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Limit and continuity

Definition
An Euclidean ball Br (x0) := {x ∈ Rn : |x − x0| < r}.

Definition
The limit of f (x) as x approaches x0 is L if ∀ε > 0, ∃δ > 0 such
that |f (x)− L| < ε for all x ∈ Bδ(x0).

Definition
f is continuous at x0 if limx→x0 f (x) = f (x0). f is continuous in
X if f is continuous at every x ∈ X .
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Limit and continuity

Definition
A sequence {xn : n ∈ N} has limit x if ∀ε > 0, ∃N ∈ N, such that
|xn − x | < ε for all n ≥ N.

Theorem
The following two statements are equivalent:

I f is continuous at x.

I If xn → x, then f (xn)→ f (x).
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Differentiability

Definition
f is differentiable at x0 if the following limit exists:

lim
x→x0

f (x)− f (x0)

x − x0

The value of this limit is called the derivative of f at x0.
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Theorem 1.6 If the function f is differentiable at x0, then f is continuous at x0.

The next theorems are of fundamental importance in deriving methods for error esti-
mation. The proofs of these theorems and the other unreferenced results in this section can
be found in any standard calculus text.

The theorem attributed to Michel
Rolle (1652–1719) appeared in
1691 in a little-known treatise
entitled Méthode pour résoundre
les égalites. Rolle originally
criticized the calculus that was
developed by Isaac Newton and
Gottfried Leibniz, but later
became one of its proponents.

The set of all functions that have n continuous derivatives on X is denoted Cn(X), and
the set of functions that have derivatives of all orders on X is denoted C∞(X). Polynomial,
rational, trigonometric, exponential, and logarithmic functions are in C∞(X), where X
consists of all numbers for which the functions are defined. When X is an interval of the
real line, we will again omit the parentheses in this notation.

Theorem 1.7 (Rolle’s Theorem)
Suppose f ∈ C[a, b] and f is differentiable on (a, b). If f (a) = f (b), then a number c in
(a, b) exists with f ′(c) = 0. (See Figure 1.3.)
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Theorem 1.8 (Mean Value Theorem)
If f ∈ C[a, b] and f is differentiable on (a, b), then a number c in (a, b) exists with (See
Figure 1.4.)

f ′(c) = f (b) − f (a)

b − a
.
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Differentiability

Theorem
f is differentiable at x =⇒ f is continuous at x.

Theorem (Rolle’s Theorem)

Suppose f ∈ C [a, b], f is differentiable in (a, b) and f (a) = f (b),
then ∃c ∈ (a, b) such that f ′(c) = 0.

Proof.
Hint: f ∈ C [a, b] implies that f attains max or min in [a, b] by the
extreme value theorem (see soon).
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Rolle’s theorem

Illustration of the Rolle’s theorem:
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Mean Value Theorem

Theorem (Mean Value Theorem)

If f ∈ C [a, b] and f is differentiable on (a, b), then ∃c ∈ (a, b)

such that f ′(c) = f (b)−f (a)
b−a .

1.1 Review of Calculus 5
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Theorem 1.9 (Extreme Value Theorem)
If f ∈ C[a, b], then c1, c2 ∈ [a, b] exist with f (c1) ≤ f (x) ≤ f (c2), for all x ∈ [a, b].
In addition, if f is differentiable on (a, b), then the numbers c1 and c2 occur either at the
endpoints of [a, b] or where f ′ is zero. (See Figure 1.5.)

Figure 1.5
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Research work on the design of
algorithms and systems for
performing symbolic
mathematics began in the 1960s.
The first system to be operational,
in the 1970s, was a LISP-based
system called MACSYMA.

As mentioned in the preface, we will use the computer algebra system Maple whenever
appropriate. Computer algebra systems are particularly useful for symbolic differentiation
and plotting graphs. Both techniques are illustrated in Example 1.

Example 1 Use Maple to find the absolute minimum and absolute maximum values of

f (x) = 5 cos 2x − 2x sin 2xf (x)

on the intervals (a) [1, 2], and (b) [0.5, 1]
Solution There is a choice of Text input or Math input under the Maple C 2D Math option.
The Text input is used to document worksheets by adding standard text information in
the document. The Math input option is used to execute Maple commands. Maple input
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Proof.
Define g(x) = f (x)− f (a)− f (b)−f (a)

b−a (x − a). Then
g(a) = g(b) = 0. Apply Rolle’s theorem to g .
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Extreme Value Theorem

Theorem (Extreme Value Theorem)

If f ∈ C [a, b], then ∃c1, c2 ∈ [a, b] such that

f (c1) ≤ f (x) ≤ f (c2)

for all x ∈ [a, b]. In addition, if f is differentiable in (a, b), then c1

and c2 occur either at a, b, or where f ′ = 0.

Proof.
Suppose f (xk)→ supa≤x≤b f (x), then ∃ subseq xkj → c1 ∈ [a, b]
such that f (xkj )→ f (c1) (∵ f continuous). Hence we have
f (c1) = maxa≤x≤b f (x).
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Extreme value theorem

1.1 Review of Calculus 5
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Generalized Rolle’s theorem

Theorem (Generalized Rolle’s Theorem)

Suppose f ∈ [a, b] and is n times differentiable. Let {x0, . . . , xn}
be a partition of [a, b], i.e., a = x0 < x1 < · · · < xn = b, such that
f (xi ) = 0 for all i = 1, . . . , n, then ∃c ∈ (a, b) such that
f (n)(c) = 0.

Proof.
By Rolle’s theorem, ∃y1, . . . , yn s.t. x0 < y1 < x1 < · · · < yn < xn
and f ′(yi ) = 0 for i = 1, . . . , n. Keep applying Rolle’s theorem for
another n − 1 times to show that ∃c ∈ (a, b) s.t. f (n)(c) = 0.
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Intermediate value theorem

Theorem (Intermediate Value Theorem)

If f ∈ C [a, b] and k is a number between f (a) and f (b), then
∃c ∈ (a, b) such that f (c) = k.

Proof.
By continuity of f on [a, b].

8 C H A P T E R 1 Mathematical Preliminaries and Error Analysis

Maple gives the response

f solve(− 12 sin(2x) − 4x cos(2x), x, .5 . . 1)

This indicates that Maple is unable to determine the solution. The reason is obvious once
the graph in Figure 1.6 is considered. The function f is always decreasing on this interval,
so no solution exists. Be suspicious when Maple returns the same response it is given; it is
as if it was questioning your request.

In summary, on [0.5, 1] the absolute maximum value is f (0.5) = 1.86004545 and
the absolute minimum value is f (1) = − 3.899329036, accurate at least to the places
listed.

The following theorem is not generally presented in a basic calculus course, but is
derived by applying Rolle’s Theorem successively to f , f ′, . . . , and, finally, to f (n− 1).
This result is considered in Exercise 23.

Theorem 1.10 (Generalized Rolle’s Theorem)
Suppose f ∈ C[a, b] is n times differentiable on (a, b). If f (x) = 0 at the n + 1 distinct
numbers a ≤ x0 < x1 < . . . < xn ≤ b, then a number c in (x0, xn), and hence in (a, b),
exists with f (n)(c) = 0.

We will also make frequent use of the Intermediate Value Theorem. Although its state-
ment seems reasonable, its proof is beyond the scope of the usual calculus course. It can,
however, be found in most analysis texts.

Theorem 1.11 (Intermediate Value Theorem)
If f ∈ C[a, b] and K is any number between f (a) and f (b), then there exists a number c
in (a, b) for which f (c) = K .

Figure 1.7 shows one choice for the number that is guaranteed by the Intermediate
Value Theorem. In this example there are two other possibilities.

Figure 1.7

x

y

f (a)

f (b)

y ! f (x)
K

(a,  f (a))

(b,  f (b))

a bc

Example 2 Show that x5 − 2x3 + 3x2 − 1 = 0 has a solution in the interval [0, 1].
Solution Consider the function defined by f (x) = x5 − 2x3 + 3x2 − 1. The function f is
continuous on [0, 1]. In addition,

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

Numerical Analysis I – Xiaojing Ye, Math & Stat, Georgia State University 12



Example

Example (Application of IVT)

Show that x5 − 2x3 + 3x2 − 1 = 0 has a solution in [0, 1].

Solution. Set f (x) = x5 − 2x3 + 3x2 − 1. Then we need to show
that ∃c ∈ [0, 1] such that f (c) = 0. Since f (0) = −1 and
f (1) = 1, we know such c exists by IVT.
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Integration

Definition (Riemann integral)

The Riemann integral of f on [a, b] is the limit

∫ b

a
f (x) dx := lim

maxi ∆xi→0

n∑

i=1

f (zi )∆xi

where {x0, . . . , xn} is a paritition of [a, b], ∆xi := xi − xi−1 and zi
is arbitrary in [xi−1, xi ].

If f ∈ C [a, b], this simply means

∫ b

a
f (x) dx = lim

n→∞
b − a

n

n∑

i=1

f (xi )

where {x0, . . . , xn} is an equal partition of [a, b] into n segments, ∆xi = b−a
n

, ∀i .
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Riemann integral

1.1 Review of Calculus 9

f (0) = − 1 < 0 and 0 < 1 = f (1).

The Intermediate Value Theorem implies that a number x exists, with 0 < x < 1, for which
x5 − 2x3 + 3x2 − 1 = 0.

As seen in Example 2, the Intermediate Value Theorem is used to determine when
solutions to certain problems exist. It does not, however, give an efficient means for finding
these solutions. This topic is considered in Chapter 2.

Integration

The other basic concept of calculus that will be used extensively is the Riemann integral.

George Fredrich Berhard
Riemann (1826–1866) made
many of the important
discoveries classifying the
functions that have integrals. He
also did fundamental work in
geometry and complex function
theory, and is regarded as one of
the profound mathematicians of
the nineteenth century.

Definition 1.12 The Riemann integral of the function f on the interval [a, b] is the following limit,
provided it exists:

∫ b

a
f (x) dx = lim

max!xi→0

n∑

i=1

f (zi) !xi,

where the numbers x0, x1, . . . , xn satisfy a = x0 ≤ x1 ≤ · · · ≤ xn = b, where!xi = xi− xi− 1,
for each i = 1, 2, . . . , n, and zi is arbitrarily chosen in the interval [xi− 1, xi].

A function f that is continuous on an interval [a, b] is also Riemann integrable on
[a, b]. This permits us to choose, for computational convenience, the points xi to be equally
spaced in [a, b], and for each i = 1, 2, . . . , n, to choose zi = xi. In this case,

∫ b

a
f (x) dx = lim

n→∞
b − a

n

n∑

i=1

f (xi),

where the numbers shown in Figure 1.8 as xi are xi = a + i(b − a)/n.

Figure 1.8
y

x

y ! f (x)

a ! x0 x1 x2 xi"1 xi xn"1 b ! xn. . . . . .

Two other results will be needed in our study of numerical analysis. The first is a
generalization of the usual Mean Value Theorem for Integrals.
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Mean value theorem for integrals

Theorem (Mean Value Theorem for Integrals)

Suppose f ∈ C [a, b], and g is Riemann integrable over [a, b] and
does not change sign, then ∃c ∈ (a, b) s.t.

∫ b

a
f (x)g(x) dx = f (c)

∫ b

a
g(x) dx

If g(x) ≡ 1, then ∃c ∈ [a, b], s.t. f (c) = 1
b−a

∫ b
a f (x) dx

Proof.
Hint: WLOG g ≥ 0, then m

∫ b
a g(x) dx ≤

∫ b
a f (x)g(x) dx ≤ M

∫ b
a g(x) dx where

m,M are min,max of f . So m ≤ r :=
∫ b
a f (x)g(x) dx∫ b

a g(x) dx
≤ M. By IVT ∃c ∈ [a, b] s.t.

f (c) = r .
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Mean value theorem for integrals

10 C H A P T E R 1 Mathematical Preliminaries and Error Analysis

Theorem 1.13 (Weighted Mean Value Theorem for Integrals)
Suppose f ∈ C[a, b], the Riemann integral of g exists on [a, b], and g(x) does not change
sign on [a, b]. Then there exists a number c in (a, b) with

∫ b

a
f (x)g(x) dx = f (c)

∫ b

a
g(x) dx.

When g(x) ≡ 1, Theorem 1.13 is the usual Mean Value Theorem for Integrals. It gives
the average value of the function f over the interval [a, b] as (See Figure 1.9.)

f (c) = 1
b − a

∫ b

a
f (x) dx.

Figure 1.9
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The proof of Theorem 1.13 is not generally given in a basic calculus course but can be
found in most analysis texts (see, for example, [Fu], p. 162).

Taylor Polynomials and Series

The final theorem in this review from calculus describes the Taylor polynomials. These
polynomials are used extensively in numerical analysis.

Theorem 1.14 (Taylor’s Theorem)

Suppose f ∈ Cn[a, b], that f (n+1) exists on [a, b], and x0 ∈ [a, b]. For every x ∈ [a, b],
there exists a number ξ(x) between x0 and x with

Brook Taylor (1685–1731)
described this series in 1715 in
the paper Methodus
incrementorum directa et inversa.
Special cases of the result, and
likely the result itself, had been
previously known to Isaac
Newton, James Gregory, and
others.

f (x) = Pn(x) + Rn(x),

where

Pn(x) = f (x0) + f ′(x0)(x − x0) + f ′′(x0)

2! (x − x0)
2 + · · · + f (n)(x0)

n! (x − x0)
n

=
n∑

k=0

f (k)(x0)

k! (x − x0)
k
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Taylor series and polynomials

Theorem (Taylor’s theorem)

Suppose f ∈ Cn[a, b], f (n+1) exists in (a, b), x0 ∈ [a, b]. Then for
every x ∈ (a, b), there exists a number ξ(x) such that
f (x) = Pn(x) + Rn(x), where Pn(x) is a polynomial of degree n:

Pn(x) = f (x0) + f ′(x0)(x − x0) + · · ·+ 1

n!
f (n)(x0)(x − x0)n

and Rn(x) is the remainder term:

Rn(x) =
1

(n + 1)!
f (n+1)(ξ(x))(x − x0)n+1.

Proof.
For any fixed x0, x , define r := f (x)−Pn(x)

(x−x0)n+1 and F (t) := f (t)− Pn(t)− r · (t − x0)n+1.

Prove that F (x0) = F ′(x0) = · · · = F (n)(x0) = 0 and F (x) = 0. Then apply Rolle’s

theorem repeatedly to show ∃ξ(x) ∈ (x0, x) s.t. F (n+1)(ξ(x)) = 0, i.e., r = f (n+1)(ξ(x))
(n+1)!

.
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Example

Example (Taylor polynomial)

Let f (x) = cos x and x0 = 0. Find P3(x), the Taylor polynomial of
degree 3 (i.e., the polynomial by expanding f at x0 to the 3rd
order).

Solution. f (x0) = cos(0) = 1, f ′(x0) = − sin(0) = 0,
f ′′(x0) = − cos(0) = 1, f ′′′(x0) = sin(0). So

P3(x) =
3∑

k=0

f (k)(x0)(x − x0)k = 1− 1

2
x2
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Taylor series and polynomials

Approximating f (x) = cos x by Taylor’s polynomial P2(x):

1.1 Review of Calculus 11

and

Rn(x) = f (n+1)(ξ(x))
(n + 1)! (x − x0)

n+1.

Here Pn(x) is called the nth Taylor polynomial for f about x0, and Rn(x) is called
the remainder term (or truncation error) associated with Pn(x). Since the number ξ(x)
in the truncation error Rn(x) depends on the value of x at which the polynomial Pn(x) is
being evaluated, it is a function of the variable x. However, we should not expect to be
able to explicitly determine the function ξ(x). Taylor’s Theorem simply ensures that such a
function exists, and that its value lies between x and x0. In fact, one of the common problems
in numerical methods is to try to determine a realistic bound for the value of f (n+1)(ξ(x))
when x is in some specified interval.

Colin Maclaurin (1698–1746) is
best known as the defender of the
calculus of Newton when it came
under bitter attack by the Irish
philosopher, the Bishop George
Berkeley.

The infinite series obtained by taking the limit of Pn(x) as n→∞ is called the Taylor
series for f about x0. In the case x0 = 0, the Taylor polynomial is often called a Maclaurin
polynomial, and the Taylor series is often called a Maclaurin series.

Maclaurin did not discover the
series that bears his name; it was
known to 17th century
mathematicians before he was
born. However, he did devise a
method for solving a system of
linear equations that is known as
Cramer’s rule, which Cramer did
not publish until 1750.

The term truncation error in the Taylor polynomial refers to the error involved in
using a truncated, or finite, summation to approximate the sum of an infinite series.

Example 3 Let f (x) = cos x and x0 = 0. Determine

(a) the second Taylor polynomial for f about x0; and

(b) the third Taylor polynomial for f about x0.

Solution Since f ∈ C∞(R), Taylor’s Theorem can be applied for any n ≥ 0. Also,

f ′(x) = − sin x, f ′′(x) = − cos x, f ′′′(x) = sin x, and f (4)(x) = cos x,

so

f (0) = 1, f ′(0) = 0, f ′′(0) = − 1, and f ′′′(0) = 0.

(a) For n = 2 and x0 = 0, we have

cos x = f (0) + f ′(0)x + f ′′(0)

2! x2 + f ′′′(ξ(x))
3! x3

= 1 − 1
2

x2 + 1
6

x3 sin ξ(x),

where ξ(x) is some (generally unknown) number between 0 and x. (See Figure 1.10.)

Figure 1.10
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