Section 4

Numerical Differentiation and Integration
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Numerical differentiation

Recall the definition of derivative is

) = 0t D= )

We can approximate f'(xg) by

f(XQ + h) — f(Xo)
h

, for some small h
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Numerical differentiation

Approximate f'(xg) by

f(Xo + h) — f(Xo)
h 3

for some small h

Y A
Slope f"(xo)

Sxo + h) — f(xp)
h

Slope

| |
I I

Xo Xo Tt h

=Y

How to quantify the error of this approximation?
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Numerical differentiation

If £ € C?, then Taylor's theorem says 3¢ € (xg, x0 + h) s.t.

Fxo -+ h) = Flxo) + (o) + 5 7" (E)

f(xo+ h) — f(x) . lf”

X SF"(€)h

<~ f/(Xo) =

If 3IM > 0 s.t. |f"(x)] < M for all x near xp, then

f(Xo—I—h) — f(Xo)
h

Error =|f'(xg) —

57(”(5)/7‘ < 7

|1 Mh

So the error is of order “O(h)".
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Example

Example (Error of numerical differentiations)

Let f(x) = In(x) at xo = 1.8. Use h =0.1,0.05,0.01 to
approximate f’(xp). Determine the approxiamtion errors.

Solution. We compute for h = 0.1,0.05,0.01 that

f(1.8+ h)—f(1.8) In(1.8+ h)—In(1.8)
h B h

Then |f"(x)] = | — 5| < 1% =: M for all x > 1.8. Error is
bounded by -
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Numerical differentiation

Example (Error of numerical differentiations)

Let f(x) = In(x) at xp = 1.8. Use h =0.1,0.05,0.01 to
approximate f’(xp). Determine the approxiamtion errors.

Solution (cont.)

p | FABFR—F(18) Mh

h 2
0.10 0.5406722 0.0154321
0.05 0.5479795 0.0077160
0.01 0.5540130 0.0015432

The exact value is f/(1.8) = 7= = 0.555.
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Three-point endpoint formula

Recall the Lagrange interpolating polynomial for xp, ..., x, is

F(x) =) F(xi) Li(x) + b X?g ;1())? ! FIr(€(x))
k=0 '

Suppose we have xg, X1 = xo + h, xo = xg + 2h, then

2
o) = 30 F () L) 4+ 2 2) )
k=0

where £(x) € (x0, X0 + 2h).
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Three-point endpoint formula

Take derivative w.r.t. x of

2
) = 3 F () L) + 200 2m0) 3y

6
k=0
and set x = xq yields* the Three-point endpoint formula:

' (x0) = 2_1h [—37‘ (x0) +4f (xo+ h) — f(x0+ 2h)]+%2f(3) (f(xo))

where £(xg) € (xo, X0 + 2h).

*Note that =20)0—x)(—x) df<3L<Xs<x)> lxex, = 0.

Numerical Analysis | — Xiaojing Ye, Math & Stat, Georgia State University 136




Three-point midpoint formula

Suppose we have x_1 = xg — h, xo, X1 = xp + h, then

1
) = 3 F () Lilx) + 220l a) oy

k=-—1 6
where &1 € (xg — h, xg + h).

Take derivative w.r.t. x, and set x = xg yields Three-point
midpoint formula:

f/(Xo)— [f(XoJrh)—f(o—h)}—gf@)(il)
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Three-point midpoint formula

lllustration of Three-point midpoint formula:

B\
Slope f"(x)

Slope [/ + ) = f(x = )]

=Y
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Five-point midpoint formula

We can also consider x, = xg + kh for k = —2,—1,0,1, 2, then

Hi:—z(X — X)
5l

F(x)= > F(x) L(x) + F®) (&)

k=—2

where &y € (xg — 2h, xp + 2h).

Show that you can get the Five-point midpoint formula:

f/(Xo) —% [f(Xo —2h) —8f(Xo — h)—|—8f(Xo—|—h) — f(Xo—l—Qh)}

+ 20
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Five-point endpoint formula

We can also consider x, = xg + kh for k =0,1,...,4, then

4 4 5
=) (%) Li(x) + H"ZO(; k)f(5)(€0)
k=0 '

where &y € (xp, xo + 4h).

Show that you can get the Five-point endpoint formula:

1
f (Xo) ~1oh [ 25f (Xo) + 48f (Xo + h) — 36f (Xo + 2h)

h4
+ 16f (xg + 3h) — 3f (xo + 4h) | + gf(5)(§o)
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Example

Example (3-point and 5-point formulas)
Use the values in the table to find f/(2.0):

X f(x)
1.8 | 10.889365
1.9 | 12.703199
2.0 | 14.77/8112
2.1 | 17.148957
2.2 | 19.855030

Compare your result with the true value f'(2) = 22.167168.

Hint: Use three-point midpoint formula with h = 0.1,0.2, endpoint
with h = £0.1, and five-pint midpoint formula with h = 0.1.
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Second derivative midpoint formula

Expand f in a third Taylor polynomial about a point xp and
evaluate at xg + h and xg — h:

1 1 1
f(xo+h)="1(x0)+f (x0) h+ §f“ (x0) h* + gf”/ (x0) B° + ﬂfﬂ) (&) bt
1 1

f(XO — h) = f(Xo) — f (Xo) h + Ef” (XO) h? — gf”/ (Xo) h3 -+ ﬂf(zl) (5_1) h*
where £41 Is between xg and xg £ h.

Adding the two and using IVT f*)(¢) =1 [f(“) (&1) + W (€24)

(assuming f € C*) yield:

% f(xo—h)—2f (x0) + f (x0 + h)| — il — (¢

f// L
(x0) = 12

where xg — h < & < xg + h.
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Roundoff error instability

Recall we have three-point midpoint approximation

F(50) = o [F (04 h) — £ (x0— 0)] — £ (&)

for &1 € (xo — h,xp + h).

Will we get better accuracy as h — 07 Not necessarily.
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Round-off error instability

In numerical computations, round-off error is inevitable:

f(xo+h)="f(xo+ h)+e(xo+ h)
f(Xo—h):F(Xo—h)—l—e(Xo—h)
Hence we're approximating f’(xg) by F(X°+h)2_hf(xo_h) with error:
3 C Fe B B 2
f/ (XO) B f (XO —+ h) f (XO h) _ € (XO -+ h) € (XO h) B h—f(3) (fl)

2h 2h 6

Suppose |e(x)| < €, Vx, then the error bound is:

F(Xo—l—h)—F(Xo—h)

F (xq) —
(*o) 2h

h2
< —M
< -+ 6

> ™

So the error does not go to 0 as h — 0, due to the round-off error.
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Richardson's extrapolation

Goal: generate high-accuracy results by low-order formula.

Suppose we have formula N;(h) to approximate M with >
M = Ni(h) + Kih 4+ Koh? + K3h® + - -
with some unknown Ki, Ko, K3, .. ..

For h small enough, the error is dominated by Kih, then

h h h? h3
M=N|—= Ki—+Ko—+ Kq— 4+ - -
1(2>—|— 12—|— 24—|— 38—|—

f(xo+h)—1f(x
°E.g., M = f'(x) and Nj(h) = [oth=7tae)
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Richardson’s extrapolation

Therefore

then M can be approximated by N»(h) with order O(h?):

h3
) 4

M = Na(h) —
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Example

Example (Richardson’s extrapolation)

Let f(x) = In(x). Approximate f at x = 1.8 with forward difference
using h = 0.1 and h = 0.05. Then approximate using N>(0.1).

Solution. We know the forward difference is O(h), and

h

M) — Flxo) f(xo + h) — f(xo)  [0.5406722, for h=0.1
— X — —
' ° 0.5479795, for h = 0.05

/VQ(O.].) = N1(0.05) -+ (Nl(O, 05) — Nl(O.l)) — 0.555287.

Formula /\/1(0.1) N1(0.05) /\/2(0.1)
Error | 15x107%2 7.7x1073 27x10°%
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Richardson's extrapolation

Suppose M = Ny(h) 4+ Kih? + Koh* + K3h® 4 ..., then for

j=2,3,..., we have O(h¥) approximation:
B\ . Ny 1(h/2) = Nja(h)
N;(h) = Nj—1 <§> + b1 1J

We can show the order of generating these N;(h) °:

O(h?) O(h*) O(h°) O(h®)
1: N(h)
2: Ni(3) 3: Na(h)
4: Ni(%2) 5: No(Z)  6: Ns(h)
70 Ni(2) 8 No(Z) 9: N3(Z) 10: Na(h)

®Exercise: write a computer program for Richardson's extrapolation.
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Example

Example (Richardson's extrapolation)
Consider approximation of /(xg):

F (o ) = F (30— )] — =" (30) — 755F) (x0) — -

Find the approximation errors of order O(h?), O(h*), O(h®) for
f'(2.0) when f(x) = xe* and h = 0.2.

Solution. We have O(h?) approximation

1
f(xg) = —
(x0) =5,

£ o) = N (k) — T2 ey — ) () —

where Ny(h) = 5= [f (xo + h) — f (xo — h)]. Then compute
Nl(h)7 Nl(g)a NZ(h)7 Nl(g)v N2(g)7 ... In order.
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