LECTURE 20

1. GRADED RINGS AND MODULES; THE HILBERT FUNCTION

Definition 1.1. Let R be a ring, G an abelian group, and R = @, R; a direct sum
decomposition of abelian groups. R is graded (G-graded) if R;R; C Ry for alli,j € G.
The easiest example is that of polynomial rings where R; consists of all degree polynomials
of degree i. Similarly, let M = @, ., M; be an R-module. If Ri{M; C M;,; for alli,j € G
then M s a graded R-module. M; is called the ith graded homogeneous component of

M, and elements of M; are called ith forms.

Example 1.2. Consider k[z] = @k‘z“ where kx™ =0 ifn < 0. Then klz] = ---0 &
nez

D0k PDkr Dk -
Example 1.3. Consider klz,y] = @ kx'y’ where kx'y? = 0 if 4,5 < 0.
(3,5)€Z2
Remark 1.4. Ry is a subring of R, and Ry — R as a direct summand. Also, each R; is
a Ro-module because RyR; C R;. The same is true for M; since RoM; C M;.

Definition 1.5. Let M, N be graded R-modules, and ¢ : M — N where ¢ is R-linear.
Then ¢ is graded of degree d (sometimes called homogeneous if d = 0) if ¢(M;) C Nitq
for all i € G. Now we have a category of R-graded modules.

For each € M, a graded modules, we can write x = > x;, where each z; # 0, and
x; € M;. This is a unique representation and each x; has degree 7. By convention, 0 has

arbitrary degree.

There is great importance to graded modules. The grading helps to prove statements
that otherwise might seem intractable. The added structure of grading is what is so

powerful.

Definition 1.6. Let R = @Ri be a graded ring. If G = IN and R 1is generated by 1-
ied
forms (elements of degree 1) over Ry, we say R is homogeneous or standard graded

(R = Ro[R1]).
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Definition 1.7. Let R be as above. If G = IN and the generators have positive degree,
then R s called positively graded over Rj.

Example 1.8. R = Ro[x1,...,x4] is standard graded.

k
Example 1.9. R = ﬁ 18 standard graded.
(% + )
_ klzy] : : _
Example 1.10. R = m with respect to the grading setting degree v = 3, and
T Yy

degree y = 2 1is positively graded over k, but it is not homogeneous.

Definition 1.11. Let M = @MZ be graded over R = @ R;. Let « € G. Then M(«a)
€@ ie@

is the graded R-module with the property that M(«); = My for all i.

Example 1.12. Let R = k[z,y|, and ¢, : R — R acting by multiplication by x. Then

¢ 1S not a homogeneous map of R-modules because it does not preserve degrees, but the

same map considered on R(—1) is homogeneous.

Proposition 1.13. Let R be a positively graded Ry-algebra. Let x4, ..., x, be elements of
positive degree. Then (xy,...,x,) = @Ri if and only if {x1,...,x,} generates R as an

=1
Ry-algebra. In particular, R is Noetherian if and only if Ry is Noetherian and R is a

finitely generated Ry-algebra.

Proof. For the reverse direction, let » be homogeneous in R, so degr > 0, and r =
f(z1,...,x,), for f a polynomial, and in fact, by degree reasons, f contains terms only of

degree equal to the degree of r.

For the forward direction, we proceed by induction on the degree of y. If degy = 0,
the proof is clear, so assume a positive degree. We have y € (z1,...,2,), S0 y = a1x1 +
“ 4 Ty, With o € R, and if degx; = d;, then o € Ryegy—q,- To finish, apply the

induction hypothesis to the a;’s.

For the last part, the reverse implication is clear. For the forward direction, part one
of the first equivalence holds, so this implies R is a finitely generated Ry-algebra. Also,

R= is Noetherian since quotients of Noetherian rings are Noetherian. 0J

R
@;}21 R
Similarly one has

Theorem 1.14. Let R be a Z-graded ring. Then the following are equivalent:
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1
2
3

Every graded ideal I < R is finitely generated.,
R is Noetherian,

(1)
(2)
(3) Ry is Noetherian and R is finitely generated over Ry,

(4) Ry is Noetherian and both @ R; and @R_i are finitely generated Ry-algebras.

=1 1=0
2. PRIME IDEALS OF GRADED RINGS

Definition 2.1. Let R be Z-graded and I < R. Let I" be the ideal generated by all

homogeneous elements of I. Then I" is homogeneous and I* C I.
Proposition 2.2. Let R be Z-graded and M be R-graded. Then the following are true:

(1) For all p € Spec(R), p" € Spec(R),
(2) If p € Supp(M) then p* € Supp(M),
(3) If p € Ass(M) then p is graded,

(4)

4) If Ann(z) = p then x is homogeneous.

Proof. For (1), let ab € p", and assume a,b ¢ p”". Then a = >_ a;, and b = > b;. Choose
m,n € Z such that a, ¢ p", but a; € p" for every i < m, and b, ¢ p", but b; € p"

for every j < n. Then the (m + n)th homogeneous component of ab is Z a;b;. It
i+j=m+n
is in p" since all terms except a,,b, are in p". This implies anb, € p", so amb, € p, a

prime ideals, so either a,, or b, is in p. This says either a,, or b, is in p”, a contradiction.

Before continuing with the other items, we state the following immediate consequence.

For (2), if p € Supp(M), then M, # 0. Assume My = 0, so if = is a homogeneous
elements, 7 = 0 in M. This implies 3a € R\ p" such that az = 0. If a = Y a; then
a;x; = 0 for every ¢. But a ¢ p", so 34 such that a; ¢ p. So £ = 0 in M, which implies

M, = 0, a contradiction, so Mg # 0.

For (3), let p = Ann(z), and let a € p, so ax = 0. Let v = x,,, + -+ + x,, and

a = ag+ -+ a, S0 Z a;x; = 0 for r = m +s,...,n +t. Note that a,z,, = 0, and
i+j=r
AsTmy1 + Asi1Tm = 0, S0 a?x,, 11 = 0. Repeat this process to show that a’x,, ;1 = 0 for

all 7. This implies that if m+i—1=n, theni = n—m+1,s0 a” ™z, = 0= a" "z =

0 = a" ™" € p, and thus a, € p, which gives (as11 + -+ - + a;)z = 0. Repeat the whole
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argument to show that all homogeneous components of a are in p, which implies p = p”,

and so p is graded.

For (4), let p = Ann(x), and let x = > ;. Since pz = 0, p is graded, so pz; = 0 for
all i. Take A; = Ann(z;) 2O p. But ﬂAi Cp, so H A; Cp. This implies 3 7 such that
i finite

A; C p since p is prime. Therefore p = A; = Ann(z;). OJ

Corollary 2.3. All minimal primes are graded.

Definition 2.4. Let p € Spec(R). Let S be the set of homogeneous elements not in p.
Then S is a multiplicative set. Let M be a graded R-module. By definition, M,y = S™'M
which is the homogeneous localization of M at p. If x is homogeneous and 7 € My, then
we define deg(2) = degx — dega. The ith component of My is (My); = {% € M) | a ¢
p, =,a homogeneous, deg(%) = i}. Then M, is a graded Ry)-module.

Now we will list some facts without proof which is left as an exercise.

1) p"R(, is a graded prime ideal of R.
(») (»)
(2) R(p)/p"R(y) has the following property: every nonzero homogeneous element is

invertible.

Let R be Z-graded. Then R = @ R,,. Assume Ry is Artinian and M = @ M,, a

nelN nelN
graded R-module with the property that M, is a finitely generated Ry-module for every

n.

Definition 2.5. We define Hy(—) : Z — Z to act as Hy(n) = Cry(M,,) < oo, and it is
called the Hilbert function of M. The Hilbert series is Z Hy(n)t" = HS(t).

nel

d—1
Lemma 2.6. Let Ry be Artinian, and R = Ry[x1, ..., x4]. Then Hg(n) = (n ;_ ) )E(Ro).

Proof. We know Hg(n) = lg,(R,) and R, is Ry-free, generated by all monomials of

degree n. Now, proceed by induction on d. If d = 1, then (3) =1=4d. Ford > 1,

consider the exact sequence

Rolxy,...;xq)
0 — Ro[21, ..., 24)(—=1) — Rola1, ..., 24 — Roloy, - 2d] Rolay, ..., x4_1] — 0,

(za)
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where the first nontrivial map is multiplication by z4. So Hg(n) = Hg1)(n)+Hg/u,r(n).
Fix d and do induction on n (the n = 1 case is clear), to obtain Hg(n) = Hgr(n — 1) +
HR/de(TL) = (n;ilzl)f(Ro) ]

Proposition 2.7. Let F(xy,...,z,) be a homogeneous polynomial of degree s over a field
k with r > 1. Let R = M, and R = k[xy,...,x,). Then ((R.) = (n+r—1) _

1 (F@)
(n—s—l—r— s

Y ) Therefore, H Pg: 1s a polynomial of degree r — 2 and leading coefficient o

Proof. The Proposition shows that the Hilbert polynomial of the graded R-module R’ is

Pr = > "% + lower degree terms
(r—2)!

so the multiplicity of R’ is equal to the degree of F'(z). For the proof, consider the exact

sequence

0— R(—s) = R— R/(F)— 0,

where the first nontrivial map is the multiplication by F' and apply the preceding result.
O

Theorem 2.8. (Hilbert series) Let R be a Noetherian positively graded ring over an
Artinian ring Ry. Let M be a finitely generated graded module over R. Suppose that R =
Rolz1, ..., x| with x; homogeneous of degree d;. Then there exists a integer polynomial
f(t) such that

f(#)
(1)

Proof. See Matsumura, Thm 13.2 page 94. O

HSy(t) =

Corollary 2.9. Assume further that R is standard graded (i.e. d; = 1, for all i =
1,...,n). Then there exists a rational polynomial ¢ such that Hy(n) = ¢(n) for all
n > 0.

Proof. We know that
f(t)
H?=1(1 - tdi)’
and since d; = 1 we can simplify the rational function such that HSy(t) = g(t)/(1 —t)%,
with d # 0 and such that g(1) # 0 if d > 0.

HSy(t) =
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Write

(1—t)d:i (d;le)t“.

n=0

Therefore, after using g(t) = ag + a1t + . . . + ast®, we can get a expanded presentation
for HS); which leads to

d -1 d —-s—1
) =ao( 5T ) e (T 0T,

where we make the convention that ( dfl) =0ifm<d-1.

O

Remark 2.10. From the previous proof we can identify the value of ng such that H,,(n) =
o(n) for all n > ng. This value is n > s+ 1 — d, where we keep the notations from the
proof. Moreover the leading coefficient of ¢ is g(1)/(d — 1)! where d — 1 is the degree of

¢. In the next lecture we will give a precise description for d.



