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Least squares approximation

Given N data points {(xi , yi )} for i = 1, . . . ,N, can we determine
a linear model y = a1x + a0 (i.e., find a0, a1) that fits the data?

498 C H A P T E R 8 Approximation Theory

8.1 Discrete Least Squares Approximation

Consider the problem of estimating the values of a function at nontabulated points, given
the experimental data in Table 8.1.

Table 8.1
xi yi xi yi

1 1.3 6 8.8
2 3.5 7 10.1
3 4.2 8 12.5
4 5.0 9 13.0
5 7.0 10 15.6

Figure 8.1 shows a graph of the values in Table 8.1. From this graph, it appears that the
actual relationship between x and y is linear. The likely reason that no line precisely fits the
data is because of errors in the data. So it is unreasonable to require that the approximating
function agree exactly with the data. In fact, such a function would introduce oscillations
that were not originally present. For example, the graph of the ninth-degree interpolating
polynomial shown in unconstrained mode for the data in Table 8.1 is obtained in Maple
using the commands

p := interp([1, 2, 3, 4, 5, 6, 7, 8, 9, 10], [1.3, 3.5, 4.2, 5.0, 7.0, 8.8, 10.1, 12.5, 13.0, 15.6], x):
plot(p, x = 1..10)

Figure 8.1
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The plot obtained (with the data points added) is shown in Figure 8.2.
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Matrix formulation

We can simplify notations by using matrices and vectors:

y =


y1
y2
...
yN

 ∈ RN , X =


1 x1
1 x2
...

...
1 xN

 ∈ RN×2

So we want to find a = (a0, a1)> ∈ R2 such that y ≈ Xa.
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Several types of fitting criteria

There are several types of criteria for “best fitting”:

I Define the error function as

E∞(a) = ‖y − Xa‖∞

and find a∗ = arg mina E∞(a). This is also called the minimax
problem since the problem mina E∞(a) can be written as

min
a

max
1≤i≤n

|yi − (a0 + a1xi )|

I Define the error function as

E1(a) = ‖y − Xa‖1

and find a∗ = arg mina E1(a). E1 is also called the absolute
deviation.
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Least squares fitting

In this course, we focus on the widely used least squares.

Define the least squares error function as

E2(a) = ‖y − Xa‖2 =
n∑

i=1

|yi − (a0 + a1xi )|2

and the least squares solution a∗ is

a∗ = arg min
a

E2(a)
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Least squares fitting

To find the optimal parameter a, we need to solve

∇E2(a) = 2X>(Xa− y) = 0

This is equivalent to the so-called normal equation:

X>Xa = X>y

Note that X>X ∈ R2×2 and X>y ∈ R2, so the normal equation is
easy to solve!
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Least squares fitting

It is easy to show that

X>X =

[
N

∑N
i=1 xi∑N

i=1 xi
∑N

i=1 x
2
i

]
, X>y =

[ ∑N
i=1 yi∑N

i=1 xiyi

]

Using the close-form of inverse of 2-by-2 matrix, we have

(X>X )−1 =
1

N
∑N

i=1 x
2
i − (

∑N
i=1 xi )

2

[ ∑N
i=1 x

2
i −∑N

i=1 xi
−∑N

i=1 xi N

]
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Least squares fitting

Therefore we have the solution

a∗ =

[
a0
a1

]
= (X>X )−1(X>y)

=


∑N

i=1 x
2
i

∑N
i=1 yi−

∑N
i=1 xiyi

∑N
i=1 xi

N
∑N

i=1 x
2
i −(

∑N
i=1 xi )

2

N
∑N

i=1 xiyi−
∑N

i=1 xi
∑N

i=1 yi

N
∑N

i=1 x
2
i −(

∑N
i=1 xi )

2


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Least squares fitting

Example

Least squares fitting of the data gives a0 = −0.36 and a1 = 1.538.
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The plot obtained (with the data points added) is shown in Figure 8.2.
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The normal equations (8.1) and (8.2) imply that

a0 = 385(81)− 55(572.4)

10(385)− (55)2
= −0.360

and

a1 = 10(572.4)− 55(81)

10(385)− (55)2
= 1.538,

so P(x) = 1.538x − 0.360. The graph of this line and the data points are shown in Fig-
ure 8.3. The approximate values given by the least squares technique at the data points are
in Table 8.2.

Figure 8.3
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Polynomial Least Squares

The general problem of approximating a set of data, {(xi, yi) | i = 1, 2, . . . , m}, with an
algebraic polynomial

Pn(x) = anxn + an−1xn−1 + · · · + a1x + a0,

of degree n < m− 1, using the least squares procedure is handled similarly. We choose the
constants a0, a1, . . ., an to minimize the least squares error E = E2(a0, a1, . . . , an), where

E =
m∑

i=1

(yi − Pn(xi))
2

=
m∑

i=1

y2
i − 2

m∑

i=1

Pn(xi)yi +
m∑

i=1

(Pn(xi))
2
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Polynomial least squares

The least squares fitting presented above is also called linear least
squares due to the linear model y = a0 + a1x .

For general least squares fitting problems with data
{(xi , yi ) : i = 1, . . . ,N}, we may use polynomial

Pn(x) = a0 + a1x + a2x
2 + · · ·+ anx

n

as the fitting model. Note that n = 1 reduces to linear model.

Now the polynomial least squares error is defined by

E (a) =
N∑
i=1

|yi − Pn(xi )|2

where a = (a0, a1, . . . , an)> ∈ Rn+1.
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Matrices in polynomial least squares fitting

Like before, we use matrices and vectors:

y =


y1
y2
...
yN

 ∈ RN , X =


1 x1 x21 · · · xn1
1 x2 x22 · · · xn2
...

...
...

...
1 xN x2N · · · xnN

 ∈ RN×(n+1)

So we want to find a = (a0, a1, . . . , an)> ∈ Rn+1 such that y ≈ Xa.
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Polynomial least squares fitting

Same as above, we need to find a such that

∇E2(a) = 2X>(Xa− y) = 0

which has normal equation:

X>Xa = X>y

Note that now X>X ∈ R(n+1)×(n+1) and X>y ∈ Rn+1. From
normal equation we can solve for the fitting parameter

a∗ =


a0
a1
...
an

 = (X>X )−1(X>y)

Numerical Analysis II – Xiaojing Ye, Math & Stat, Georgia State University 12



Polynomial least squares

Example

Least squares fitting of the data using n = 2 gives
a0 = 1.0051, a1 = 0.86468, a2 = 0.84316.

502 C H A P T E R 8 Approximation Theory

=
m∑

i=1

y2
i − 2

m∑

i=1

⎛

⎝
n∑

j=0

ajx
j
i

⎞

⎠ yi +
m∑

i=1

⎛

⎝
n∑

j=0

ajx
j
i

⎞

⎠
2

=
m∑

i=1

y2
i − 2

n∑

j=0

aj

(
m∑

i=1

yix
j
i

)

+
n∑

j=0

n∑

k=0

ajak

(
m∑

i=1

xj+k
i

)

.

As in the linear case, for E to be minimized it is necessary that ∂E/∂aj = 0, for each
j = 0, 1, . . . , n. Thus, for each j, we must have

0 = ∂E
∂aj

= −2
m∑

i=1

yix
j
i + 2

n∑

k=0

ak

m∑

i=1

xj+k
i .

This gives n + 1 normal equations in the n + 1 unknowns aj. These are

n∑

k=0

ak

m∑

i=1

xj+k
i =

m∑

i=1

yix
j
i , for each j = 0, 1, . . . , n. (8.3)

It is helpful to write the equations as follows:

a0

m∑

i=1

x0
i + a1

m∑

i=1

x1
i + a2

m∑

i=1

x2
i + · · · + an

m∑

i=1

xn
i =

m∑

i=1

yix0
i ,

a0

m∑

i=1

x1
i + a1

m∑

i=1

x2
i + a2

m∑

i=1

x3
i + · · · + an

m∑

i=1

xn+1
i =

m∑

i=1

yix1
i ,

...

a0

m∑

i=1

xn
i + a1

m∑

i=1

xn+1
i + a2

m∑

i=1

xn+2
i + · · · + an

m∑

i=1

x2n
i =

m∑

i=1

yixn
i .

These normal equations have a unique solution provided that the xi are distinct (see
Exercise 14).

Example 2 Fit the data in Table 8.3 with the discrete least squares polynomial of degree at most 2.

Solution For this problem, n = 2, m = 5, and the three normal equations are

5a0 + 2.5a1 + 1.875a2 = 8.7680,

2.5a0 + 1.875a1 + 1.5625a2 = 5.4514,

1.875a0 + 1.5625a1 + 1.3828a2 = 4.4015.

Table 8.3
i xi yi

1 0 1.0000
2 0.25 1.2840
3 0.50 1.6487
4 0.75 2.1170
5 1.00 2.7183

To solve this system using Maple, we first define the equations

eq1 := 5a0 + 2.5a1 + 1.875a2 = 8.7680:
eq2 := 2.5a0 + 1.875a1 + 1.5625a2 = 5.4514 :
eq3 := 1.875a0 + 1.5625a1 + 1.3828a2 = 4.4015

and then solve the system with

solve({eq1, eq2, eq3}, {a0, a1, a2})
This gives

{a0 = 1.005075519, a1 = 0.8646758482, a2 = .8431641518}
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Thus the least squares polynomial of degree 2 fitting the data in Table 8.3 is

P2(x) = 1.0051 + 0.86468x + 0.84316x2,

whose graph is shown in Figure 8.4. At the given values of xi we have the approximations
shown in Table 8.4.

Figure 8.4

y ! 1.0051 " 0.86468x " 0.84316x2
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1

2

y

x

Table 8.4 i 1 2 3 4 5

xi 0 0.25 0.50 0.75 1.00
yi 1.0000 1.2840 1.6487 2.1170 2.7183

P(xi) 1.0051 1.2740 1.6482 2.1279 2.7129
yi − P(xi) −0.0051 0.0100 0.0004 −0.0109 0.0054

The total error,

E =
5∑

i=1

(yi − P(xi))
2 = 2.74× 10−4,

is the least that can be obtained by using a polynomial of degree at most 2.

Maple has a function called LinearFit within the Statistics package which can be used
to compute the discrete least squares approximations. To compute the approximation in
Example 2 we first load the package and define the data

with(Statistics): xvals := Vector([0, 0.25, 0.5, 0.75, 1]): yvals := Vector([1, 1.284, 1.6487,
2.117, 2.7183]):
To define the least squares polynomial for this data we enter the command

P := x→ LinearFit([1, x, x2], xvals, yvals, x): P(x)
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Other least squares fitting models

In some situations, one may design model as

y = beax

y = bxa

as well as many others.

To use least squares fitting, we note that they are equivalent to,
respectively,

log y = log b + ax

log y = log b + a log x

Therefore, we can first convert (xi , yi ) to (xi , log yi ) and
(log xi , log yi ), and then apply standard linear least squares fitting.
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Approximating functions

We now consider fitting (approximation) of a given function

f (x) ∈ C [a, b]

Suppose we use a polynomial Pn(x) of degree n to fit f (x), where

Pn(x) = a0 + a1x + a2x
2 + · · ·+ anx

n

with fitting parameters a = (a0, a1, . . . , an)> ∈ Rn+1. Then the
least squares error is

E (a) =

∫ b

a
|f (x)− Pn(x)|2 dx =

∫ b

a

∣∣∣f (x)−
n∑

k=0

akx
k
∣∣∣2 dx
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Approximating functions

The fitting parameter a needs to be solved from ∇E (a) = 0.

To this end, we first rewrite E (a) as

E (a) =

∫ b

a
(f (x))2 dx−2

n∑
k=0

ak

∫ b

a
xk f (x) dx+

∫ b

a

( n∑
k=0

akx
k
)2

dx

Therefore ∇E (a) = ( ∂E∂a0 ,
∂E
∂a1
, . . . , ∂E∂an )> ∈ Rn+1 where

∂E

∂aj
= −2

∫ b

a
x j f (x) dx + 2

n∑
k=0

ak

∫ b

a
x j+k dx

for j = 0, 1, . . . , n.
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Approximating functions

By setting ∂E
∂aj

= 0 for all j , we obtain the normal equation

n∑
k=0

(∫ b

a
x j+k dx

)
ak =

∫ b

a
x j f (x) dx

for j = 0, . . . , n. This is a linear system of n + 1 equations, from
which we can solve for a∗ = (a0, . . . , an)>.
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Approximating functions

For the given function f (x) ∈ C [a, b], we obtain least squares
approximating polynomial Pn(x):

8.2 Orthogonal Polynomials and Least Squares Approximation 511

Figure 8.6

x

y

f (x)

a b

!
k"0

n

akxkPn(x) "

!
k"0

n

akxkf (x) #
2( (

Since

E =
∫ b

a
[f (x)]2 dx − 2

n∑

k=0

ak

∫ b

a
xkf (x) dx +

∫ b

a

( n∑

k=0

akxk
)2

dx,

we have

∂E
∂aj

= −2
∫ b

a
xjf (x) dx + 2

n∑

k=0

ak

∫ b

a
xj+k dx.

Hence, to find Pn(x), the (n + 1) linear normal equations

n∑

k=0

ak

∫ b

a
xj+k dx =

∫ b

a
xjf (x) dx, for each j = 0, 1, . . . , n, (8.6)

must be solved for the (n + 1) unknowns aj. The normal equations always have a unique
solution provided that f ∈ C[a, b]. (See Exercise 15.)

Example 1 Find the least squares approximating polynomial of degree 2 for the function f (x) = sin πx
on the interval [0, 1].

Solution The normal equations for P2(x) = a2x2 + a1x + a0 are

a0

∫ 1

0
1 dx + a1

∫ 1

0
x dx + a2

∫ 1

0
x2 dx =

∫ 1

0
sin πx dx,

a0

∫ 1

0
x dx + a1

∫ 1

0
x2 dx + a2

∫ 1

0
x3 dx =

∫ 1

0
x sin πx dx,

a0

∫ 1

0
x2 dx + a1

∫ 1

0
x3 dx + a2

∫ 1

0
x4 dx =

∫ 1

0
x2 sin πx dx.

Performing the integration yields

a0 + 1
2

a1 + 1
3

a2 = 2
π

,
1
2

a0 + 1
3

a1 + 1
4

a2 = 1
π

,
1
3

a0 + 1
4

a1 + 1
5

a2 = π2 − 4
π3

.
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Approximating functions

Example

Use least squares approximating polynomial of degree 2 for the
function f (x) = sin(πx) on the interval [0, 1].

512 C H A P T E R 8 Approximation Theory

These three equations in three unknowns can be solved to obtain

a0 = 12π2 − 120
π3

≈ −0.050465 and a1 = −a2 = 720− 60π2

π3
≈ 4.12251.

Consequently, the least squares polynomial approximation of degree 2 for f (x) = sin πx
on [0, 1] is P2(x) = −4.12251x2 + 4.12251x − 0.050465. (See Figure 8.7.)

Figure 8.7
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Example 1 illustrates a difficulty in obtaining a least squares polynomial approximation.
An (n + 1) × (n + 1) linear system for the unknowns a0, . . . , an must be solved, and the
coefficients in the linear system are of the form

∫ b

a
xj+k dx = bj+k+1 − aj+k+1

j + k + 1
,

a linear system that does not have an easily computed numerical solution. The matrix in the
linear system is known as a Hilbert matrix, which is a classic example for demonstrating
round-off error difficulties. (See Exercise 11 of Section 7.5.)

David Hilbert (1862–1943) was
the dominant mathematician at
the turn of the 20th century. He is
best remembered for giving a talk
at the International Congress of
Mathematicians in Paris in 1900
in which he posed 23 problems
that he thought would be
important for mathematicians in
the next century.

Another disadvantage is similar to the situation that occurred when the Lagrange poly-
nomials were first introduced in Section 3.1. The calculations that were performed in ob-
taining the best nth-degree polynomial, Pn(x), do not lessen the amount of work required
to obtain Pn+1(x), the polynomial of next higher degree.

Linearly Independent Functions

A different technique to obtain least squares approximations will now be considered. This
turns out to be computationally efficient, and once Pn(x) is known, it is easy to determine
Pn+1(x). To facilitate the discussion, we need some new concepts.

Definition 8.1 The set of functions {φ0, . . . ,φn} is said to be linearly independent on [a, b] if, whenever

c0φ0(x) + c1φ1(x) + · · · + cnφn(x) = 0, for all x ∈ [a, b],
we have c0 = c1 = · · · = cn = 0. Otherwise the set of functions is said to be linearly
dependent.
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Least squares approximations with polynomials

Remark

I The matrix in the normal equation is called Hilbert matrix,
with entries of form∫ b

a
x j+k dx =

bj+k+1 − aj+k+1

j + k + 1

which is prune to round-off errors.

I The parameters a = (a0, . . . , an)> we obtained for polynomial
Pn(x) cannot be used for Pn+1(x) – we need to start the
computations from beginning.
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Linearly independent functions

Definition
The set of functions {φ1, . . . , φn} is called linearly independent
on [a, b] if

c1φ1(x) + c2φ2(x) + · · ·+ cnφn(x) = 0, for all x ∈ [a, b]

implies that c1 = c2 = · · · = cn = 0.

Otherwise the set of functions is called linearly dependent.
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Linearly independent functions

Example

Suppose φj(x) is a polynomial of degree j for j = 0, 1, . . . , n, then
{φ0, . . . , φn} is linearly independent on any interval [a, b].

Proof.
Suppose there exist c0, . . . , cn such that

c0φ0(x) + · · ·+ cnφn(x) = 0

for all x ∈ [a, b]. If cn 6= 0, then this is a polynomial of degree n
and can have at most n roots, contradiction. Hence cn = 0.
Repeat this to show that c0 = · · · = cn = 0.
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Linearly independent functions

Example

Suppose φ0(x) = 2, φ1(x) = x − 3, φ2(x) = x2 + 2x + 7, and
Q(x) = a0 + a1x + a2x

2. Show that there exist constants c0, c1, c2
such that Q(x) = c0φ0(x) + c1φ1(x) + c2φ2(x).

Solution: Substitute φj into Q(x), and solve for c0, c1, c2.
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Linearly independent functions

We denote Πn = {a0 + a1x + · · ·+ anx
n | a0, a1, . . . , an ∈ R}, i.e.,

Πn is the set of polynomials of degree ≤ n.

Theorem
Suppose {φ0, . . . , φn} is a collection of linearly independent
polynomials in Πn, then any polynomial in Πn can be written
uniquely as a linear combination of φ0(x), . . . , φn(x).

{φ0, . . . , φn} is called a basis of Πn.
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Orthogonal functions

Definition
An integrable function w is called a weight function on the
interval I if w(x) ≥ 0, for all x ∈ I , but w(x) 6≡ 0 on any
subinterval of I .
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Orthogonal functions

Example

Define a weight function w(x) = 1√
1−x2 on interval (−1, 1).

514 C H A P T E R 8 Approximation Theory

Orthogonal Functions

To discuss general function approximation requires the introduction of the notions of weight
functions and orthogonality.

Definition 8.4 An integrable function w is called a weight function on the interval I if w(x) ≥ 0, for all
x in I , but w(x) ̸≡ 0 on any subinterval of I .

The purpose of a weight function is to assign varying degrees of importance to approx-
imations on certain portions of the interval. For example, the weight function

w(x) = 1√
1− x2

places less emphasis near the center of the interval (−1, 1) and more emphasis when |x| is
near 1 (see Figure 8.8). This weight function is used in the next section.

Suppose {φ0,φ1, . . . ,φn} is a set of linearly independent functions on [a, b] and w is a
weight function for [a, b]. Given f ∈ C[a, b], we seek a linear combination

P(x) =
n∑

k=0

akφk(x)

to minimize the error

E = E(a0, . . . , an) =
∫ b

a
w(x)

[
f (x)−

n∑

k=0

akφk(x)
]2

dx.

This problem reduces to the situation considered at the beginning of this section in the

Figure 8.8
(x)

1!1

1

x

special case when w(x) ≡ 1 and φk(x) = xk , for each k = 0, 1, . . . , n.
The normal equations associated with this problem are derived from the fact that for

each j = 0, 1, . . . , n,

0 = ∂E
∂aj

= 2
∫ b

a
w(x)

[
f (x)−

n∑

k=0

akφk(x)
]
φj(x) dx.

The system of normal equations can be written
∫ b

a
w(x)f (x)φj(x) dx =

n∑

k=0

ak

∫ b

a
w(x)φk(x)φj(x) dx, for j = 0, 1, . . . , n.

If the functions φ0,φ1, . . . ,φn can be chosen so that
∫ b

a
w(x)φk(x)φj(x) dx =

{
0, when j ̸= k,
αj > 0, when j = k,

(8.7)

then the normal equations will reduce to
∫ b

a
w(x)f (x)φj(x) dx = aj

∫ b

a
w(x)[φj(x)]2 dx = ajαj,

for each j = 0, 1, . . . , n. These are easily solved to give

aj = 1
αj

∫ b

a
w(x)f (x)φj(x) dx.

Hence the least squares approximation problem is greatly simplified when the functions
φ0,φ1, . . . ,φn are chosen to satisfy the orthogonality condition in Eq. (8.7). The remainder
of this section is devoted to studying collections of this type.

The word orthogonal means
right-angled. So in a sense,
orthogonal functions are
perpendicular to one another.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

Numerical Analysis II – Xiaojing Ye, Math & Stat, Georgia State University 26



Orthogonal functions

Suppose {φ0, . . . , φn} is a set of linearly independent functions in
C [a, b] and w is a weight function on [a, b]. Given f (x) ∈ C [a, b],
we seek a linear combination

n∑
k=0

akφk(x)

to minimize the least squares error:

E (a) =

∫ b

a
w(x)

[
f (x)−

n∑
k=0

akφk(x)
]2

dx

where a = (a0, . . . , an).
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Orthogonal functions

As before, we need to solve a∗ from ∇E (a) = 0:

∂E

∂aj
=

∫ b

a
w(x)

[
f (x)−

n∑
k=0

akφk(x)
]
φj(x) dx = 0

for all j = 0, . . . , n. Then we obtain the normal equation

n∑
k=0

(∫ b

a
w(x)φk(x)φj(x) dx

)
ak =

∫ b

a
w(x)f (x)φj(x) dx

which is a linear system of n + 1 equations about
a = (a0, . . . , an)>.
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Orthogonal functions

If we chose the basis {φ0, . . . , φn} such that∫ b

a
w(x)φk(x)φj(x) dx =

{
0, when j 6= k

αj , when j = k

for some αj > 0, then the LHS of the normal equation simplifies to
αjaj . Hence we obtain closed form solution aj :

aj =
1

αj

∫ b

a
w(x)f (x)φj(x) dx

for j = 0, . . . , n.
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Orthogonal functions

Definition
A set {φ0, . . . , φn} is called orthogonal on the interval [a, b] with
respect to weight function w if∫ b

a
w(x)φk(x)φj(x) dx =

{
0, when j 6= k

αj , when j = k

for some αj > 0 for all j = 0, . . . , n.

If in addition αj = 1 for all j = 0, . . . , n, then the set is called
orthonormal with respect to w.

The definition above applies to general functions, but for now we
focus on orthogonal/orthonormal polynomials only.
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Gram-Schmidt process

Theorem
A set of orthogonal polynomials {φ0, . . . , φn} on [a, b] with respect
to weight function w can be constructed in the recursive way

I First define

φ0(x) = 1, φ1(x) = x −
∫ b
a xw(x) dx∫ b
a w(x) dx

I Then for every k ≥ 2, define

φk(x) = (x − Bk)φk−1(x)− Ckφk−2(x)

where

Bk =

∫ b
a xw(x)[φk−1(x)]2 dx∫ b
a w(x)[φk−1(x)]2 dx

, Ck =

∫ b
a xw(x)φk−1(x)φk−2(x) dx∫ b

a w(x)[φk−2(x)]2 dx
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Orthogonal polynomials

Corollary

Let {φ0, . . . , φn} be constructed by the Gram-Schmidt process in
the theorem above, then for any polynomial Qk(x) of degree
k < n, there is ∫ b

a
w(x)φn(x)Qk(x) dx = 0

Proof.
Qk(x) can be written as a linear combination of φ0(x), . . . , φk(x),
which are all orthogonal to φn with respect to w .
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Legendre polynomials

Using weight function w(x) ≡ 1 on [−1, 1], we can construct
Legendre polynomials using the recursive process above to get

P0(x) = 1

P1(x) = x

P2(x) = x2 − 1

3

P3(x) = x3 − 3

5
x

P4(x) = x4 − 6

7
x2 +

3

35

P5(x) = x5 − 10

9
x3 +

5

21
x

...

Use the Gram-Schmidt process to construct them by yourself.
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Legendre polynomials

The first few Legendre polynomials:
8.2 Orthogonal Polynomials and Least Squares Approximation 517

Figure 8.9
y

x

y = P1(x)

y = P2(x)

y = P3(x)
y = P4(x)
y = P5(x)

1

!1

!1

!0.5

0.5

1

For example, the Maple command int is used to compute the integrals B3 and C3:

B3 :=
int
(

x
(
x2 − 1

3

)2
, x = −1..1

)

int
((

x2 − 1
3

)2
, x = −1..1

) ; C3 := int
(
x
(
x2 − 1

3

)
, x = −1..1

)

int(x2, x = −1..1)

0

4
15

Thus

P3(x) = xP2(x)−
4
15

P1(x) = x3 − 1
3

x − 4
15

x = x3 − 3
5

x.

The next two Legendre polynomials are

P4(x) = x4 − 6
7

x2 + 3
35

and P5(x) = x5 − 10
9

x3 + 5
21

x. !

The Legendre polynomials were introduced in Section 4.7, where their roots, given on
page 232, were used as the nodes in Gaussian quadrature.
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Chebyshev polynomials

Using weight function w(x) = 1√
1−x2 on (−1, 1), we can construct

Chebyshev polynomials using the recursive process above to get

T0(x) = 1

T1(x) = x

T2(x) = 2x2 − 1

T3(x) = 4x3 − 3x

T4(x) = 8x4 − 8x2 + 1

...

It can be shown that Tn(x) = cos(n arccos x) for n = 0, 1, . . .
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Chebyshev polynomials

The first few Chebyshev polynomials:

520 C H A P T E R 8 Approximation Theory

Figure 8.10

x

y = T1(x)

y = T2(x)

y = T3(x) y = T4(x)
1

1

!1

!1

y

To show the orthogonality of the Chebyshev polynomials with respect to the weight
function w(x) = (1− x2)−1/2, consider

∫ 1

−1

Tn(x)Tm(x)√
1− x2

dx =
∫ 1

−1

cos(n arccos x) cos(m arccos x)√
1− x2

dx.

Reintroducing the substitution θ = arccos x gives

dθ = − 1√
1− x2

dx

and
∫ 1

−1

Tn(x)Tm(x)√
1− x2

dx = −
∫ 0

π

cos(nθ) cos(mθ) dθ =
∫ π

0
cos(nθ) cos(mθ) dθ .

Suppose n ̸= m. Since

cos(nθ) cos(mθ) = 1
2
[cos(n + m)θ + cos(n− m)θ ],

we have
∫ 1

−1

Tn(x)Tm(x)√
1− x2

dx = 1
2

∫ π

0
cos((n + m)θ) dθ + 1

2

∫ π

0
cos((n− m)θ) dθ

=
[

1
2(n + m)

sin((n + m)θ) + 1
2(n− m)

sin((n− m)θ)

]π

0
= 0.

By a similar technique (see Exercise 9), we also have
∫ 1

−1

[Tn(x)]2

√
1− x2

dx = π

2
, for each n ≥ 1. (8.10)

The Chebyshev polynomials are used to minimize approximation error. We will see
how they are used to solve two problems of this type:
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Chebyshev polynomials

The Chebyshev polynomials Tn(x) of degree n ≥ 1 has n simple
zeros in [−1, 1] at

x̄k = cos
(2k − 1

2n
π
)
, for each k = 1, 2, . . . , n

Moreover, Tn has maximum/minimum at

x̄ ′k = cos
(kπ

n

)
where Tn(x̄ ′k) = (−1)k for each k = 0, 1, 2, . . . , n

Therefore Tn(x) has n distinct roots and n + 1 extreme points on
[−1, 1]. They are in order of min, zero, max, zero, min ...
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Monic Chebyshev polynomials

The monic Chebyshev polynomials T̃n(x) are given by T̃0 = 1 and

T̃n =
1

2n−1
Tn(x)

for n ≥ 1.

522 C H A P T E R 8 Approximation Theory

The recurrence relationship satisfied by the Chebyshev polynomials implies that

T̃2(x) = xT̃1(x)−
1
2

T̃0(x) and (8.12)

T̃n+1(x) = xT̃n(x)−
1
4

T̃n−1(x), for each n ≥ 2.

The graphs of T̃1, T̃2, T̃3, T̃4, and T̃5 are shown in Figure 8.11.

Figure 8.11

x1

1

!1

!1

y

y = T2(x)
!

y = T1(x)
!

y = T3(x)
!

y = T4(x)
!y = T5(x)

!

Because T̃n(x) is just a multiple of Tn(x), Theorem 8.9 implies that the zeros of T̃n(x)
also occur at

x̄k = cos
(

2k − 1
2n

π

)
, for each k = 1, 2, . . . , n,

and the extreme values of T̃n(x), for n ≥ 1, occur at

x̄′k = cos
(

kπ
n

)
, with T̃n(x̄′k) = (−1)k

2n−1
, for each k = 0, 1, 2, . . . , n. (8.13)

Let
∏̃

n denote the set of all monic polynomials of degree n. The relation expressed
in Eq. (8.13) leads to an important minimization property that distinguishes T̃n(x) from the
other members of

∏̃
n.

Theorem 8.10 The polynomials of the form T̃n(x), when n ≥ 1, have the property that

1
2n−1

= max
x∈[−1,1]

|T̃n(x)| ≤ max
x∈[−1, 1]

|Pn(x)|, for all Pn(x) ∈
∏̃

n
.

Moreover, equality occurs only if Pn ≡ T̃n.
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Monic Chebyshev polynomials

The monic Chebyshev polynomials are

T̃0(x) = 1

T̃1(x) = x

T̃2(x) = x2 − 1

2

T̃3(x) = x3 − 3

4
x

T̃4(x) = x4 − x2 +
1

8
...
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Monic Chebyshev polynomials

The monic Chebyshev polynomials T̃n(x) of degree n ≥ 1 has n
simple zeros in [−1, 1] at

x̄k = cos
(2k − 1

2n
π
)
, for each k = 1, 2, . . . , n

Moreover, Tn has maximum/minimum at

x̄ ′k = cos
(kπ

n

)
where Tn(x̄ ′k) =

(−1)k

2n−1
, for each k = 1, 2, . . . , n

Therefore T̃n(x) also has n distinct roots and n + 1 extreme points
on [−1, 1].
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Monic Chebyshev polynomials

Denote Π̃n be the set of monic polynomials of degree n.

Theorem
For any Pn ∈ Π̃n, there is

1

2n−1
= max

x∈[−1,1]
|T̃n(x)| ≤ max

x∈[−1,1]
|Pn(x)|

The “=” holds only if Pn ≡ T̃n.
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Monic Chebyshev polynomials

Proof.
Assume not, then ∃Pn(x) ∈ Π̃n, s.t. maxx∈[−1,1] |Pn(x)| < 1

2n−1 .

Let Q(x) := T̃n(x)− Pn(x). Since T̃n,Pn ∈ Π̃n, we know Q(x) is
a ploynomial of degree at most n − 1. At the n + 1 extreme points
x̄ ′k = cos

(
kπ
n

)
for k = 0, 1, . . . , n, there are

Q(x̄ ′k) = T̃n(x̄ ′k)− Pn(x̄ ′k) =
(−1)k

2n−1
− Pn(x̄ ′k)

Hence Q(x̄ ′k) > 0 when k is even and < 0 when k odd. By
intermediate value theorem, Q has at least n distinct roots,
contradiction to deg(Q) ≤ n − 1.
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Minimizing Lagrange interpolation error

Let x0, . . . , xn be n + 1 distinct points on [−1, 1] and
f (x) ∈ Cn+1[−1, 1], recall that the Lagrange interpolating
polynomial P(x) =

∑n
i=0 f (xi )Li (x) satisfies

f (x)− P(x) =
f (n+1)(ξ(x))

(n + 1)!
(x − x0)(x − x1) · · · (x − xn)

for some ξ(x) ∈ (−1, 1) at every x ∈ [−1, 1].

We can control the size of (x − x0)(x − x1) · · · (x − xn) since it
belongs to Π̃n+1: set (x − x0)(x − x1) · · · (x − xn) = T̃n+1(x).

That is, set xk = cos
(
2k−1
2n π

)
, the kth root of T̃n+1(x) for

k = 1, . . . , n + 1. This results in the minimal
maxx∈[−1,1] |(x − x0)(x − x1) · · · (x − xn)| = 1

2n .
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Minimizing Lagrange interpolation error

Corollary

Let P(x) be the Lagrange interpolating polynomial with n + 1
points chosen as the roots of T̃n+1(x), there is

max
x∈[−1,1]

|f (x)− P(x)| ≤ 1

2n(n + 1)!
max

x∈[−1,1]
|f (n+1)(x)|
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Minimizing Lagrange interpolation error

If the interval of apporximation is on [a, b] instead of [−1, 1], we
can apply change of variable

x̃ =
1

2
[(b − a)x + (a + b)]

Hence, we can convert the roots x̄k on [−1, 1] to x̃k on [a, b],
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Minimizing Lagrange interpolation error

Example

Let f (x) = xex on [0, 1.5]. Find the Lagrange interpolating
polynomial using

1. the 4 equally spaced points 0, 0.5, 1, 1.5.

2. the 4 points transformed from roots of T̃4.

Numerical Analysis II – Xiaojing Ye, Math & Stat, Georgia State University 46



Minimizing Lagrange interpolation error

Solution: For each of the four points

x0 = 0, x1 = 0.5, x2 = 1, x3 = 1.5, we obtain Li (x) =
∏

j 6=i (x−xj )∏
j 6=i (xi−xj )

for

i = 0, 1, 2, 3:

L0(x) = −1.3333x3 + 4.0000x2 − 3.6667x + 1,

L1(x) = 4.0000x3 − 10.000x2 + 6.0000x ,

L2(x) = −4.0000x3 + 8.0000x2 − 3.0000x ,

L3(x) = 1.3333x3 − 2.000x2 + 0.66667x

so the Lagrange interpolating polynomial is

P3(x) =
3∑

i=0

f (xi )Li (x) = 1.3875x3 + 0.057570x2 + 1.2730x .
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Minimizing Lagrange interpolation error

Solution: (cont.) The four roots of T̃4(x) on [−1, 1] are
x̄k = cos(2k−18 π) for k = 1, 2, 3, 4. Shifting the points using
x̃ = 1

2(1.5x + 1.5), we obtain four points

x̃0 = 1.44291, x̃1 = 1.03701, x̃2 = 0.46299, x̃3 = 0.05709

with the same procedure as above to get L̃0, . . . , L̃3 using these 4
points, and then the Lagrange interpolating polynomial:

P̃3(x) = 1.3811x3 + 0.044652x2 + 1.3031x − 0.014352.
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Minimizing Lagrange interpolation error

Now compare the approximation accuracy of the two polynomials

P3(x) = 1.3875x3 + 0.057570x2 + 1.2730x

P̃3(x) = 1.3811x3 + 0.044652x2 + 1.3031x − 0.014352

8.3 Chebyshev Polynomials and Economization of Power Series 525

The functional values required for these polynomials are given in the last two columns
of Table 8.7. The interpolation polynomial of degree at most 3 is

P̃3(x) = 1.3811x3 + 0.044652x2 + 1.3031x−0.014352.

Table 8.7 x f (x) = xex x̃ f (x̃) = xex

x0 = 0.0 0.00000 x̃0 = 1.44291 6.10783
x1 = 0.5 0.824361 x̃1 = 1.03701 2.92517
x2 = 1.0 2.71828 x̃2 = 0.46299 0.73560
x3 = 1.5 6.72253 x̃3 = 0.05709 0.060444

For comparison, Table 8.8 lists various values of x, together with the values of
f (x), P3(x), and P̃3(x). It can be seen from this table that, although the error using P3(x) is
less than using P̃3(x) near the middle of the table, the maximum error involved with using
P̃3(x), 0.0180, is considerably less than when using P3(x), which gives the error 0.0290.
(See Figure 8.12.)

Table 8.8 x f (x) = xex P3(x) |xex−P3(x)| P̃3(x) |xex−P̃3(x)|
0.15 0.1743 0.1969 0.0226 0.1868 0.0125
0.25 0.3210 0.3435 0.0225 0.3358 0.0148
0.35 0.4967 0.5121 0.0154 0.5064 0.0097
0.65 1.245 1.233 0.012 1.231 0.014
0.75 1.588 1.572 0.016 1.571 0.017
0.85 1.989 1.976 0.013 1.974 0.015
1.15 3.632 3.650 0.018 3.644 0.012
1.25 4.363 4.391 0.028 4.382 0.019
1.35 5.208 5.237 0.029 5.224 0.016

Figure 8.12
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Minimizing Lagrange interpolation error
The approximation using P̃3(x)

P̃3(x) = 1.3811x3 + 0.044652x2 + 1.3031x − 0.014352

8.3 Chebyshev Polynomials and Economization of Power Series 525

The functional values required for these polynomials are given in the last two columns
of Table 8.7. The interpolation polynomial of degree at most 3 is

P̃3(x) = 1.3811x3 + 0.044652x2 + 1.3031x − 0.014352.
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x3 = 1.5 6.72253 x̃3 = 0.05709 0.060444

For comparison, Table 8.8 lists various values of x, together with the values of
f (x), P3(x), and P̃3(x). It can be seen from this table that, although the error using P3(x) is
less than using P̃3(x) near the middle of the table, the maximum error involved with using
P̃3(x), 0.0180, is considerably less than when using P3(x), which gives the error 0.0290.
(See Figure 8.12.)
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0.25 0.3210 0.3435 0.0225 0.3358 0.0148
0.35 0.4967 0.5121 0.0154 0.5064 0.0097
0.65 1.245 1.233 0.012 1.231 0.014
0.75 1.588 1.572 0.016 1.571 0.017
0.85 1.989 1.976 0.013 1.974 0.015
1.15 3.632 3.650 0.018 3.644 0.012
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Reducing the degree of approximating polynomials

As Chebyshev polynomials are efficient in approximating functions,
we may use approximating polynomials of smaller degree for a
given error tolerance.

For example, let Qn(x) = a0 + · · ·+ anx
n be a polynomial of

degree n on [−1, 1]. Can we find a polynomial of degree n − 1 to
approximate Qn?
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Reducing the degree of approximating polynomials

So our goal is to find Pn−1(x) ∈ Πn−1 such that

max
x∈[−1,1]

|Qn(x)− Pn−1(x)|

is minimized. Note that 1
an

(Qn(x)− Pn−1(x)) ∈ Π̃n, we know the

best choice is 1
an

(Qn(x)− Pn−1(x)) = T̃n(x), i.e.,

Pn−1 = Qn − anT̃n. In this case, we have approximation error

max
x∈[−1,1]

|Qn(x)− Pn−1(x)| = max
x∈[−1,1]

|anT̃n| =
|an|
2n−1
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Reducing the degree of approximating polynomials

Example

Recall that Q4(x) be the 4th Maclaurin polynomial of f (x) = ex

about 0 on [−1, 1]. That is

Q4(x) = 1 + x +
x2

2
+

x3

6
+

x4

24

which has a4 = 1
24 and truncation error

|R4(x)| = | f
(5)(ξ(x))x5

5!
| = |e

ξ(x)x5

5!
| ≤ e

5!
≈ 0.023

for x ∈ (−1, 1). Given error tolerance 0.05, find the polynomial of
small degree to approximate f (x).
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Reducing the degree of approximating polynomials

Solution: Let’s first try Π3. Note that T̃4(x) = x4 − x2 + 1
8 , so we

can set

P3(x) = Q4(x)− a4T̃4(x)

=
(

1 + x +
x2

2
+

x3

6
+

x4

24

)
− 1

24

(
x4 − x2 +

1

8

)
=

191

192
+ x +

13

24
x2 +

1

6
x3 ∈ Π3

Therefore, the approximating error is bounded by

|f (x)− P3(x)| ≤ |f (x)− Q4(x)|+ |Q4(x)− P3(x)|

≤ 0.023 +
|a4|
23

= 0.023 +
1

192
≤ 0.0283.
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Reducing the degree of approximating polynomials

Solution: (cont.) We can further try Π2. Then we need to
approximate P3 (note a3 = 1

6) above by the following P2 ∈ Π2:

P2(x) = P3(x)− a3T̃3(x)

=
191

192
+ x +

13

24
x2 +

1

6
x3 − 1

6

(
x3 − 3

4
x
)

=
191

192
+

9

8
x +

13

24
x2 ∈ Π2

Therefore, the approximating error is bounded by

|f (x)− P2(x)| ≤ |f (x)− Q4(x)|+ |Q4(x)− P3(x)|+ |P3(x)− P2(x)|

≤ 0.0283 +
|a3|
22

= 0.0283 +
1

24
= 0.0703.

Unfortunately this is larger than 0.05.
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Reducing the degree of approximating polynomials

Although the error bound is larger than 0.05, the actual error is
much smaller:

8.3 Chebyshev Polynomials and Economization of Power Series 527

With this choice, we have

|P4(x)− P3(x)| = |a4T̃4(x)| ≤
1

24
· 1

23
= 1

192
≤ 0.0053.

Adding this error bound to the bound for the Maclaurin truncation error gives

0.023 + 0.0053 = 0.0283,

which is within the permissible error of 0.05.

The polynomial of degree 2 or less that best uniformly approximates P3(x) on [−1, 1] is

P2(x) = P3(x)−
1
6

T̃3(x)

= 191
192

+ x + 13
24

x2 + 1
6

x3 − 1
6
(x3 − 3

4
x) = 191

192
+ 9

8
x + 13

24
x2.

However,

|P3(x)− P2(x)| =
∣∣∣∣
1
6

T̃3(x)
∣∣∣∣ = 1

6

(
1
2

)2

= 1
24
≈ 0.042,

which—when added to the already accumulated error bound of 0.0283—exceeds the tol-
erance of 0.05. Consequently, the polynomial of least degree that best approximates ex on
[−1, 1] with an error bound of less than 0.05 is

P3(x) = 191
192

+ x + 13
24

x2 + 1
6

x3.

Table 8.9 lists the function and the approximating polynomials at various points in [−1, 1].
Note that the tabulated entries for P2 are well within the tolerance of 0.05, even though the
error bound for P2(x) exceeded the tolerance. !

Table 8.9 x ex P4(x) P3(x) P2(x) |ex − P2(x)|
−0.75 0.47237 0.47412 0.47917 0.45573 0.01664
−0.25 0.77880 0.77881 0.77604 0.74740 0.03140

0.00 1.00000 1.00000 0.99479 0.99479 0.00521
0.25 1.28403 1.28402 1.28125 1.30990 0.02587
0.75 2.11700 2.11475 2.11979 2.14323 0.02623

E X E R C I S E S E T 8.3

1. Use the zeros of T̃3 to construct an interpolating polynomial of degree 2 for the following functions
on the interval [−1, 1].
a. f (x) = ex b. f (x) = sin x c. f (x) = ln(x + 2) d. f (x) = x4

2. Use the zeros of T̃4 to construct an interpolating polynomial of degree 3 for the functions in Exercise 1.
3. Find a bound for the maximum error of the approximation in Exercise 1 on the interval [−1, 1].
4. Repeat Exercise 3 for the approximations computed in Exercise 3.
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Pros and cons of polynomial approxiamtion

Advantages:

I Polynomials can approximate continuous function to arbitrary
accuracy;

I Polynomials are easy to evaluate;

I Derivatives and integrals are easy to compute.

Disadvantages:

I Significant oscillations;

I Large max absolute error in approximating;

I Not accurate when approximating discontinuous functions.
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Rational function approximation

Rational function of degree N = n + m is written as

r(x) =
p(x)

q(x)
=

p0 + p1x + · · ·+ pnx
n

q0 + q1x + · · ·+ qmxm

Now we try to approximate a function f on an interval containing
0 using r(x).

WLOG, we set q0 = 1, and will need to determine the N + 1
unknowns p0, . . . , pn, q1, . . . , qm.
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Padé approximation

The idea of Padé approximation is to find r(x) such that

f (k)(0) = r (k)(0), k = 0, 1, . . . ,N

This is an extension of Taylor series but in the rational form.

Denote the Maclaurin series expansion f (x) =
∑∞

i=0 aix
i . Then

f (x)− r(x) =

∑∞
i=0 aix

i
∑m

i=0 qix
i −∑n

i=0 pix
i

q(x)

If we want f (k)(0)− r (k)(0) = 0 for k = 0, . . . ,N, we need the
numerator to have 0 as a root of multiplicity N + 1.
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Padé approximation

This turns out to be equivalent to

k∑
i=0

aiqk−i = pk , k = 0, 1, . . . ,N

for convenience we used convention pn+1 = · · · = pN = 0 and
qm+1 = · · · = qN = 0.

From these N + 1 equations, we can determine the N + 1
unknowns:

p0, p1, . . . , pn, q1, . . . , qm
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Padé approximation

Example

Find the Padé approximation to e−x of degree 5 with n = 3 and
m = 2.

Solution: We first write the Maclaurin series of e−x as

e−x = 1− x +
1

2
x2 − 1

6
x3 +

1

24
x4 + · · · =

∞∑
i=0

(−1)i

i !
x i

Then for r(x) = p0+p1x+p2x2+p3x3

1+q1x+q2x2
, we need(

1− x +
1

2
x2 − 1

6
x3 + · · ·

)
(1+q1x+q2x

2)−p0+p1x+p2x
2+p3x

3

to have 0 coefficients for terms 1, x , . . . , x5.
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Padé approximation

Solution: (cont.) By solving this, we get p0, p1, p2, q1, q2 and
hence

r(x) =
1− 3

5x + 3
20x

2 − 1
60x

3

1 + 2
5x + 1

20x
2

530 C H A P T E R 8 Approximation Theory

Find the Padé approximation to e−x of degree 5 with n = 3 and m = 2.

Solution To find the Padé approximation we need to choose p0, p1, p2, p3, q1, and q2 so that
the coefficients of xk for k = 0, 1, . . . , 5 are 0 in the expression

(
1− x + x2

2
− x3

6
+ · · ·

)
(1 + q1x + q2x2)− (p0 + p1x + p2x2 + p3x3).

Expanding and collecting terms produces

x5 : − 1
120

+ 1
24

q1 −
1
6

q2 = 0; x2 :
1
2
− q1 + q2 = p2;

x4 :
1

24
− 1

6
q1 + 1

2
q2 = 0; x1 : −1 + q1 = p1;

x3 : −1
6

+ 1
2

q1 − q2 = p3; x0 : 1 = p0.

To solve the system in Maple, we use the following commands:

eq1 := −1 + q1 = p1:
eq2 := 1

2 − q1 + q2 = p2:
eq3 := − 1

6 + 1
2 q1− q2 = p3:

eq4 := 1
24 − 1

6 q1 + 1
2 q2 = 0:

eq5 := − 1
120 + 1

24 q1− 1
6 q2 = 0:

solve({eq1, eq2, eq3, eq4, eq5}, {q1, q2, p1, p2, p3})
This gives

{
p1 = −3

5
, p2 = 3

20
, p3 = − 1

60
, q1 = 2

5
, q2 = 1

20

}

So the Padé approximation is

r(x) = 1− 3
5 x + 3

20 x2 − 1
60 x3

1 + 2
5 x + 1

20 x2
.

Table 8.10 lists values of r(x) and P5(x), the fifth Maclaurin polynomial. The Padé approx-
imation is clearly superior in this example.

Table 8.10 x e−x P5(x) |e−x − P5(x)| r(x) |e−x − r(x)|
0.2 0.81873075 0.81873067 8.64× 10−8 0.81873075 7.55× 10−9

0.4 0.67032005 0.67031467 5.38× 10−6 0.67031963 4.11× 10−7

0.6 0.54881164 0.54875200 5.96× 10−5 0.54880763 4.00× 10−6

0.8 0.44932896 0.44900267 3.26× 10−4 0.44930966 1.93× 10−5

1.0 0.36787944 0.36666667 1.21× 10−3 0.36781609 6.33× 10−5

Maple can also be used directly to compute a Padé approximation. We first compute
the Maclaurin series with the call

series(exp(−x), x)

to obtain

1− x + 1
2

x2 − 1
6

x3 + 1
24

x4 − 1
120

x5 + O(x6)

The Padé approximation r(x) with n = 3 and m = 2 is found using the command
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where P5(x) is Maclaurin polynomial of degree 5 for comparison.
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Chebyshev rational function approximation

To obtain more uniformly accurate approximation, we can use
Chebyshev polynomials Tk(x) in Padé approximation framework.

For N = n + m, we use

r(x) =

∑n
k=0 pkTk(x)∑m
k=0 qkTk(x)

where q0 = 1. Also write f (x) using Chebyshev polynomials as

f (x) =
∞∑
k=0

akTk(x)
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Chebyshev rational function approximation

Now we have

f (x)− r(x) =

∑∞
k=0 akTk(x)

∑m
k=0 qkTk(x)−∑n

k=0 pkTk(x)∑m
k=0 qkTk(x)

We again seek for p0, . . . , pn, q1, . . . , qm such that coefficients of
1, x , . . . , xN are 0.

To that end, the computations can be simplified due to

Ti (x)Tj(x) =
1

2

(
Ti+j(x) + T|i−j |(x)

)
Also note that we also need to compute Chebyshev series
coefficients ak first.
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Chebyshev rational function approximation

Example

Approximate e−x using the Chebyshev rational approximation of
degree n = 3 and m = 2. The result is rT (x).

8.4 Rational Function Approximation 535

The solution to this system produces the rational function

rT (x) = 1.055265T0(x)− 0.613016T1(x) + 0.077478T2(x)− 0.004506T3(x)
T0(x) + 0.378331T1(x) + 0.022216T2(x)

.

We found at the beginning of Section 8.3 that

T0(x) = 1, T1(x) = x, T2(x) = 2x2 − 1, T3(x) = 4x3 − 3x.

Using these to convert to an expression involving powers of x gives

rT (x) = 0.977787− 0.599499x + 0.154956x2 − 0.018022x3

0.977784 + 0.378331x + 0.044432x2
.

Table 8.11 lists values of rT (x) and, for comparison purposes, the values of r(x) obtained
in Example 1. Note that the approximation given by r(x) is superior to that of rT (x) for
x = 0.2 and 0.4, but that the maximum error for r(x) is 6.33×10−5 compared to 9.13×10−6

for rT (x).

Table 8.11 x e−x r(x) |e−x − r(x)| rT (x) |e−x − rT (x)|
0.2 0.81873075 0.81873075 7.55× 10−9 0.81872510 5.66× 10−6

0.4 0.67032005 0.67031963 4.11× 10−7 0.67031310 6.95× 10−6

0.6 0.54881164 0.54880763 4.00× 10−6 0.54881292 1.28× 10−6

0.8 0.44932896 0.44930966 1.93× 10−5 0.44933809 9.13× 10−6

1.0 0.36787944 0.36781609 6.33× 10−5 0.36787155 7.89× 10−6

The Chebyshev approximation can be generated using Algorithm 8.2.

ALGORITHM

8.2
Chebyshev Rational Approximation

To obtain the rational approximation

rT (x) =
∑n

k=0 pkTk(x)∑m
k=0 qkTk(x)

for a given function f (x):

INPUT nonnegative integers m and n.

OUTPUT coefficients q0, q1, . . . , qm and p0, p1, . . . , pn.

Step 1 Set N = m + n.

Step 2 Set a0 = 2
π

∫ π

0
f (cos θ) dθ ; (The coefficient a0 is doubled for computational

efficiency.)
For k = 1, 2, . . . , N + m set

ak = 2
π

∫ π

0
f (cos θ) cos kθ dθ .

(The integrals can be evaluated using a numerical integration procedure or the
coefficients can be input directly.)

Step 3 Set q0 = 1.

Step 4 For i = 0, 1, . . . , N do Steps 5–9. (Set up a linear system with matrix B.)
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where r(x) is the standard Padé approximation shown earlier.
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Trigonometric polynomial approximation

Recall the Fourier series uses a set of 2n orthogonal functions with
respect to weight w ≡ 1 on [−π, π]:

φ0(x) =
1

2
φk(x) = cos kx , k = 1, 2, . . . , n

φn+k(x) = sin kx , k = 1, 2, . . . , n − 1

We denote the set of linear combinations of φ0, φ1, . . . , φ2n−1 by
Tn, called the set of trigonometric polynomials of degree ≤ n.
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Trigonometric polynomial approximation

For a function f ∈ C [−π, π], we want to find Sn ∈ Tn of form

Sn(x) =
a0
2

+ an cos nx +
n−1∑
k=1

(ak cos kx + bk sin kx)

to minimize the least squares error

E (a0, . . . , an, b1, . . . , bn−1) =

∫ π

−π
|f (x)− Sn(x)|2 dx

Due to orthogonality of Fourier series φ0, . . . , φ2n−1, we get

ak =
1

π

∫ π

−π
f (x) cos kx dx , bk =

1

π

∫ π

−π
f (x) sin kx dx
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Trigonometric polynomial approximation

Example

Approximate f (x) = |x | for x ∈ [−π, π] using trigonometric
polynomial from Tn.

Solution: It is easy to check that a0 = 1
π

∫ π
−π |x | dx = π and

ak =
1

π

∫ π

−π
|x | cos kx dx =

2

πk2
((−1)k − 1), k = 1, 2, . . . , n

bk =
1

π

∫ π

−π
|x | sin kx dx = 0, k = 1, 2, . . . , n − 1

Therefore

Sn(x) =
π

2
+

2

π

n∑
k=1

(−1)k − 1

k2
cos kx
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Trigonometric polynomial approximation

Sn(x) for the first few n are shown below:

540 C H A P T E R 8 Approximation Theory

Solution We first need to find the coefficients

a0 = 1
π

∫ π

−π
|x| dx = − 1

π

∫ 0

−π
x dx + 1

π

∫ π

0
x dx = 2

π

∫ π

0
x dx = π ,

ak = 1
π

∫ π

−π
|x| cos kx dx = 2

π

∫ π

0
x cos kx dx = 2

πk2

[
(−1)k − 1

]
,

for each k = 1, 2, . . . , n, and

bk = 1
π

∫ π

−π
|x| sin kx dx = 0, for each k = 1, 2, . . . , n− 1.

That the bk’s are all 0 follows from the fact that g(x) = |x| sin kx is an odd function for
each k, and the integral of a continuous odd function over an interval of the form [−a, a]
is 0. (See Exercises 13 and 14.) The trigonometric polynomial from Tn approximating f is
therefore,

Sn(x) = π

2
+ 2
π

n∑

k=1

(−1)k − 1
k2

cos kx.

The first few trigonometric polynomials for f (x) = |x| are shown in Figure 8.13.

Figure 8.13
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4
9πcos x ! cos 3x

y " S1(x) " S2(x) "     ! 4
π

π
2

π
2

cos x

The Fourier series for f is

S(x) = lim
n→∞

Sn(x) = π

2
+ 2
π

∞∑

k=1

(−1)k − 1
k2

cos kx.

Since | cos kx| ≤ 1 for every k and x, the series converges, and S(x) exists for all real
numbers x.
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Discrete trigonometric approximation

If we have 2m paired data points {(xj , yj}2m−1j=0 where xj are
equally spaced on [−π, π], i.e.,

xj = −π +
( j

m

)
π, j = 0, 1, . . . , 2m − 1

Then we can also seek for Sn ∈ Tn such that the discrete least
square error below is minimized:

E (a0, . . . , an, b1, . . . , bn−1) =
2m−1∑
k=0

(yi − Sn(xj))2
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Discrete trigonometric approximation

Theorem
Define

ak =
1

m

2m−1∑
j=0

yj cos kxj , bk =
1

m

2m−1∑
j=0

yj sin kxj

Then the trigonometric Sn ∈ Tn defined by

Sn(x) =
a0
2

+ an cos nx +
n−1∑
k=1

(ak cos kx + bk sin kx)

minimizes the discrete least squares error

E (a0, . . . , an, b1, . . . , bn−1) =
2m−1∑
k=0

(yi − Sn(xj))2
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Fast Fourier transforms

The fast Fourier transform (FFT) employs the Euler formula
ezi = cos z + i sin z for all z ∈ R and i =

√
−1, and compute the

discrete Fourier transform of data to get

1

m

2m−1∑
k=0

cke
kx i, where ck =

2m−1∑
j=0

yje
kπi/m k = 0, . . . , 2m − 1

Then one can recover ak , bk ∈ R from

ak + ibk =
(−1)k

m
ck ∈ C
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Fast Fourier transforms

The discrete trigonometric approximation for 2m data points
requires a total of (2m)2 multiplications, not scalable for large m.

The cost of FFT is only

3m + m log2m = O(m log2m)

For example, if m = 1024, then (2m)2 ≈ 4.2× 106 and
3m + m log2m ≈ 1.3× 104. The larger m is, the more benefit FFT
gains.
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