)
+ f (a, d)

]

+ b − a
4

(
2
(

d − c
4

)[
f

(
a + b

2
, c
)

+ 2f

(
a + b

2
,

c + d
2

)
+
(

a + b
2

, d
)])

+ b − a
4

(
d − c

4

)[
f (b, c) + 2f

(
b,

c + d
2

)
+ f (b, d)

]

= (b − a)(d − c)
16

[
f (a, c) + f (a, d) + f (b, c) + f (b, d)

+ 2
(

f

(
a + b

2
, c
)

+ f

(
a + b

2
, d
)

+ f

(
a,

c + d
2

)

+ f

(
b,

c + d
2

))
+ 4f

(
a + b

2
,

c + d
2

)]

This approximation is of order O
(
(b − a)(d − c)

[
(b − a)2 + (d − c)2

])
. Figure 4.19

shows a grid with the number of functional evaluations at each of the nodes used in the
approximation. !

Figure 4.19

x

y

a (a ! b) b

c

d
2

2 2

1 1

4

1 12

1
2
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2
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Here k = d−c
2 and h = b−a

2 .
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Multiple integrals

We first approximate the inner integral using composite
Trapezoidal rule:

∫ d

c
f (x , y) dy =

∫ c+k

c
f (x , y) dy +

∫ d

c+k
f (x , y) dy

≈ k

2
(f (x , c) + f (x , c + k)) +

k

2
(f (x , c + k) + f (x , d))

=
k

2
(f (x , c) + 2f (x , c + k) + f (x , d)) =: g(x)

Then approximate the outer integral:

∫ b

a
g(x) dx =

h

2
(g(a) + 2g(a + h) + g(b))
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Multiple integrals

Combine the two to obtain:
∫ b

a

(∫ d

c

f (x , y) dy

)
dx =

(b − a)(d − c)

16

{
f (a, c) + f (a, d) + f (b, c) + f (b, d)

+ 2

[
f

(
a + b

2
, c

)
+ f

(
a + b

2
, d

)
+ f

(
a,

c + d

2

)

+ f

(
b,

c + d

2

)]
+ 4f

(
a + b

2
,
c + d

2

)}

236 C H A P T E R 4 Numerical Differentiation and Integration

To simplify notation, let k = (d − c)/2 and h = (b− a)/2. Apply the Composite Trapezoidal
rule to the interior integral to obtain

∫ d

c
f (x, y) dy ≈ k

2

[
f (x, c) + f (x, d) + 2f

(
x,

c + d
2

)]
.

This approximation is of order O
(
(d − c)3

)
. Then apply the Composite Trapezoidal rule

again to approximate the integral of this function of x:

∫ b

a

(∫ d

c
f (x, y) dy

)
dx ≈

∫ b

a

(
d − c

4

)[
f (x, c) + 2f

(
x,

c + d
2

)
+ f (d)

]
dx

= b − a
4

(
d − c

4

)[
f (a, c) + 2f

(
a,

c + d
2

)
+ f (a, d)

]

+ b − a
4

(
2
(

d − c
4

)[
f

(
a + b

2
, c
)

+ 2f

(
a + b

2
,

c + d
2

)
+
(

a + b
2

, d
)])

+ b − a
4

(
d − c

4

)[
f (b, c) + 2f

(
b,

c + d
2

)
+ f (b, d)

]

= (b − a)(d − c)
16

[
f (a, c) + f (a, d) + f (b, c) + f (b, d)

+ 2
(

f

(
a + b

2
, c
)

+ f

(
a + b

2
, d
)

+ f

(
a,

c + d
2

)

+ f

(
b,

c + d
2

))
+ 4f

(
a + b

2
,

c + d
2

)]

This approximation is of order O
(
(b − a)(d − c)

[
(b − a)2 + (d − c)2

])
. Figure 4.19

shows a grid with the number of functional evaluations at each of the nodes used in the
approximation. !

Figure 4.19
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Multiple integrals

We can also consider a 2× 4 grid on the domain [a, b]× [c , d ]:

4.8 Multiple Integrals 239

Example 1 Use Composite Simpson’s rule with n = 4 and m = 2 to approximate
∫ 2.0

1.4

∫ 1.5

1.0
ln(x + 2y) dy dx,

Solution The step sizes for this application are h = (2.0 − 1.4)/4 = 0.15 and k =
(1.5 − 1.0)/2 = 0.25. The region of integration R is shown in Figure 4.20, together with
the nodes (xi, yj), where i = 0, 1, 2, 3, 4 and j = 0, 1, 2. It also shows the coefficients wi,j of
f (xi, yi) = ln(xi + 2yi) in the sum that gives the Composite Simpson’s rule approximation
to the integral.

Figure 4.20

x

y

1.40 1.55 1.70 1.85 2.00

1.00

1.25

1.50
14 2

4

1

4

16 8 16

41

4

2

4

1

The approximation is

∫ 2.0

1.4

∫ 1.5

1.0
ln(x + 2y) dy dx ≈ (0.15)(0.25)

9

4∑

i= 0

2∑

j= 0

wi,j ln(xi + 2yj)

= 0.4295524387.

We have

∂4f

∂x4
(x, y) = − 6

(x + 2y)4
and

∂4f

∂y4
(x, y) = − 96

(x + 2y)4
,

and the maximum values of the absolute values of these partial derivatives occur on R when
x = 1.4 and y = 1.0. So the error is bounded by

|E| ≤ (0.5)(0.6)

180

[
(0.15)4 max

(x,y)inR

6
(x + 2y)4

+ (0.25)4 max
(x,y)inR

96
(x + 2y)4

]
≤ 4.72× 10 − 6.

The actual value of the integral to ten decimal places is
∫ 2.0

1.4

∫ 1.5

1.0
ln(x + 2y) dy dx = 0.4295545265,

so the approximation is accurate to within 2.1× 10 − 6.

The same techniques can be applied for the approximation of triple integrals as well as
higher integrals for functions of more than three variables. The number of functional evalu-
ations required for the approximation is the product of the number of functional evaluations
required when the method is applied to each variable.
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Here k = d−c
4 and h = b−a

2 .
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Gauss quadrature for non-rectangular region

We can also use Gauss quadrature for non-rectangular region:

∫ b

a

∫ d(x)

c(x)
f (x , y) dy dx

4.8 Multiple Integrals 241

Non-Rectangular Regions

The use of approximation methods for double integrals is not limited to integrals with
rectangular regions of integration. The techniques previously discussed can be modified to
approximate double integrals of the form

∫ b

a

∫ d(x)

c(x)
f (x, y) dy dx (4.42)

or

∫ d

c

∫ b(y)

a(y)
f (x, y) dx dy. (4.43)

In fact, integrals on regions not of this type can also be approximated by performing appro-
priate partitions of the region. (See Exercise 10.)

To describe the technique involved with approximating an integral in the form

∫ b

a

∫ d(x)

c(x)
f (x, y) dy dx,

we will use the basic Simpson’s rule to integrate with respect to both variables. The
step size for the variable x is h = (b − a)/2, but the step size for y varies with x (see
Figure 4.21) and is written

k(x) = d(x) − c(x)
2

.

Figure 4.21
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Composite Simpson’s rule on non-rectangular region

Now we consider multiple integrals on non-rectangular regions:

∫ b

a

∫ d(x)

c(x)
f (x , y) dy dx

For each integral set k(x) = d(x)−c(x)
2 , then

∫ b

a

∫ d(x)

c(x)

f (x , y) dy dx ≈
∫ b

a

k(x)

3
[f (x , c(x)) + 4f (x , c(x) + k(x)) + f (x , d(x))] dx

≈h

3

{
k(a)

3
[f (a, c(a)) + 4f (a, c(a) + k(a)) + f (a, d(a))]

+
4k(a + h)

3
[f (a + h, c(a + h)) + 4f (a + h, c(a + h)

+ k(a + h)) + f (a + h, d(a + h))]

+
k(b)

3

[
f (b, c(b)) + 4f (b, c(b) + k(b)) + f (b, d(b))

]}
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Gauss quadrature for non-rectangular region

We can also use Gauss quadrature for non-rectangular region:

∫ b

a

∫ d(x)

c(x)
f (x , y) dy dx

For each x ∈ [a, b], transform [c(x), d(x)] into variable t in [−1, 1]:

f (x , y) = f

(
x ,

(d(x)− c(x))t + d(x) + c(x)

2

)

dy =
d(x)− c(x)

2
dt
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Gauss quadrature for non-rectangular region

So the inner integral can be approximated by Gauss quadrature:
∫ d(x)

c(x)

f (x , y) dy =
d(x)− c(x)

2

∫ 1

−1

f

(
x ,

(d(x)− c(x))t + d(x) + c(x)

2

)
dt

≈ d(x)− c(x)

2

n∑

j=1

cn,j f

(
x ,

(d(x)− c(x))rn,j + d(x) + c(x)

2

)

=: g(x)

Then we apply Gauss quadrature to the outer integral:
∫ b

a

∫ d(x)

c(x)

f (x , y) dy dx ≈
∫ b

a

g(x) dx

=

∫ 1

−1

g

(
(b − a)t + (b + a)

2

)
(b − a)

2
dt

≈
m∑

i=1

cm,ig

(
(b − a)rm,i + (b + a)

2

)
(b − a)

2
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